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ABSTRACT

During the week of December 20-24, 2004, the author is one of two principal

lecturers at the Winter School 2018 of Gauss-Hilbert Theory. In this lecture I

attempt to set forth some of the recent developments that had taken place in
Gauss-Hilbert Theory.
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Chapter 1

Universal approximation theory
for wide neural networks

1.1 Cybenko’s proof

Let Q C R? be compact. Let o: R — R. Let f represents width-N 2-layer
neural networks:

fo(x) = Z wio(alz +b;), (1.1)

where § € ©) and
(“)(N) = {(CLl,...,CLN,bl,...,bN,Uh...,UJN)|Cl1,...,CLN € Rd, bl,...,bN,Ul,...,UN S R}
To clarify, @) = RIN+2N,

Theorem 1. Let Q C RY be compact. Let o: R — R be a continuous function
satisfying

lim o(r) =0, lim o(r) = 1.
r——00 r—00

The class of functions

U {fo}scomm

NeN
is dense in (C(Q), ] - ||o), i€,

closure(span({o(a'z + b) Yacra,per)) = (C(Q), || - [loo)-

The consequence of this theorem is that for any f, € C(Q2) and € > 0, there
exists a large enough N and network parameter § € ©V) such that

sup |fo(@) — il < e.
e
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Smaller ¢ will likely require larger N, but this theorem or its proof will not
allow us to make any quantitative claims. Moreover, this is an existence result;
it does not tell us how to find N and § € @),

Pseudo-proof in dimension 1. Let d = 1. Note that

4 —9 —1
o 533 5 [b/a,00)

as d — 0, i.e., for small §, we have a smooth approximation of the step function.

(Note for x = g, we do not have convergence. Remember that this is not a

real proof.) Then
1 to 1 ty
1[t0,t1] ~ O SZL' — g — 0 SZE - g
for small 6 > 0.

Given a smooth function f,, find a piecewise constant approximation to it.

Then form a smooth approximation of the piecewise constant approximation.
m

The actual proof of Theorem [T] will be done in two steps, with the following
Lemmas [I] and 2| We say o is discriminatory if

w € M() such that /J(aTx—l—b) du(r) =0, Vae RLbeER| = pu=0.
Q

In functional analysis, one often views an object in a primal and a dual way. In
the primal view, we view u € M(Q) as mapping that assigns a “volume” to any
measurable set. In the dual view, we instead view the action of L,,: C(2) — R
defined by

%mzéﬂwwm.

Under this view, o is discrminatory if the fact that L,[o(aT-+b)] = 0 for all a
and b implies that L,[f] = 0 for all f, i.e., to determine whether L, = 0, it is
sufficient to check all inputs of the form o(aT - +0).

We quickly provide some non-examples. Let d = 1 and Q = [-10, 10].
Then o(z) = 1 is not discriminatory since

/VL:—(S_1+(517AO,

where 0, is the Dirac delta measure centered at r € R, satisfies

/a(ax+b):0, Va € R b e R.
Q
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Likewise, o(x) = z is not discriminatory since

1 1
M:§5_1—50+§517é0

satisfies
/a(ax+b) =0, Va € RY b e R,
Q

One can show that all polynomials are not discriminatory.

Lemma 1. Let Q C RY. If o is discriminatory, then { fo} is dense in (C(9), ||-

loo)-

Proof. Let § = span({c(a' + b) }aere,per) € C(£2), and let S be its closure
in (C(Q), || - [l). Assume for contradiction that § # C(€2). Then pick g # 0,
g € C(2)\S and define the linear form L on S @ span(g) as

Lis+ A\g] = A, VseS, NeR.

This makes L a bounded linear operato such that L = 0 on S but L # 0.
Using the Hahn-Banach theorem, we can extend L to L: C(€2) — R such that
L is bounded and linear. Since L € C(2)* = M(Q), there exists up € M(Q)

such that L(h) = [, h dpg. However, L =0 on S, so

/U(aTx +b) dup(z) =0
for all a,b and uz = 0 and L = 0 by the hypothesis. L = 0 contradicts the
construction L[s + Ag] = A, so we conclude & = C(Q). O
Lemma 2. A o satisfying the condition of Theorem[1] is discriminatory.

Proof. Define
Yap = o(a’x +b)

and
Hop={z|a"z+b>0} (open half-space defined by (a, b))
OH,p ={z|a"z+ b= 0} (boundary of the half space)
Tn the current setup, dist(g,S) > 0, since S is closed, and ||s 4+ Ag|| = |A||[(1/A\)s + g >
|\l dist(g,S). So |L[s + Ag]| = |\| € ~—L+—||s + Agl|, and L is bounded.

dist(g,S)



for all @ € R? and b € R. Then

ate +b 5 1 if v e Ha,b
wlr)=o0o < 5 + t> Xy =4 ot) ifze OH,.p
0 otherwise

¥

>[2
SIS

pointwise. By the Lebesgue dominated convergence theorem (since o is bounded)

/Q Passp/ori() dp(z) — /Q (@) dp(w) = o () Hap) + 1(Hap)-

Since the question is whether ¢ is discriminatory, consider the scenario where
all of these integrals vanish. Then o(¢t)u(0H,p) + p(Hap) = 0 for all ¢ € R,
a € R%, and b € R. Since ¢ is not a constant function, this implies w(0H,p) =
p(Hgyp) = 0. If this implies that g = 0, then o is discriminatory.

We now show ;= 0. For a € R?, consider

Foulh] = /Qh(aTx) du(x),

which is linear. We have
Fusllinon] = [ 1m0 @72) dita) = u(0Hos) + i Hu) = 0.
Q

We define step functions to be functions of the form

N

Z Cz‘l[ti,tiﬂ)

i=1
with N e N, t; <ty <--- <ty,and c¢,...,cy € R. By linearity,
F.,lh)=0

for all step functions h. There exists a sequence of step functions hq, hs, ...
such that

|hi(z)| < |sin(z)], hi(z) — sin(x), VzeR.

By the Lebesgue dominated convergence theorem,

/Q sin(a’z) du(z) = 0.

We can make the same argument with cos(x). Combining the two cases, we
get

Ala) = / ¢ du(r) = 0.

Since the Fourier transform of p is zero, we conclude p = 0. O
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But what if the function we wish to approximate is discontinuous? For
example, what if we wish to approximate a function f,: Q — {1,...,k}. While
one can approximate continuous functions with discontinuous functions, one
cannot approximate continuous functions with discontinuous ones in the || ||~
norm.

However, we can have the continuous function approximate the discontin-
uous function is most of the domain.

Theorem 2 (Lusin’s theorem). Let Q C R? be compact. Let f: Q — R be
a measurable function. For any ¢ > 0, there exists a continuous function

fe: Q=R and Q' C Q such that Vol(Q\Y) < € and such that
f(z) = fo(x), Vre.
(Here, Vol denotes the “volume” defined by the Lebesgue measure.)

Theorem 3. Consider the setup of Theorem [l Let f.: Q — {1,...,k} be a
(measurable) decision function. For any € > 0, there exists an fy and ' C Q
such that Vol(Q\Q') < & and

\fo(z) = folx)] <&, Vzed.

Proof. By Lusin’s theorem, we find f. and €’ such that f. = f, on €. Then
we appeal to Theorem [I| to find an fy such that fy ~ f. on Q. Then fy =~ f,
on (V. m

1.2 Applications of Stone—Weierstrass

Theorem 4 (Stone-Weierstrass). Let Q C R? be compact. Let F C (C(Q), || -
llo) be a subalgebra that contains the non-zero constant function. Then F is
dense if and only if for any distinct x,y € Q) there exists an f € F such that

f(x) # fy).

For the following class of functions (not 2-layer neural networks, but im-
plementable) the Stone-Weierstrass theorem immediately applies.

fe(l‘) = Zuz

=1

—=

O'(agjl' + bz]) (12)
=1

<
Il

Lemma 3. The class of functions of the form (1.2)) for all N, M,..., My € N

s an algebra.



Lemma 4. Let Q C R be compact. If o: R — R is a continuous nonconstant
function, then functions of the form (1.2)) is dense in (C(S2), ]| - ||loo)-

Proof. The statement follows from the Stone-Weierstrass theorem. By the
previous lemma, it remains to establish the separation requirement. Since o
is nonconstant, there exists 1,79 € R such that o(r;) # o(r2). Then for any
distinct z,y € Q, there exists @ € R? and b € R such that

a'x +b=ry, a'y+b=r,.
Then o(a™@ + b) # o(aTy + b). O

Theorem 5. Let 2 C R? be compact. Let o = sin. The class of 2-layer neural
networks (1.1) is dense in (C(Q), ] - ||loo)-

Proof outline. The class of functions of the form (L.2)) is dense by Lemma 4]
Using the trigonometric identity

2sin(a) sin(b) = sin (a +b— g) — sin <a —b— g) ;

we can convert functions of the form (1.2)) into functions of the form ({1.1)).
Therefore,

{functions of the form ((1.2)} C {functions of the form (1.1},

so functions of the form (1.1]) is also dense. ]
Theorem 6. Let Q C R? be compact. If u € M(S) such that

jita) = [ € duta) =0

for all a € RY. Then = 0.
Proof. Homework exercise. O
Next, we will established the following further general universality result.

Theorem 7 (Leshno [2]). Let o € C(R) be non-polynomial. Let @ C R be
compact. Then span{c(a’ - +b) |a € RY, b € R} is dense in (C(Q),] - [|oo)-

The first step of our proof will be to reduce the universality in the d-
dimensions to 1-dimension. For any o: R — R, define

S' =span{o(s-+t)|s € R, t € R}

and
S? = span{o(a’ - +b)|a € R?, b € R}.
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Lemma 5. Leto: R — R be continuoud| such that S* is dense in (C(K), ||*||o)

for any compact K C R. Then 8% is dense in (C(2),] - ||oc) for any compact
Q C R

Proof. Since span{sin(a” - +b) |a € R%, b € R} is dense in C(©2) by Theorem [5]
there exists

N
_Zuisin(a}x—{—bi) < g, Vel
i=1
Let
D= sup |a]z|.
z€)
i=1,.,N
Since 8! is dense in C([—D, D)), there exists
M; .
w;sin(a]z + b;) ;vwasma — tj) <ﬁ’ Vi=1,...,N,z €.
By the triangle inequality, we conclude
N i
- Z Zvija(sij(agx) —ti;)| <e, Va e Q.

i=1 j=1
]

Lemma 6. 0 € C*(R) is a polynomial of degree at most k € N if and only if
o"t(t) =0, VteR
Lemma 7. Let 0 € C®(R). Let K C R be compact. Therf)
rka®(t) € St

for all k € N and t € R, where the closure is taken in (C(K), | - |ls)-

2The proof really only requires o: R — R to be measurable. However, we assume o is
continuous so that S' C C(K) and S¢ C C(2) for K C R and 2 C R%.

3Since o: R — R, we allow ¢ € R, rather than restricting ¢ to the interior of K. The set
K C R is used for defining the notion of convergence rather than for restricting the input.



Proof. Let 8' = span{c(sr +t)|s € R, t € R}. Then

_ lim olhr+1t)—o(t) c ST
s=0  h—0 h

d
ro’'(t) = EU(ST +t)

We do need to verify that the convergence is uniform on compact K. Since

hr+1) — ot "
olhr +0) =0(®) iy = Z/ (o' (nr +1t) = o'(t)) dn
h hJo
r2 h rn
= _/ / o’ (vr +t) dv dn,
h Jo Jo
we have
h t)—ol(t
sup o(hr +h) olt) _ TU/(t)' <h (supr2) (sup|0”(7‘)‘) < 00, Vh#0.
rekK rek rek
Likewise,
rk (k) (t) = d_ko'(’f‘s +1) e St
dsk 5=0

[]

Corollary 1. Let 0 € C®(R) and assume o is not a polynomial. Then S' is
dense in (C(K), || - ||e) for any compact K C R.

Proof. For any k € N, there is a t € R such that ¢®)(¢) # 0, by Lemma |§|,
and implies * € S!, by Lemma @ Since ST contains all monomials, S? is
dense in C(K) by Stone-Weierstrass. (ST is not an algebra, but it contains the
subalgebra of polynomials, which is dense in C(K') by Stone-Weierstrass.) [

Let

[ exp(—12%) forte(-1,1)
w(t) = { 0 otherwise

be our smooth “bump” function. Such a function is also referred to as a

mollifier. Define .
¢s(t) = W‘I’(t/5)~

Then ¢5 € C* is supported on [—0,0] and [, ¢s(t) dt = 1. For any o € C(R),
define

os(r) = /Ra(r —t)os(t) dt.



Lemma 8. For any o € C(R) and any compact K C R,

sup [o5(r) — o(r)| = 0
rekK

as 6 — 0.

Proof. Define K’ = [(inf K) — 1, (sup K') + 1]. (So K’ is compact but slightly
bigger than K.) By the Heine—Cantor theorem, for any ¢ > 0, there exists
a 0o > 0 such that for all r,ry € K’ such that |r; — r3| < Jp, we have
lo(r1) — o(ry)| < e. Therefore, for any § < min{1, d}, we have

5
los(r) —o(r)] < /5 lo(r —1t) —o(r)|es(t) dt < e, Vre K.

Therefore,
lim sup sup |os(r) — o(r)| < e.
0—0 reK
Since this holds for all e, we conclude the statement. OJ

Lemma 9. For any o € C(R) and § > 0, 05 € C*(R).
Proof. With a change of variables, we can also write
os(r) = / o(t)ps(r —t) dt.
R

Then
¢5(T+h—t) —¢5<T—t>

aa(g(r) = }ZILI(I) s o(t) . dt
r+26 h—1t) — — ¢
— lim O'(t) ¢5(r + ) ¢5(T ) dt
h—0 r—20 h
r+20 h—1) — —t
:/ ey i TR =65 1)
r—28 h—0 h

—26

= /Ra(t)gbg(r —t) dt

426
= / o(t)s(r —t) dt

By Lebesgue dominated convergence theorem, since

gb(g(’f’—l—h—t) —qb(;(T‘—t)
h

< 1165 [l oo




By the same reasoning, we have

700) = [ oo~ a

[]

Lemma 10. Let o0 € C(R). Then o5 € C*(R) and o5 € span{co(r —t) |t € R},
where the closure is taken in (C(K),| - ||) for any compact K C R.

Proof. Consider the Riemann sum approximation

o3(r) = /R(r—tm 252%( 12‘5) <r+5_%>.

To complete the proof, one must show uniform convergence

120
I 54 20 Fo— =) - = 0.
A Sup | §¢5< ) ( N) os(r)
As N — oo,

252%( 5+ﬁ) ( 5—%) — o(r)
_ iﬁ;%% (—5 + %) ('r . %) - XN:/M_HN(: ds(H)o(r — t)dt

(i—1)26
i=1 /0ty

S 20 120

= Z/5+< o (¢6 ( 0+ W) (7’ +4— W) — ¢s(t)o(r — t)) dt
5228

/ (i—1)26 1)25 ( 0+ %) ( +0— %) _de(t)O'(T’—t)‘dt
4 =126

"o (50 2)- s

6)
< Z/
§+(1 1)25
<r+5— %) —a(r—t)’ [65(1)] dt

1=1
dt = 2e(dsup |o(r)| + 1).
recK

+

N

(ii) 6 112\76
< E /
i—1)26
- _5+%

=1

1
esup|o(r)| +e=
reK 0

10



Inequality (i) follows from the argument |ab — cd| = |(a — ¢)b + ¢(b — d)| <
|(a—c)b| + |c(b—d)|. Inequality (ii) follows from the following two arguments:
by the Heine—-Cantor theorem, for any € > 0, there exists a large enough N € N
such that |¢ps(z) — ¢s(y)| < € and |o(z) — o(y)| < € for any x,y € B(K,25/N)
and |z — y| < 20/N; also, sup,cp |¢s(t)] ~ 0.83/6 < 1/6. Since this bound
holds for any € > 0, we conclude the convergence is uniform. O]

Lemma 11. Let 0 € C(R) be non-polynomial. Let k € N. There is a § > 0
such that o5 is not a polynomaial of degree at most k.

(05 is probably not a polynomial in most cases, for any 6 > 0. However,
we leave open the possibility that os is a polynomial of large degree; since
os — o uniformly, there must be a sufficiently small § such that os is either
not a polynomial or a polynomial with degree larger than k.)

Proof. The set of polynomials of degree at most k is a closed subspace in
(C(K), || ||oo) for any compact K C R. If o5 is a polynomial of degree at most
k for all 6 > 0, then the limit o5 — 0 as § — 0 must be a polynomial of degree
at most k. This contradicts that assumption that ¢ is not polynomial, and we
conclude the statement. O

Lemma 12. Let 0 € C(R) be non-polynomial. Then span{c(sr+b)|s € R, t €
R} is dense in any C(K) for any compact K C R.

Proof. By Lemma [10],

U span{os(sr +t)|s € R, t € R} Cspan{o(sr +1t)|s € R, t € R}.
6>0

For any k£ € N, by Lemma [II] there exists a 6 > 0 such that o5 is not a
polynomial of degree at most £ — 1, and, by Lemmas |§| and [7, r* is in the
LHS. Since the LHS and the RHS contains all monomials and therefore all
polynomials, the RHS is dense by Stone-Weierstrass. [

1.3 Interpolation

Let us now address the question of interpolation: given X;,..., Xy € R? and
Yi,..., Yy € R, is there an 6 such that fy(X;) =Y; foralli=1,... N7 The
idea is that we have the observations f,(X;) =Y; fori = 1,..., N of the true
unknown function f,. Instead of approximating f, on all possible inputs, the
goal of interpolation is to match f, only on the observed points.

11



Let hy, ..., hy be functions mapping from A to R. We say {h;}, is linearly
independent as functions if there does not exist a nonzero v € R" such that

N
h(a) =) wuhi(a) =0, VacA
i=1
Lemma 13. Let hy,..., hy be functions from A to R. If {h;}Y| are linearly
independent as functions, there is ay, ... ,ay € A such that M € RN*Y defined

by M;; = (hi(a;)) is invertible. Furthermore, for any Yi,...,Yy € R, there is
au € RN such that

N
Y; =Y whi(ay), Vj=1,.. N,
=1

e [Y1 Yy .- YN}:[Ul Uy - uN}M.
Proof. Define H: A — R as
hi(a)
(o) = | "
hN.(CO

Then {h;}Y, is linearly independent if and only if for u € RY,
wW'H(a)=0,Yace A = u=0.
Also,
M = [H(a;) H(a) --- H(ay)] € RN

for any a4,...,a, € A.
We establish the claim by induction. By linear independence, there is an
a; € A such that
vV = H(ay) #0.

Next, for i = 1,...,N — 1, assume {v™, ... v®} is linearly independent as
vectors in RY. Define VW = span{v,...,v®@} c RY and find a nonzero
u® € (V@)L Then there is a a;4; € A such that (u?)TH(a;,1) # 0. With
v = H(a;yy), {vW, ..., v} is linearly independent. (Since u( is or-
thogonal to all vectors in V@, (@) Ty =£ 0 implies v+ ¢ V@) When
this process concludes at ¢ = IV,

M=[o® .. W] =[H(@) H(a) --- H(ay)]

is invertible. O

12



Theorem 8 (Interpolation). Let o € C(R) be non-polynomial. Let Xq,..., Xy €
R? be distinct data points with corresponding labels Yy, ..., Yyn € R. There ea-
ists ay,...,ay €ERY, by,....,by €R, and uy,...,uy € R such that

N
Y=Y uolalX;+b).  Vi=1... N

i=1
Proof. Define h;: R? x R — R as
hi(a,b) = o(a™X; + b)

fori=1,...,N. If {h;}}¥, are linearly independent as functions, then we are
done by Lemma [13]

Now assume for contradiction that {h;} | is linearly dependent, i.e., there
is a nonzero (uy,...,uy) € RY such that

N
> wo(a™X;+0) =0, VaeR" bR
=1
If we define
N
p=Sube L= [ @) duto
i=1

then

L,[o(a™ - +b)] = / o(az +b) du(x) =0, VaeR" beR.
Q

Then L, : C(©2) = R is a bounded linear form and it vanishes on

span({c(aT - +b) | a € R%, b e R}) = C(Q).
So L, = 0 and, by the Riesz-Markov-Kakutani representation theorem, p1 = 0.
This is a contradiction, and we are forced to conclude that {h;}Y, is linearly
independent. O]
1.4 Density in L? spaces
Now that we have established density of

S = span{o(aT - +b)|a € R, b € R"}

13



in (C(Q),]||s0) for any compact 2 C R? one may wonder whether S is dense
in LP spaces.

For p € [1,00), the usual LP space with respect to the Lebesgue measure is
defined as the vector space of (equivalence classes of) functions f such that

112 = [ 1)l de < oo,

However, S% cannot be dense in L”.

Theorem 9. [Chui, Li, Mhaskar (1994)?] Let d > 2. For any (Lebesque
measurable) o: R — R, any nonzero g € 8¢ satisfies

lgllze = o0
for all p € [1,00).

The proof of this result seems somewhat tricky, so we omit it. The issue is
that 2-layer neural networks cannot effectively approximate (in |||l or |- ||z¢)
a function compact support. We return to this point when we discuss 3-layer
neural networks.

However, 8% is dense in LP(u) for p € [1,00). Let u € M, (R?) be a finite
nonnegative measure. For p € [1,00), the L”(u) space is defined as the vector
space of (equivalence classes of ) functions f such that

11 = [, V@ duto) < o

(Note the Lebesgue measure is not a finite measure.)

Finally, we point out that ¢ cannot be dense in L> (1) since the continuous
functions on 8% cannot approximate discontinuous functions in the || - || 70 ()
norm.

Theorem 10. Letp € [1,00). Let p € M (R?). Let 0: R — R be a continu-
ous function satisfying

Tll)I_IlOOO'(T) =0, Tli)ngo o(r)=1.

Then 8% is dense in LP(ju).

Proof. Since p is finite, S? C LP(u). Assume for contradiction that S¢ is not
dense in LP(u). We use the Hahn-Banach extension theorem as in Lemma
to obtain a nonzero bounded linear functional L: LP(;) — R such that

Lif]=0, Vfed&d

14



Let ¢ = p/(p— 1), with ¢ = oo for p = 1. Since (LP(u))* = L(u), there is
a g € L) such that

Lif] = g fgdu, VYV felLl(u).

Let dv = gdpu, i.e.,
v(A) = / g dpu, V measurable A C R?,
A

By Holder's inequality. [lgllz16) < #(R9)lgllzogy < o0. Therefore g € L1(y),
and v is a finite signed measure, i.e., v € M(R?). Then

/ o(a’x +b) dv(x) = Llo(a™ - +b)] = 0, Vac R beR.
R4

However, o is discriminatory by Lemma [2| so » = 0. This contradicts the
construction of L as a nonzero linear form. Therefore, we are forced to conclude
that S is dense in LP(p). O

1.5 Quantitative approximation guarantees by
probabilistic method

Our prior results on approximation capabilities are existence results; they
come with no quantitative bounds on how large N must be to attain an e-
approximation. Let us now consider a probabilistic construction (still not a
practical construction) to obtain quantitative results.

The probabilistic method is a proof technique pioneered by Paul Erdos.
We separately illustrate the technique with the following example.

Fact 1. 10% of the surface of a sphere is colored blue, the rest is red. Show
that, there is an inscribed cube with all its vertices touching red.

Proof. Let B, be the event that the r-th vertex of a randomly selected cube
is touches blue and note that P(B,) = 1/10. By an application of the union
bound,

P [At least one corner touch blue] =P

15



and therefore

8

U

r=1

C
8
P[All corners touch red] = P (U B,,> =1-P > 0.
r=1

Since there is positive probability all vertices touching red, there must exist a
(non-random) configuration with all vertices touching red. O

For B € (0, 00), define the L?(B)-norm || - ||;2(p) as

2 _ 2
1 £l = / L @) s

where B(0, B) is the closed ball of radius B centered at 0. (So L?(B) = L*(p)
where 1 is defined by dp = 1p(,p)dx.)

We approximate a given f, via the probabilistic method with the following
outline. First, find a f* ~ f, such that

o) = Bwnerletuw otz 8] = [ clwbofwTe +) dP(w.b)

for some c(w, b) < C' < oo and probability measure P on R x R. Then, sample
(wy,b1),. .., (wy,by) ~ P iid. and form

N c(wi,bi) T
fa(fﬂ):Z N oz +bi).

Since E[fs] = f., and

~ Variance
Eoll fo — fillizm) < —N
there exists a 6 such that
~ Variance
1o = Fll22(m) < N

(The variance will be finite under the given assumptions.)

Theorem 11. Let B € (0,00). Let 0: R — R be a continuous function
satisfying

lim o(r) =0, lim o(r) =1, lo(r)| < 1,¥reR.

T——00 T—00
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Let f.: R — R be a function with an absolutely integrable Fourier represen-
tation f.: R? — C, i.e.,

fulz) = / e . (w) dw, Yz € RY, [Fu(w)] dw < oo,
Rd Rd

Further assume that

Q= [ wllf.(w)] dw < o

Then for any N € N, there exists

N+1

As an aside, the assumption ) < oo is a sufficient condition ensuring the
gradient exists and can that it can be evaluated under the Fourier integral (by
Lebesgue dominated convergence theorem):

Vfi(z) = V/ e~ f (w) dw

R4

= [ Ve ™ f (w) dw

Rd
- / —iwe ™" f (w) dw.
Rd
We establish Theorem [T1] via the following lemmas.

Lemma 14 (Maurey, Pilsner, Jones [3, [I]). Let H be a Hilbert space. Let
(W, P) be a probability spacef]] Let h: W — H such that ||h(w)|| < H < oo
for (P-almost) all w € W. Assume

f= /Wh(w) dP(w) = Eyeplh(w)].

Then, for any N € N, there exists hy,...,hy € H, such that

N
f:;Nhi

4We use W to represent the sample space, rather than the more common €2, since
denotes a compact subset of R? for us. We omit specifying the o-algebra.
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SatiSﬁes
2

Proof. Sample wy,...,wy ~ P ii.d. Then

. 1
= Z Nh(U)Z)
i=1
has R
Elf]=f
and

2 2 2
HE |\ f|? _ B

B[ f~£1%) = Ellhwn)—FI7] = 3 ) -7 < - < -

Since f is a random variable with variance at most H 2/N, there is a particular
(non-random) instance f such that ||f — f||> < H?/N. O

Lemma 15. Let B and f, satisfy the assumptions of Theorem[11l Then there
exists ¢: RY — [0,27) and a probability measure P on R? x R such that it is
absolutely continuous with respect to the Lebesgue measure and

filz) — f.(0) = 2BQ sin(b — ¢(w))Lwrats>0y dP(w,b)

RIxR
for all x € B(0, B).

Proof. Define (w) € [0,27) such that f,(w) = e~*®)|f, (w)|. Then,
fo(2) :/ e—z’wTa;—w(w)|f*(w)| dw
Rd
B §‘“*/ e M| f (w)] duw
Rd
— [ costuns + plw)If.w)] du
Rd
and

filw) = f(0) = / (cos(wa + p(w)) — cos(ip(w)))| fe(w)] duw.

Rd

18



Next, we have

cos(wTz + p(w)) — cos(p(w))

=— /Ow xsin(b—I— o(w)) db

0

Bljw]|
=— / Lure—b>0y sin(b + p(w)) db + / 1 wratpz0y sin(b + @(w)) db,
0

—B||w]|
where the two terms correspond to the cases where wTx > 0 and wTx < 0. We

also use wTz < |Jw||||z|| < Bl|w|| to restrict the integration boundaries. Then
we have

fulo) = 10 == /Rd /]R Liwrz—b20) Sin(b + p(w)) 1{0§b§BIIwII}|f*(w)| dbdw
i /Rd /R L _wrat20) SIN(b + @(w)) 1 pju)<b<oy] f(w)] dbdw
- _ /Rd/Rl{me—t—bZO} sin(—b + p(w)) 1{—BHwH§b§o}|f*(w)! dbdw
+ /Rd /}R 1{wratsz0} sin(b — p(w)) 1{—B||w||§b§()}|f*<w)| dbdw
— 2/Rd /R 1{wrate>0y sin(b — ¢(w)) 1{,B”w”§b§0},f*(w)‘ dbduw

= 2BQ sin(b — o(w))L{wrats>0} dP(w,b)

R4 xR

where we used the property that f*(w) = K(—w) since f, is real. For the final
step, define dP o< 1{_pjjw|<b<o}|fo(w)| dbdw with the normalization factor

2 [ [ sl )b =25 [ ullf.()ldw = 250
R4 JR R4

]

Lemma 16. Let o satisfy the assumptions of Theorem [11 Let |s(w,b)] < 1
for all w and b. Let

W) = / 50, D) Lpura sy dP(w,b).
RIXR

where P is a probability measure that is absolutely continuous with respect to
the Lebesgue measure. Then for any § > 0, there are s°, such that |s°(w, b)| < 1
for all w and b, and a probability measure P° such that

hs(z) = /Rd‘H s°(w, b)o(wTx + b) dP(w,b)
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satisfies
||h5 _— h*||L2(B) — 0

as 6 — 0.

Proof. By the Lebesgue dominated convergence theorem, we have

T b 2
/ (s(w, b))? (a (% + 5) - 1{m+b20}) dP(w,b) — 0
Rd+1

as 0 — 0. Finally, we use the change of variables w = w/§ and b = b/d, let
s°(10, b) = s(dw, db), and let P° be the probability measure on @ and b. Then

T ~ ~ ~
/ s(w,b)o [ Lz + ¥ dP(w,b) = / (@, b)o (w + b) dP° (i, D).
Rd+1 6 (5 Rd+1
]
Proof of Theorem[11] By Lemma [I5] we can find

fi(@) = f(0) = 2BQ i $(w, 0)Liyratbzo0p dP(w,b)
such that |s(w,b)] <1 By Lemma [16] we can find
Af,(z) = 2BQ - s*(w, b)o(wTx + b) dP’(w, b)
such that |s’(w,b)| < 1 and
57,0~ £.0) + ) < V2D EENEC.B)
Then by Lemma |14} we there exists a
N

fo(x) = No(wlz + b;)

=1

such that
4B%()? Vol(B(0, B))

o = AT < el

Finally, we let Ayy1 = f.(0)/o(bni1), wni1 = 0, and by € R be such that
o(bny1) # 0, then

N+1

folx) =D No(wlz + b;)

satisfies, by the triangle inequality,

5B2Q2 Vol(B(0, B
o = Fullom) < BO.B))
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1.6 Approximation capabilities of deeper neu-
ral networks

Consider 3-layer neural networks of the form
fo(z) = A gy (AP g (AW + bV) + @) 45O, (1.3)

where N1, Ny € N, AD ¢ RNixd p(1) ¢ RN AR) ¢ RN2xM (2 ¢ RNz,
AB) ¢ RPN pB) € R 61: R = R, 05: R — R, and oy and o5 are applied
elementwise.

Since 2-layer neural networks are already universal approximators, why
consider 3-layer or deeper neural networks? The empirical observation is clear:
deeper neural networks perform far better than 2-layer neural networks.

Although our theoretical understanding of the effectiveness of depth is far
from complete, there are some known results on their approximation capabil-
ities. In this section, we quickly introduce some, mostly without providing
complete proofs.

1.6.1 Approximating compactly supported functions

As discussed in Theorem [9] 2-layer neural networks cannot effectively approx-
imate compactly supported functions on all of RY. However, 3-layer neural
networks can.

To understand why, consider the following example. Let

al b1
al b

A= | 2| ermxd b= | | erm™
al, b,

Consider the indicator function on the convex polytype

1 alx <, foralli=1,....,m
Lo aesiy () = 0 otherwise,

where the inequality in Az < b is elementwise. Let

s(r) = 0 forr<0
11 forr>0.

be the step function. Then
s is(bi—cﬂ-)—m—l—1 = 1) Az<t}-
— 1 2 =
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If 0: R — R is a continuous function satisfying

lim o(r) =0, lim o(r) =1,
r——00 r—00

o (% (Zo <%(bZ — ag')) —m+ %)) = 1z | az<) ()

as 0 — 0 for almost all x.

then

1.6.2 Universality of 3-layer wide neural networks

Universality of wide neural networks of depth 3 or deeper, requires a little bit
of additional work to establish.

Theorem 12. Let Q C R? be compact. Assume oo € C®°(R) and oy € C(R)
are non-polynomial. Then the class of 3-layer neural networks of the form

are dense in (C(Q), | - ||loo)-

Proof. Since o9 is non-polynomial, there is a point ry such that o)(rg) # 0.
For any 2-layer neural network h € span({oi(a’ - +b)|a € R% b € R}), we
have

o(#) = s oa(eh(z) +70) = oa(ry)) — o)

uniformly for x € Q as ¢ — 0. Therefore,

span({oi(a” - +b) |a € R% b € R}) C {functions of the form (I.3)}.
The left-hand side is dense by Theorem [7] so is the right-hand side.

Finally, it remains to establish the claimed uniform convergence. Let Q' =
{eh(z) +ro|x € Q,e € [-1,1]}. Since
oa(eh(x) +ro) — o2(ro) W) = h(z)
eab(ro) eab(ro)

_ % /0 ] /0 " 1 wh(x) + o) dv di,

AI&M@HW&-%%DM

for |e] € (0,1), we have

O'Q(Eh(l’) + 7“()) — 0'2(7“0)

eal(ro)

< o (2p0°) (gl ) <

- h(x)‘

€N

22



1.6.3 Depth separation

Depth separation results establish that certain tasks cannot be done by shal-
lower networks while deeper networks can. Since L-layer neural networks are
universal approximators for L > 2, depth separation results often focus on
quantitative approximation capabilities.

Consider the target function f, = 15(,1). One can approximate 1p(,1) with
a 3-layer neural network, by approximating ||z||* = 2% + - - - + 22 with 2-layers
and then approximating 1¢,|,<1) with the third layer.

Theorem 13 (Safran and Shamir [4], Informal). Assume o: R — R satisfy
some conditions. For any u € M, (RY) and e > 0, there exists a 3-layer neural

network of the form (1.3)) satisfying
1fo = s 1720 < €
with width max{ Ny, No} < O(d?/e) as d — oo.

Surprisingly, however, approximating this rather simple function via a 2-
layer neural network requires an inordinate width.

Theorem 14 (Safran and Shamir [4], Informal). Assume o: R — R satisfy
some conditions. There exists i € M (R?) such that any 2-layer neural net-

works of the form (1.1)) satisfying
1fo = 10)ll72() < O(1/d)

must have width at least N > Q(exp(Cd)) as d — oo, where C' is a constant
only depending on o.

Let d =1 and
2z for x € [0,1/2)
A(z) =< 2—-2x forxe(l/2,1)
0 otherwise.
Define

A" =AoAo---0A.

k times

Then AF exhibits a fractal-like behavior; A* has 2¥~! triangular peeks of height
1 and width 1/281 in [0, 1]. Roughly speaking, these exponentially many ups
and downs can only be created through depth.
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Theorem 15 (Telgarsky [5]). Let L > 2. Then AY+2 is o ReLU network
with 3L* 4+ 6 nodes and 2L* + 4 layers. However, any ReLU network fy with
at most 2% nodes and L layers cannot approzimate it:

1
2 1
| 1873w — futw)l de = 5

Here, “node” refers to the sum of the widths of all layers.
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Chapter 2

Positive definite kernels

“In mathematics, a kernel is an object to which the author assigns
the name K.” — Jan 6, 2022, Sam Power (@sp_monte_carlo)]

Let X be a nonempty set. Let K: X x X - R. We say K is symmetric if
K(x,2') = K(2/,x) for all z,2’ € X. Given x1,..., 2y € X, let G € RV*N be

Gy = K(z,z;),  i,je€{l,...,N}

We call G the kernel matriz or the Gramian matriz of K. Then K is a positive
definite kernel (PDK) if G is symmetric positive semidefinite for any N € N
and z1,...,zy € X. Equivalently, K is positive definite if it is symmetric and

N N
Z Z CiCjK(iL'Z', .73]') 2 0

i=1 j=1

forall N €N, zq,...,ox € X and ¢ € RV,

The inconsistent naming warrants some clarification. A matrix G € RV*¥
is symmetric positive definite if all eigenvalues are strictly positive (>) and
symmetric positive semidefinite if all eigenvalues are nonnegative (>). In
contrast, a strictly positive definite kernel, as defined below, refers to the
strict notion (>) while positive definite kernels correspond to the non-strict

notion (>).
We say K: X x X — R is a strictly positive definite kernel if for any
N € N and distinct z1,...,xy € X, the corresponding Gramian matrix G

is symmetric (strictly) positive definite. Equivalently, K is strictly positive

'https://twitter.com/sp.monte_carlo/status/1478783658714673159
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definite if it is symmetric and

ZZQCJ (@i, ;) >0

=1 j=1

for all N € N,xq,...,zx € X and nonzero ¢ € RV,

PDKs arise in several separate instances within machine learning. Con-
fusingly, “kernel” is perhaps the most inconsistently overused word in mathe-
matics. Entirely unrelated uses include kernel as the input that produces the
0 as the output, nonnegative kernels (used in the Nadaraya—Watson estima-
tor), convolutional kernels, kernels of operating systems facilitating interac-
tions between hardware and software components, and GPU compute kernels
containing code to be executed on GPUs.

2.1 Building blocks of kernels

We now discuss the building blocks of PDKs. This machinery will allow us to
construct PDKs and to identify PDKs.

2.1.1 Inner products of feature maps

Let ¢: X — H for some Hilbert space H (not necessarily an RKHS) equipped
with inner product (-, )3 and induced norm || - ||3. We call ¢ a feature map
for reasons that we discuss soon. Then, K: X x X — R defined as

K(z, ") = (¢(x), (a"))n

is a PDK, since, for all N € N, z1,...,2x5 € X, and ¢ € RY,

Z Z cich(:ci, xj) = Z Z Cz'Cj<<Z5(37i)a ¢(xj)>H

i=1 j=1 i=1 j=1
N N
= 2ol 2 ool
j=1 H
N 2

Z cip(;)

i=1

H
> 0.
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Example: Linear kernel. The simplest instance is X = R, H = R?,
¢(x) =z, and
K(z,2") = (x,2")ga.

Example: Tensor product. Let fi,...,fp be functions from X to R.
Then, K: X x X — R defined as

K(z,2") = Z filz) fi(z")

is a PDK. Using the notation of tensor products, which we further discuss
later, we can equivalently write

,
K=Y fi®f
=1

This is analogous to expressing a matrix as a sum of P rank-1 outer products.
The sum of P tensor products is actually an instance of a PDK defined through
the feature map

Example: Min kernel. Let X =[0,00). Then, K: X x X — R defined as
K(z,z") = min(z, ')

is a PDK. To see why, for L2(R) = {f : R — R| ([ |f(2)|*dz)"? < oo}, let
¢: X — L*(R) be defined by ¢(z) = 19,). Then

K(z,2") = (¢(2), o(2")) r2(r) = (Lpo,a): Lpoe)) r2(w) = min(z, 2’).

2.1.2 Operations preserving PDKs

Given simple PDKSs, we can construct more complex PDKs through operations
preserving positive definiteness: nonnegative scalings, sums, products, limits,
and integrals with respect to nonnegative measures. Let K; and Ky be PDKs
mapping X X X to R. Then

e K for any a > 0,
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o K+ K>, and
[ ] KlKQ

are PDKs. The first two claims are clear. The third claim means K3: X x X —
R defined by

Ksi(x,2') = Ky(z,2") Ky (x, 2), Ve,o € X
is PDK, and it follows from the Schur product theorem.

Theorem 16 (Schur product theorem). Let A € RM*N gnd B € RV*N e
symmetric positive semidefinite. Then the Hadamard product C' = A® B, de-
fined by Cyj = A;jB;; fori,5 € {1,..., N}, is symmetric positive semidefinite.

Proof. Let

N N

_ T _ T

A= E A, B = E V00,
i—1 i=1

be the eigenvalue decompositions of A and B with respective orthonormal

eigenvectors uy, ..., uy and vy, ...,vy. Since ® is bilinear,
C=A06BHB
N N
= (Z )\luzu2> ® (Z VjUjUjT)
i=1 j=1
N N
= Z Z )\iyj (ululT) ®© (Uj?]})
i=1 j=1
N
=> i (ui © vj)(u; © vy)T
i=1 j=1

is a sum of N? (rank-0 or rank-1) symmetric positive semidefinite matrices and
therefore is symmetric positive semidefinite. O

Let {K;}ien be a sequence of PDKs mapping X x X to R. If
Koo(x> $,) = Z Kz(xv ZL’I)
i=1

exists for all z, 2" € X, then K is a PDK. Let { K, },ew be a family of PDKs
mapping X x X to R. Let y be a nonnegative measure on W. If

K(z,2") = /WKw(x,m’) dp(w)

is well-defined (measurable and integrable) for all z, 2’ € X', then K is a PDK.
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Example: Polynomial kernel. Let X = R? and p € N. Then, K: R? x
R? — R defined as
K(z,2") = ((z,2") + 1)"

is a PDK.

Example: Exponential kernel. Let X = RY. Then, K: R x R? =+ R
defined as

({2

K(a.o') = expl(w. o)) =3

is a PDK.

Example: Cosine kernel. Let X = R. Then, K: X x X — R defined as
K(z,2") = cos(x — x') = cos(z) cos(z) + sin(z) sin(x’)

is a PDK.

Example: Kernels with integers. Let X = N. Then, K: N x N — R
defined as
K(iL‘,{E,) _ 2x:r:’ _ e(logZ)Ix’

is PDK.

2.1.3 Shift invariant kernels and Bochner’s theorem

Let X = RY. We say K: R? x RY — R is shift-invariant if there exists a
function x: R? — R such that

K(z,2") = k(z — 2).

Theorem 17 (Bochner). A shift-invariant K : RIxR? — R such that K (x,2') =
k(z — ') is a PDK if and only if

) = [ " dute)

for some (real) nonnegative finite measure yu € M, (R?).
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Proof of (<).

K(l’,fbl):/ e—in(x—z/) du(W)
Rd

:§R efzw"'a: z') d,u( )

R4

_ /R cos(uT(@ = 2')) du(w)
:/Rd (cos(w) cos(wTa') + sin(wz) sin(w'2')) dp(w).

We omit the proof of (=) which requires more work. O

Example: Sinc kernel. Let B > 0 and X = R. Then, K: RxR — R
defined as

2sin(B(z—z')) . /
K(z,2') = 2Bsinc(B(x — 2')) = { ey HTFT

0 ifx =2

is a PDK, since
2Bsinc(B(t)) = / e " _p p(w) dw.
R

Example: Gaussian kernel. Let 0 > 0and X =R. Then, K: RxR - R
defined as

(z—a")?

K(z,2') =€ 272

is a PDK, since

zx! (x)z (x/)z

K(z,2')=eoZe 20%e 27 .

The first factor is the exponential kernel while the second and third factors are
a tensor product.
Alternatively, we can conclude K is PDK through

—zwt

e 202 = dw.

v he

Example: Laplace kernel. Let v > 0and X =R. Then, K: RxR - R

defined as i
K(z,2) = se !

30



is a PDK, since
1

1 4 ol
—e M = — / o e —
2 21 Jgr 72+ w?

(Integral can be evaluated via contour integration.)

2.2 Reproducing kernel Hilbert space (RKHS)

Let X be a nonempty set (No further assumption on X yet). Let H be a
Hilbert space of functions f: X — R equipped with inner product (-, )3 and
induced norm || - ||%. (By definition, || f|l3% = 0 if and only if f(x) = 0 for all
reX. Wesay K: X x X — R is a reproducing kernel (RK) of H if

K(z,-) e H, VoeH,
and K has the reproducing property
fla)={f Kz, )n  Veek fel
If H has a RK, it is a reproducing kernel Hilbert space (RKHS).

Example: Band-limited functions. Let B > 0 and X = R. Let

{f R%R]/R\[ o P =0, 7l < o0, f = f[f],fzfl[f]},

fgy—/f da:——/f (w

where F and F~! are the forward and inverse Fourier transforms, be the
Hilbert space of band-limited L? functions. Then, H is an RKHS with RK

1 o
/ e e 1 _p p(w) dw.

K(z,2") = 2Bsinc(B(z — 2')) = o

To see why, note that
K(z,)(w) = e 1_p,p(w),
so K(z,-) € H for all z € R, and

K /f ‘de——/f e duy = f(x),

so K has the reproducing property.
RKHSs can be equivalently defined by continuity of point evaluation.
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Theorem 18. Let X be a nonempty set. Let H be a Hilbert space of functions
from X to R. H is an RKHS if and only if the evaluation functional L.,
defined as L. [f] = f(z), is bounded (continuous) for all x € X.

Proof. Assume H is an RKHS. For any =z € X,

and || K (z,-)||% is well defined and finite since K(x,-) € H. So L, is bounded.

Next, assume L,: H — R is bounded in H. By the Riesz representation
theorem, there exists a h, € H such that

Lx[f]:<hx7f>7{7 vaH
Let K(x,2") = hy(2') for all z,2" € X. O
Interestingly, there is a one-to-one correspondence between PDKs and

RKHSs. First, we establish uniqueness: if a H exists for a K, then it is
unique; and if a K exists for a H, then it is unique.

Theorem 19. If H is an RKHS, its reproducing kernel K: X x X — R 1is
unique.

Proof. Let K and K’ be two RK of an RKHS H. Then for any x € X,
1K (2, ) = K'(x, )|}, = (K(2,") = K'(x,-), K(x,) = K'(2,)n
= <K(.T, ')7 K(I7 ) - K/<I> ))7-[ - <K/(.T7 ')7 K(Iv ) - K/(CL‘, ))H
= K(z,z) — K'(z,z) — K(z,2) + K'(z, )
0

Therefore, K = K. H
Theorem 20. If K: X x X — R is a reproducing kernel, its Hilbert space H
1S UNLQUE.

Proof. Let ‘H be an RKHS of a reproducing kernel K. Let
S =span{K(z, ) |z € X'}.

We claim & = H, which holds if and only if 0 is the only element in H
orthogonal to all vectors in §. Indeed, if h € H satisfies

(h, K(x,-)) =0, Vre X,

then h(z) = 0 for all z € X, by the reproducing property, and h = 0. Since,
any RKHS of K is precisely characterized by & = H, it is unique. O
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In machine learning, we want to evaluate functions to make predictions,
but point evaluations are not well-defined for L” spaces, since elements of L
spaces are equivalence classes of functions whose values may differ on a set
of measure zero. Therefore, the requirements of RKHSs that the evaluation
functional is continuous is, in some sense, a natural requirement.

We now complete the proof of the one-to-one correspondence between
PDKs and RKHSs by showing existence: there exists a H exists for a K;
and there exists a K for a H.

Theorem 21 (Moore-Aronszajn Theorem). Let X be a nonempty set. Then
K: X xX — R isa PDK if and only if it is an RK of an RKHS H.

Proof. (<) Assume K is an RK of an RKHS H. Then K is symmetric,
since K(z,2") = (K(x,-), K(2', )5 = (K(2/,-), K(x,-))yy = K(2/,z) for all
x,2' € X. Then for any N €N, z1,...,zxy € X and ¢ € RY, we have

N N
ZZCiCjK(QJZ‘,x] ZZCZCJ xl?' ) (xj7')>?-£

i=1 j=1 =1 j=1

N N
= E i K (x,-), ;K (zj,-)
Jj=1 H

N 2
E CiK(l’i, .
i=1

> 0.

H

So K is a PDK.
(=) Let K: X x X = R be a PDK. Define H, to be the (not necessarily
complete) vector space

Ho =span{ K (z,-) |z € X'}
N
= {ZaiK(xi,-)’NeN, ZT1,...,xNn € X, al,...,aNER}.
i=1

For
N N’
= ZaiK(xh ')7 g= ZﬁZK(x;’ ')7
i=1 i=1

define
N N

ZZQZBJ ZEZ, J

i=1 j=1
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Clearly, (-, )#,: Ho X Ho — R is symmetric and bilinear. The value of
(-, )%, is independent of the representation of f via xy,...,zn,a1,...,ay and
g via i, ..., 2\, B, ..., BN, since

(fs9)m, = Zaz‘g(%) = Zﬁjf@;)-

(So (-, ), is well-defined.) Since K is a PDK, we have (f, f)», = aTGa > 0,
where a = (ay,...,ay) and G € RY*N is the kernel matrix for xy,...,zy.
So (-, ), is a semi-inner product (it is an inner product, but we have so far
shown that it is a semi-inner product.) so Cauchy—Schwartz inequality holds
by Lemma [I7, We do have the reproducing property

N
(K (x, )y = iK(wi,2) = f(z), VX, feH.
=1

Therefore,

[F ()] < 1 K@) a0l < (1 o S (s )l < W fllawo v E (2, ),

and || f||3, = 0 implies f(x) =0 for all x € X, i.e., f = 0. Therefore, H, is a
pre-Hilbert space (a vector space equipped with an inner product).

Finally, we complete the space to get H by considering Cauchy sequences
in Hy. We defer the arguments to Section [2.2.1 O

Lemma 17. Cauchy-Schwartz inequality holds for semi-inner products.

Proof. Let V be a real vector space and let (-,-): V x V — R be a semi-inner
product, i.e., it is a bilinear map satisfying (f, f) > 0. Then,

{u, v)

[l

= [[ull*[lv]l* = ({u,v)).

0< ‘ u— ||ullv

Example: Linear kernel. Let X = R? and

H= {fw() = <w7 '>Rd7 w e Rd}? <fwva>7-[ = <w7U>Rd

be the space of linear functions. The evaluation map

La:[fw] = fw(x) = <wv$>Rd = <fwafx>7—[
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has the representation f, € H, and the reproducing kernel is
K(z,2') = fo(2') = (x, 2")pa.

Note that f.: R? — H defines a feature map one can use to establish that
K is PDK, since

K(.T, l’/) - <f:t:7 fx’>7—l

However, is it not the only feature map. Another example is ¢: R? — R?
defined as ¢(x) = x, since

K(z,2") = ((x), d(a"))re = (z,2")ga.

While PDK and RKHS have one-to-one correspondences, feature maps ¢: X —
‘H and kernels do not. However, we do have a one-to-one correspondence if we
require ¢: X — H to map to an RKHS H.

Example: Quadratic kernel. Let S¥¢ be the set of d x d symmetric
matrices. For S, R € 8%  define

d d
(S, R)ygaxa = Z Z Si;Ri; = Trace(STR) = Trace(SR).

i=1 j=1
For z € R?, we can use the “trace trick” to get

(S, xaT)gaxa = Trace(SzaT)
= Trace(z7Sx)

=zTSx.

(The identity >, >, Si;jRi; = Trace(STR) holds even when S and R are not
symmetric. )
Let X = R?. For any S € S™, define fg: R — R as

fs(x) = a7z = (S, zaT)gaxa.

Let
H={fs]S€s™], (fs, fs)n = (S, 5" )gaxa.

Then the evaluation map

Lx[fS] = fS(x) = <Sa :U'TT>Sd><d = <fSafxxT>’H
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has the representation f,,r € H, and the reproducing kernel is
K(z,2') = foer (') = (z27, 2" (2/) ) gaxa = ({z, 2" )ga)?.
Note that while
H = span{ K (x,-) |z € R} = span{ fo.r | v € R}

(the span is already complete without any need for completion), there exists
f € H such that f # aK(z,-) for any « € R and x € X.

Example: Gaussian kernel. Let ¢ >0 and X = R. Let

1 o _ 22,2
R (SR RIh< o) (o = Gy | F@iw)e™ do

Then, H is an RKHS with the Gaussian RK

_ (171‘/)2

K(z,2')=e 272

To see why, note

—

K(z,-)(w) = V2roe“Te™ 2

SO

K(x, )| = —— T
| (937')||H_WR€ 2 dw <0

and

UK D= 5= [ F)e™ o= )

One can also show that H is a class of all functions in L? (so Fourier and
inverser Fourier transforms are well-defined) that are infinitely differentiable
with all derivatives in L?.

Example: Exponential kernel. Let X = R. Consider the exponential
kernel

!

K(z,z') =e"™.
While we know that

H = span{K(x,-) = e* |z € R},

a nice analytical characterization of H and (-, -)3; seems to be unknown. Given
a PDK K, it is not always straightforward to characterize the corresponding
RKHS H, and vice versa.

36



By now, it should be clear that ¢: R — H defined by ¢(z) = K(z,-) is a
feature map we can use to establish that K is PDK, since

K(z,2") = (¢(x), p(z"))a-

However, another feature map (mapping to a Hilbert space that is not an
RKHS) is 1: R — (2

() = (1,2/V1L 222, 2% V3L, .)€ 12,

since

2.2.1 Completion argument of Moore—Aronszajn

We now complete the completion argument of the Moore—Aronszajn theorem.

Pointwise convergence and definition of H. Let Hy be the pre-Hilbert
space as constructed in the initial part of the proof of Theorem Let
{fe}ren C Ho be a Cauchy sequence with respect to the || - ||z,-norm. For
any r € X,

[fm () = fu(@)| = |(fon = frr K (2, ) )0
< [ fm = fallao 1K (2, ) |34

= ”fm - fn”'Ho V K(:va)

— 0

as min{m,n} — oo. So, for all z € X, {fr(z)}reny C R is a Cauchy sequence
and converges to a limit. We define f,.: X — R to be the pointwise limit of

{futren, ie.,
fula) = Jim fu(a).

We define H as the space of all pointwise limits of Cauchy sequences in H,.
Clearly, H is a vector space. Moreover, Hy C H, since for any f € Hy, the
Cauchy sequence fp = f for all k£ has the limit f.

Definition of (-,-)3;. Let fu, goo € H with Cauchy sequences { fi }ren C Ho
and {gx }ren C Ho respectively converging to them. Define

(foon e = 1 (fi 96}t
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For this definition to be well defined, the limit must exist and the limit must
not depend on the Cauchy sequence converging to fuo, oo € H. First,

[(frms Gm)#o = (Frs Gndto| = [ fin — frvs Gm) o — (frs Gn — Gm) 0l
< (fn = frs Gm)#to| + [{frs 90 — Gm) o

< |[fim = fallsollgmllso + 1 fallro | gn — gmll2
—0

as min{m,n} — oco. (Note that {f}ren C Ho and {gx }ren C Ho are bounded
since they are Cauchy.) Next, let {f}ren C Ho and {g; }ren C Ho also be
Cauchy sequences respectively converging to f,, and g.. Then

[(frs G) o — (s Gn)ro|l = [ = S Gndrto — (Fs G — Gn)to |
< |<fn - f;zagn>7'lo| + |<f7,wgiz - gn>'Ho|

< fo = Follrollgnllzg + 1 ll20 197 — gnll
—0

as n — 0.

(-, )% is an inner product. That (-,-)3 is symmetric and bilinear is clear.
Also, || - ||z is nonnegative, since

el = Jim || felly > 0
—00

for { fx}ren C Ho converging to fo.. For (-, )% to be an inner product on H,
it remains to verify positive definiteness of || - ||#, i.e., that || foo|lx = 0 only if
and only if f(z) =0 for all z € X

If foo = 0, then Hf<>0||7-l = (0 since 0 € Ho and {fk}keN C Ho with fk =0
converges to fo, = 0. Conversely, assume { fy }ren C Ho converges to f,, and
| foollzz = 0. Then, for any x € X,

[foo()] =

lim fu(a)] = | Hm (fe K@) | < Jim (1 Fullos |Gl
500 k—o0 k—oo

Since || frllzo = || fll = 0, we conclude foo(z) =0 for all z € X.

‘H is complete. While Cauchy sequences in Hy have limits H by definition,
it remains to establish that Cauchy sequences in H have a limit in H. We
use the standard argument that the set of all equivalence classes of Cauchy
sequences is complete.
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Let féé), féi), ... be a Cauchy sequence in H, and let {f,gl)}keN, {f,EQ)}keN, .
be Cauchy sequences in H with respective limits fc%), é?, .. Let {k(j)}jen C

N be a sequence such that Hf,g@) — ég)H — 0 as j — oco. Then

1780 = £ o = I — £ e
<Ny = £l + 1FD = £l + 1FD = £ 1
— 0

as min{i, j} — oo. Therefore, {fé@)}jeN is a Cauchy sequence in Hy and it
has a limit f € H. Finally,

IE = F PNl < €= £ e+ 11D = FD e — 0

as j — oo. Since the Cauchy sequence féé), fé?, ... in H converges to a limit
f in H, we conclude H is complete.

K is an RK for H. We have established that K has the reproducing prop-
erty for Hy and that K(z,-) € Ho C H for all x € X. It remains to show that
K has the reproducing property for all of H. Let fo, € H and let { fx}ren C Ho
be a Cauchy sequence converging to f.,. Then
fi(@) = (fi, K (2, ) -
—_———

—~—
= foo(2) = (foo K ()

2.2.2 Discussion

RKHS norm quantifies smoothness. The norm of a function in an RKHS
controls how fast the function varies over X with respect to the (pseudo-
Jmetric dg, defined as below. Alternatively, one says, ||f||% quantifies the
“smoothness” of f. In the context of machine learning and optimization,
“smoothness” often refers to the variation of the function, and does not directly
refer to (infinite) differentiability. Specifically, for f € H,

|f(z) = f(@)] = [(f, K(z,) = K(2',))u]
< Nl K (2, ) — K (2, )|l
= | fllndx (z, ),

so fis || f||%-Lipschitz continuous as a map from (X, dg) to (R, |- ).
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2.3 Kernel trick in shallow learning

Many classical shallow learning techniques can be enhanced through the kernel
trick. In particular, they can learn non-linear decision boundaries (despite
being linear in the feature vectors) and can learn arbitrary decision boundaries
if the kernel is “universal” (the estimator is statistically consistent). The full
scope of the kernel trick is beyond the scope of this course. Rather, we will
briefly present the core idea, the kernel trick.

The canonical example of this is logistic regression, where we have data
X € R? and label Y € {—1,+1} and we solve

inimize E ~pl(YOTX)],
minimize Ex,y) pll( ]
with
((z) = log(1 + exp(—=z)).
The idea is that, once trained, sign(#7X) will predict the corresponding label
Y. In the following, we consider a slightly generalized formulation.
In the following, we consider the one-pass SGD setup, where each data
point is used only once in training. The finite-sum formulation, which occurs
more often in practice, will be discussed later.

Basic SGD. Let X € RY, ¥ =R, 0 € R and hy(z) = 07x. (So hg: R? —
R.) Let P be a probability distribution for data-label (X,Y’) pairs. Consider
the optimization problem

minimize Exyy.p [((he(X);Y)].
OeRr?

The idea is that the loss function ¢ is chosen appropriately so that the optimized
he(X) serves as a predictor for Y. (For logistic regression, sign(hy(X)) predicts
the corresponding label Y € {—1,+1}.)

Stochastic gradient descent (SGD) uses IID samples of data-label pairs
(X1,Y1), (X5, Y2), ..., (XN, Yn) ~ P to execute

6k+1 — ek — Oék+1vgk€<h0(Xk+l); Yk+1)
— gk — \ak_i_lfl(hgk (Xk+1); Yk-&-l)JXk—&-l

=5

= Qk - 5k+1Xk+1

for k=0,...,N — 1, where aq,...,ay € R are learning rates and ¢ denotes
the 1-dimensional derivative with respect to the first input. For the sake
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of simplicity, consider the starting point 8° = 0. The gradient computation
follows from the chain rule and

Dy(ho(Xi+1)) = Do(0" Xj1) = X1

This approach can be generalized /enhanced through the use of a feature map.

Feature vector SGD. Next, let X be a nonempty set, ¢: X — R? Y =R,
6 € RY and hg(r) = 07¢(x). (So hy: X — R.) Consider the optimization
problem

inimize Exyyp [((he(X);Y)].
minimize  E(x,y) P [(he(X);Y)]

SGD with the feature map uses IID samples of data-label pairs to execute
= 0" = apa € (g (Xis1); Yiern) 6(Xis1)

-~

=Br+1
= 0" - Br10(Xper1).

The only difference with the prior formulation is that that all instances of X4
have been replaced with ¢(Xx.1).

2.3.1 Feature maps

When performing machine learning with data X, it is often advantageous to
compute features derived from the data X and provide it to the machine
learning algorithm. (In the past, such features were often hand-engineered,
while in modern times, these features are often learned via deep learning.)
The feature map ¢: X — R? maps data to its features. A feature map
with a large feature set can allow the machine learning system to learn more
complicated decision boundaries, but the increased number of features will
incur a computational cost. Ideally, we want the feature map to bee one that
is sufficiently high-diemensional (even infinite-dimensional) while having a nice
kernelized form. We will return to this point when we discuss the kernel trick.

Example: Linear kernel. Let X = R. The linear kernel
K(z,2") = xa'
arises from the feature map ¢: R — R defined as
o(x) = z.
This feature map essentially corresponds to using the learning algorithm di-

rectly on the data without creating any new features.
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Example: Quadratic kernel. Let X' = R. The quadratic kernel
K(z,2') = (za' +1)* = 2*(2')* + 22" + 1.

A feature map for this kernel is ¢: R — R? defined as

2

o(z) = | V2
1

This feature map provides #? (and the constant 1) as additional features for
the learning algorithm. Using the feature 22, the learning algorithm can learn
non-linear decision boundaries.

Example: Exponential kernel. Let X = R. The exponential kernel
K(z,2') =™
arises from the feature map ¢: R — (2
o(x) = (1,z/V1L 222, 25 /V2), .. ) € 2.

Compared to the prior feature maps, this feature map contains all powers of
x and therefore has the potential to learn a much more expressive function.
However, now the feature vector is infinite-dimensional, so we cannot use the
feature vector as is. The kernel trick is needed.

2.3.2 Kernel trick and kernel SGD

Hilbert space SGD. Let X be a nonempty set, H a Hilbert space (not
necessarily an RKHS), ¢: X — H, K(z,2") = (¢(x),¢(2"))n, Y =R, 0 € H,
and hg(z) = (0, ¢(x))3. (So hg: X — R.) Consider the optimization problem

minimize Exy).p [((he(X);Y)].

0cH

SGD without the kernel trick would have to execute

k1 — gk _ ak+1Vg€(h9k(Xk+1); Yk—H)
= 0F — Ozk+1v(9£(<9ka O(Xk))2; Yi)

TV
:/Bk+1

— 0" — Bry10(Xip).
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Again, let #° = 0. This is the same formulation as before, except that #* now
resides in a Hilbert space. If H is infinite-dimensional, then this SGD, as is, is
not implementable on a computer.

The issue is resolved by the kernel trick, which expresses an algorithm in
terms of inner products of the feature map outputs without directly using the
output of a feature map:

hoi (z) = (6%, ()5, (since oF = — Z m(x,-))
= — Z Bi(d(Xi), d(z))n
S Z BiK (X, x).

Even if H is infinite-dimensional, if evaluation of K is implementable, then the
Hilbert space SGD is implementable as follows:

hor (Xj41) = Z BiK (X, Xkt1)-

Brt1 = Oék:+1€ (hor (Xi41); Yir1)
Storage < (Brt1, Xi+1)
for k =0,...,N —1. Once training via SGD is complete, perform inference
via

hon (v Zﬂkf( X, ).

RKHS SGD. Let X be a nonempty set, H an RKHS on X with RK K,
and ) = R. Consider the optimization problem

mir}ieryr_[lize Exyy~p [L(f(X);Y)].
SGD in the RKHS is
=t - Ofkvfg(fk(XkH); Yit1)
= fk - oszfK <f (Xk+1, )>H7 Yk+1)
= f* = apl (f*(Xi1); Vi) K (Xpa, )

=B
= f* = BK (X1, ),
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where we set f0 = 0.
The RKHS SGD can be implemented identically as before with

k
F* (X)) = = BK(Xi, Xi)
=1
Bt = 1O (fF(Xis1); Yer)
Storage < (Bri1, Xr1)

and

(@) = =) BeK (X, ).

2.3.3 Finite-sum problems

Although we considered the one-pass setup for the sake of simplicity, it is
actually more common to access a single data point multiple times throughout
SGD (i.e., one often performs multiple epochs of training). In such a setup, it
is more natural to think of minimizing a finite-sum objective, also called the
empirical risk, rather than an expectation, also called the true risk. Discussing
the statistical implications of minimizing the finite-sum, rather than the true
expectation, is beyond the scope of this course. Here, we briefly show that the
kernel trick applies in the same manner for the finite-sum setup as well.

Let, X be a nonempty set, H an RKHS on X with RK K, and ) = R. Let
Xi,...,Xy € X and Y;,..., Yy € Y be fixed data and labels. Consider the
optimization problem

N
L 1
minimize ; 0(f(Xi); Ya),

SGD on the finite-sum formulation samples random indices i(1),i(2),... ~
Uniform{1, ..., N} and performs the update

= P — e VA (X)) Yigern)
= f* — a1t (F*(Xigern): Vi) K (Xiger)s +)

J/

-~

=Br41

= " = B K(Xigrr1, )
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fork=0,1,..., K—1. Again, let f® = 0. The RKHS SGD can be implemented
identically as before with

FF(Xithen) Z BiK Xi(k+1))

Brt1 = ak+1€ (f (Xi(kJrl)); Yi(kﬂ))
Storage <= (By+1,i(k + 1))

and

ZﬁkK k), T

2.3.4 Representer theorem

Interestingly, both RKHS SGDs in the one-pass and finite-sum formulations,
produce solutions within

span({K (X;, ) }ii,).

Is this optimal? An obvious answer is that the solution is not optimal. Since
SGD converges to the optimal solution (under certain assumptions) but does

not arrive at a solution in a finite number of iterations, the solutions produced
by the RKHS SGDs are not optimal.

For the finite-sum setup, however, restricting the search to within span({ K (X;, )

is optimal, since an optimal solution provably lies within the said subspace.

Theorem 22 (Representer theorem). Let X' be a nonempty set, K: X x X —
R a PDK, H the corresponding RKHS, X1,..., Xy € X, and Yy,..., Yy € R.
Consider the optimization problem

minimize L({(Xy, Y, F(Xi)) ) + Q1 fllx)

feH

where Q: Ry — R is a strictly increasing function. Then, if a minimizer
exists, any minimizer must be in

span({K (X;, ) }L,).

Proof. Let
8 = span({K (X, )}Y,) € H.

In homework 3, you are to show that f € St implies f(X;) = 0 for all i =
1,....N.
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Let f* be a minimizer. Let
fi=s+t
such that s € S and t € S*. Then

LH{(X:, Y;, fH(X))HL) = LH(XG, Y5, s(X0) HL)

Q1) = @ (\/ sl + utna) > Qllslh).

where equality holds if and only if ¢ = 0. Since f* is assumed to be a minimizer,
we conclude t = 0. O

while

In the absence of a regularizer, we have a non-strict version of the repre-
senter theorem.

Theorem 23 (Non-strict representer theorem). Let X' be a nonempty set,
K: X xX — R a PDK, H the corresponding RKHS, X;,..., Xy € X, and
Yi,..., Yy € R. Consider the optimization problem

minimize L({(Xs, Y, F(Xi) ) + Q|1 flln)

feH

where Q: Ry — R is a non-decreasing function. (So QQ =0 is possible.) Then,
if @ minimizer exists, there is a minimizer in

span({ K (Xi, ) }iLy)-
Proof. Homework exercise. O]

The representer theorem tells us that one can find a global optimum in
span({K (X, ) }Y,)

for the finite sum setup. Therefore, there are kernel methods that parameterize
the solution into the form

N
f= Z B K (X, -)
k=1

and then optimize over (,..., By using optimization methods such as SGD,
or even things like Newton’s method.
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2.3.5 Kernel ridge regression

Before starting the main content, quickly establish the following identity.

Lemma 18 (Push-through identity). Let v > 0, U € R™*", and V € R™™.
Then
(FI+UV)'U=UNI+VU)!,

assuming (yI + UV') is invertible.

Proof. Clearly,
UNI+VU) = (I+UV)U.

Left-multiply (v + UV)™! and right-multiply (v + VU)™L. O

Let X be a nonempty set. Let Xq,..., Xy € X, Y,,..., Yy ER, ¢: X —
R? and A > 0. Let

P(X1)T Vi
)
& — gb():@) eRV¥  y = Y2 e RV,
A(XN)T Yn

Consider the ridge regressz'owﬂ problem

N
1
minimize ;:1( o(X;) )=+ MG,

OcRd

where hg: X — R is defined as hy(z) = ¢(x)70. Equivalently[]| we write
inimize —||®0 — Y||* + A[|0]]%.
minimize | I+ Al

Because the objective function is convex, the solution #* is found by setting
the gradient to 0

2
= —PT(PO* —Y) 4 210"
0= 070~ ) + 200",

2Regression with £2-regularization is referred to as ridge regression in classical statistics.

3Linear regression is an instance of the finite-sum formulation and its goal is to obtain
a prediction function hgs (which is linear in 6 but need not be linear in z) rather than to
obtain the parameters 6.
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which solves to

* T -1 5T
o= (@04 AN T
dxd dx1
= OT (POT+ ANI)' YV
~~ — N~
dx N NxN Nx1

=T (G + ANI)'Y,

~~
=p* cRN

where we used the kernel matrix G € RV*N
Gij = ¢(Xi)To(X;)

and the push-through identity. Once “training” is complete, i.e., * has been
computed, we make predictions on new data x € X with

ho«(-) = ¢(-)T0"
Z @:K('v Xz)

i=1

Next, consider the same linear regression setup with the prediction func-
tion in an RKHS as the explicit optimization variable. Let Xi,..., Xy € X,
Yi,..,. Y eR A>0, K: X XX — R be a PDK, and H the corresponding
RKHS. Consider the kernel ridge regression problem

N
1
mirfliel?rilize N Zzl(f(Xz) - Yz)2 + )‘HfH”?LL

When H is infinite dimensional, this is an infinite-dimensional optimization
problem. By the representer theorem, a minimizer has the expression

N

fla) =Y @iK(z, X)),

j=1
so we plug this form in to get a finite-dimensional optimization problem

N 2

N 2
o 1
mglelg]lvlze N ; (Z 0, K(X;, Xi) — Y;-) + A

j=1

N
> eiK(X;,0)
j=1

H
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RNXN

Using the kernel matrix G € , we equivalently write

1
inimi —||Ge = Y||* + X\ TGep.
minimize VG = Y7+ TGy
The solution is found by setting the gradient to 0
2 * *
0= NG(G(p —Y) +2)\Gyp
and solves to

¢* = (G+ ANI)"'Y.

(For the sake of simplicity, let us assume G is invertible. When G is not
invertible, * is a solution, but not the unique one. More on this in the
homework assignment.) So, we have

7= GECX))

This is exactly the same prediction function as before, except that we did not
need to have a finite-dimensional feature map.

Kernelized implementation. To conclude, given X,..., Xy € X, Y;,..., Yy €
R, A >0, and a PDK K: X x X — R, we can implement kernel ridge regres-
sion in a kernelized manner by forming the kernel matrix G € R¥*¥ (requires
N(N + 1)/2 evaluations of K(-,-) but no need to explicitly form a feature
vector) and perform linear algebra computations to solve

©* = (G+ANI)'Y.

Then, prediction on new data x € X can be made with

N

fra) =) Kz, X))

j=1

When A = 0. When \ = 0, i.e., when there is no ¢*-regularizer, the same
line of analysis and derivation can be carried out with the Moore—Penrose
pseudoinverse. In particular, one arrives at

©* = GY.
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2.3.6 RKHS with finite-dimensional feature vector and
and corresponding 2-layer neural networks

Let ¢: X — R and write

¢ ()
o) = |
¢a(7)
Assume ¢, ..., ¢4 are linearly independent as functions. Consider K: X X

X — R defined as
K(z,z) = (¢(x), (")) pa-

Let
H= span{gzﬁk}zzl.
For
d d
f= Zakﬁbk; 9= Zﬁk@k:
k=1 k=1

define the inner product
d
(f,9)n = b
k=1

(If ¢1,...,¢q are not linearly independent, the inner product is not uniquely
defined.) Tt is relatively straightforward to show that H is a Hilbert space.
We claim that H is the RKHS corresponding to K. We provide two separate
justifications.

First, we provide a direct verification. Clearly,

IsH

K(z,-) = Z@@%(') € span{¢}i_, = H

=Tk

for all z € X. Next,

(f, K(z,"))u = Zakﬁ)/k = Z@k¢k($) = f(z).

So we have the reproducing property. Therefore, K is the RK of H.
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On the other hand, the construction of the Moore—Aronszajn Theorem and
Lemma [13] tells us

H =span{K(z, )|z € X'}
— span {K(x, )= S u(@)oe() o € X}
= span{¢y,...,Paq}-

The Moore-Aronszajn construction further tells us that for

N N’
i=1 =1
we have
N N’
<f7 g)?—l - Zz&zﬁjK<xu$;>
i=1 j=1

i=1 k=1 k=1 =1
—ek
and
N’ d d N’ ~
9=> B> (@) =) Z/@aﬁbk(i’?}) Ok (),
7=1 k=1 k=1 j=1 ~
SO
N N’ ~ d
(Frghw =) @by onlw)dn(a))
i=1 j=1 k=1
d ]N N’
=Y (@) Y Bign(a))
k=1 i=1 7=1
d
= Z B
k=1
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Absence of independence assumption. If we do not assume that ¢1, ..., ¢4
are linearly independent as functions, then the RKHS corresponding to

K(z,z) = (¢(x), §(2))za

becomes H = span{¢y, }¢_, with the so-called variation norm

d
minimize Z o
Il = | “oerT S

subject to f = Zizl TPk

Connection to 2-layer neural networks. Let X = R? Let ¢q,...,¢n be
defined as

o(z) = o(afx + by).
Then
N
H= {Zuka(azx+bk) |up, ..., uy € R} :
k=1
i.e., H is the set of 2-layer nerual networks with hidden layer weights and biases
fixed to aq,...,ay and by,...,by. Performing kernel SGD or kernel ridge

regression corresponds to training the output layer weights of a 2-layer neural
network with the hidden layer weights and biases fixed (and not trained).

2.4 Kernel as linear operators

Let v € M (X) and consider L?(v). (So v is nonnegative.) For K: X x X —
R, define the linear functional

MWZAMWWWWWU

for f: X — R. Clearly, Lg is linear, but we need additional assumptions to
ensure that the integral is well-defined. In particular, we will show that the
following RHS

/XIK(%H?')f(w')I dv(z") < [|KC,2) 2ol f (Ol 22

is finite under appropriate assumptions.
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2.4.1 Mercer kernel and Mercer’s theorem

We say a PDK K: X x X — R is a Mercer kernel if X is a nonempty a
compact metric space (or more generally a compact Hausdorff space) and K
is continuous as a function (with respect to the Borel topology).

If K is a Mercer kernel, then

Li: L*(v) — L*(v).

to see why, first note that

1K ()| = /X (K (. 4'))? dv(z')
< sup (K(x,2"))*v(X) < oo.

r,x'eX

Therefore, for f € L*(v), Li[f](z) is well defined (pointwise) for all x € X. Tt
remains to show that Lx[f] € L?*(v). This follows from the fact that Lg|[f] is
a bounded function:

Lxlf](@)] = '/XK@x’)f(x') e
<K 2 20 £ 20
< V(X sup K (.2 [£0) 1200
< Q.

Theorem 24. Let X be a compact metric space (or more generally a compact
Hausdorff space) and K: X x X — R a continuous positive definite Mercer
kernel. Let v € M, (X) and assume supp(v) = X, i.e., v(U) > 0 for any
nonempty open U C X. Then there exists an eigenfunction expansion

K(z,2') = Z N (x) (),

where A\y > Ay > -+- > 0 and {¢;}32, are continuous functions that are or-
thonormal in the L*(v) inner product. The convergence is absolute for each
x,x' € X and uniform on X x X.

Proof outline. If K is a Mercer kernel, then Ly : L?(v) — L*(v) is a compact,
self-adjoint, nonnegative bounded linear operator. We then appeal to the
spectral theorem. O
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Feature map via eigenfunctions. Assume a PDK K: X x X — R has a
series expansion

K(x,2') = Z Aiti(@)ei(2)
i=1
or, more concisely,

K=Y A\t @1

i=1

with nonnegative A\, \o,.... Define ¢: X — 2 with

VA (z)
¢(x) = |V A2Ua(z)

Then ¢ is a feature map for K:
K (z,2") = (¢(z), p(2))e

(Since K(z,z) < 0o, we have ¢(z) € (%))

RKHS. Assume a PDK K: X x X — R has a series expansion

K=Y \t) @1

=1

with nonnegative A1, Ag,.... Assume that A\ > Ay > -+ > 0 and that {¢; }sen
is linearly independent as functions. Then the corresponding RKHS is

H= {szaiwi}llfIIH < OO}>
i=1

and for . .
f= Z@ﬂ% 9= Zﬁz‘%‘
i=1 i=1

the inner product is

i=1 v
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Covariance kernel. Assume a PDK K: X x X — R has the integral form
K(z,2") = Eyp[t(z; w)t(2; w)] =/ Ul w)p (e w)dP(w),
w

where w € W is a random variable. More concisely, we can view ¢(-;w) as
random function (randomness determined by w € W) and write

K =Ey[y ®¢].

Assume a {¢(-;w)}wew are linearly independent as functions. This implies a
function

f:Agwwmwdmm

is uniquely identified by «, in the sense that

l/wwmwwm:/dwwmwmm
w

w

if and only if & = o/ P-almost everywhere.
Then the corresponding RKHS is

1= {7 = [ atwptsw) apw)| 1< o}

and for
f= | ) @), 9= [ syt dPw

w w

the inner product is
g = [ alw)s(w) dP)
An example of interest to us is
K(z,2") = Egp~prlo(a’z + b)o(aTz + b)].
In this case, the RKHS contains functions of the form
) = / ala, bo(az +b) dP(a, b),

which can be viewed as infinite-width 2-layer neural networks.
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2.5 Matrix-valued PDKs and vector-valued RKHSs

Let X be a nonempty set. Let K: X x X — R4 We say K is symmetric
if K(z,2') = (K(2',x))7 for all z,2’ € X. Then K is a matriz-valued positive
definite kernel (mvPDK) if it is symmetric and if for all N € N, xy,..., 2y €
X,and ci,...,cn € R, we have

N

N
Z Z cl K (z;,x)c; > 0.

i=1 j=1

Clearly, if K;1: X x X = R and Ky: X x X — R™? are mvPDKs, then
K, + Ky is as well. Let K: X x X — R¥? and k: (X x {1,...,d}) x (X x
{1,...,d}) — R such that

(K(z,2")i; = k((z, 1), (2, 7).

Then K is a mvPDK if and only if k is a (scalar-valued) PDK. (This equivalence
will be established in a homework assignment.)

Let H be a Hilbert space of functions from X to RY with inner product
(-,-)y and induced norm || - [|3. We say K: X x X — R%? is reproducing
kernel (RK) for # if

K(,z)w € H, Ve X, weR%
and K has the reproducing property
(f, K(-,2)w)y = wT f(x), Voe X, weR
If H has an RK, it is a vector-valued RKHS (vvRKHS).

Theorem 25. There is a one-to-one correspondence between mvPDKs and

vwRKHSs.

Example: Kronecker product. Let k be a scalar PDK and M € R%¥*? 4
symmetric positive semidefinite matrix. Then

K=keM,

defined as
K(z,2") = k(z, 2" )M
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is a mvPDK. To see why, for all N € N, xq,..., 2y € X, and cy,...,cy € R?,
we have

N N
ZZCZTK (@i, z5)c ZZCIMC] (wi, ;)

i=1 j=1 =1 j=1

=> Y Nyk(ai, x))

i=1 j=1

=Tr(NG) >0

where we use the fact that N € RV*Y defined as N;; = ¢] M¢;k is symmetric
positive semidefinite and the fact that the inner product between two symmet-
ric positive semidefinite is nonnegative. (In convex analysis, one says the PSD
cone is self-dual.) Alternatively, and essentially equivalently, one can show
that the Kronecker product between M € R¥¢ and G € RY*¥V is symmetric
positive semidefinite.

Example: Outer product. Let f: X — R% Then
K=f&f

defined as
K(z,2') = f(z) ()T

is a mvPDK. To see why, for all N € N, zq,...,2y € X, and ¢q,...,cy € RY,
we have

ZZCIK(ZE“xJ ZZ Tf (z:)) )Cj)

i=1 j=1 i=1 j=1

N N
:Z Tf xz Z Tf ‘Tj
i=1 7j=1
>0

2.5.1 Tensor products

The tensor product is an operation generally defined between two vectors and
vector spaces. For the sake of notational simplicity, we will use special instances
of this notation. We simply point out, but do not justify, that our notation is
consistent with the general tensor product operation.
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Let f: X > R™ and g: Y — R" and
F=f®g: X xY—R™"
is defined as
F(x,y) = f(x)g(y)"

In particular,
F=ff: XX xX—R™"

is defined as

F(z,a') = f(z)f(2")T.
If f: X - R and m € R? then

F=f@m: X - R?

is defined as
F(z) = f(x)m.

(The Kronecker kernel was defined with this notation.) Finally, if u € M(X)

and v € M(Y), then
PRV e MX X))

is defined as
(h®@v)(Ax B) = u(A)v(B)
for measurable A C X and B C Y

XxY

Fy)d(u ® v) = /y /X £ y)dpu(x)dv(y)

for (measurable and integrable) f: X x ) — R. In particular, if x and v are
probability measures respectively for random variables X and Y, then p® v is
the probability measure for (X, Y’) such that X and Y are independent random
variables with respective marginal probability distributions 4 and v.

2.6 Random feature learning

2.6.1 Kernel approximation
Let X = R?% Let K: X x X — R be defined as

K(x,x') _ / et (z—a) dp(w)
w

= / (cos(wTx) cos(wTz’) 4 sin(wTz) sin(wTz’)) dP(w),
w
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for some real nonnegative probability measure P. Consider using M IID ran-
dom features with wy, ..., wy ~ P and by,..., by ~ Uniform|0, 27]:

cos(wlx + by)
B V2 | cos(wiz + by)
P(x) = Navi .

cos(wy,;x + byy)

Then

M
K(z,2") = (¢(x), d(x))pm = % Z 2 cos(w]x + b;) cos(w]z" + b;)

i=1

ol K(x, ).

Loosely speaking, (x) follows from a law-of-large-number type of argument,
since

Eup[2 cos(wTz + b) cos(wTz’ + b)] = E,, p[cos(wTz + b) cos(wTa’ + b) + sin(wTx + b) sin(wTz’ + b)]
= E, [Re~"(@=27]
= E,[cos(wz) cos(wTz") + sin(wTz) sin(wTz’)]
= K(z,2'),

where the first equality follows from uniformity of b.
Precisely speaking, (x) is in the following sense.

Theorem 26 (Informal). Let Q C R? be compact. Let § > 0. With probability
1-9,

sup |K(x,2') — K(z,2")| < small.

z,x' €N

In practice, one would use K in place of K for computational efficiency.
Kernel ridge regression or any kernelized method requires storing all Xy, ..., Xy
and prediction with a new z requires N additional kernel evaluations. On the
other hand, using K does not require storing all data and prediction only
requires O(Md) operations, as we discuss now.

Kernelized learning with K is equivalent to estimating § € RM of the
prediction function

M
fo(z) = Z 0; cos(w]z +b),

=1
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since fp parameterizes all functions within the RKHS corresponding to K.
(The factor \/2/M is absorbed into ¢). This is a 2-layer neural network with
cosine activation functions. The hidden layer’s weights and biases are randomly
initialized and not trained. The “output layer weights” § € RM are trained.
More generally, consider a PDK K: X x X — R with an integral form

K(2,2') = Eyeplth(w; w)d (e w)] = /W (a5 W' w) dP(w),

where w € W is a random variable and P is a probability measure. Consider

using M 1ID random features with wy,...,wy ~ P:
Y(z;wr)
1 Y (w5 ws)
$(z) = —=—= :
vM :
Y (@5 war)

Then we can expect

K(w,a') = (¢(x), d(a"), o — K (x,2")

by the law of large numbers. Kernelized learning with K is equivalent to
estimating # € RM of the prediction function

M
= ZQW(I; wi)'
i=1

This includes 2-layer neural network with activation function o

M
= Z 9ia(a}x + bl),
=1

where ay,...,ay and by, ..., by are initialized randomly and fixed.

2.6.2 Function approximation

However, approximating the kernel K =~ K, in whatever sense, is not the end
result we desire. The desired end result is to find a prediction function fy that
either approximates the true unknown funciton f, well, or attained “low risk”.

Let Xi,..., Xy € X be IID samples from a probability measure pu €

M, (X). Let
emp = %Z ’l>>2
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and
Riruel f]1 = Exu[(f(X) = F4(X))? = I = F Il
In machine learning, the goal is usually to find a prediction function f with
small true risk Rielf]. With finite data, this is accomplished by instead
minimizing the empirical risk Remp|f]-
Consider prediction functions of the following form. Let ¢ (x; w) be a ran-
dom feature function such that | (x;w)| < 1 for all x € R? and w € W. Let

P € M (W) be a probability measure and sample wy, ..., wy " P to form

M
= Oip(a;w).
i=1

Finally, we solve

fcRd

N
minimize Remp|fo] Z (X5))?

to obtain the solution 6.

Since 6 minimizes the surrogate objective, rather than the true objective,
there is no reason to expect § to minimize Riue [fs]. However, we will establish
that 6 is close to optimal (for the true objective) in the sense that

Rtrue [fé] ~ 1101f Rtrue [f@] .

fo= /W Bl w) dQ(w),

where Q@ € M(W) is a (signed) measure absolutely continuous with respect
to P.E| Let p € M (X) be any probability measure. Let 6 > 0. Then, with
probability 1 — 6, there exists a 0 € R™ such that

sup,,, [dQ/dP(w)|?
= (1 +

Theorem 27. Let

Rinelf5) = 15 = £y < 2108(1/9))

Proof outline. Let

Mo1d
=3 L w) v,
2=1W—’

-0,

4We sample from P while f, is represented with Q. In practice, we do not know Q, so
we cannot sample from it. The probabilistic argument by Jones requires sampling from
and therefore is not algorithmically implementable.
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Where is the Radon—Nikodym derivative. Then

2

Q)

B = EIIF - 2P < sup | 5w

The claim follows from considering the variance obtaining the probability 1 —¢
guarantee with McDiarmid’s inequality. O]

Theorem 28 (Informal). Assume some additional conditions. Then, with
probability 6 > 0, we have

|Rirue[f] = Reup[f]| < O(1/VN).

Proof outline. Proof uses the notion of Rademacher complexity. m

We now conclude

Rtrue [fe]

where the chain of reasoning follows from Theorem , by definition of é,
Theorem 28, and Theorem [27, To clarify, 0 is a parameter configuration that
exists, and we use it only for our theoretical arguments, not  in our algorithm.
Rather, 0 is obtained and used algorithmically.
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Chapter 3

Continuous-Time Training
Dynamics

3.1 Gradient flow as a model for stochastic
gradient descent

Consider a neural network fy: X — R with parameter § € RP data X;,..., Xy €
X,and Y7,..., Yy € Y =R. Let L: R? — R be the loss function of the form
XN

L£(0) = 5 > Ufo(X0), 7).

i=1
Gradient descent (GD) updates the parameters with
OFtt = 08 — oV L(0)

for kK =0,1,..., where §° € RP is a starting point and o« > 0 is the learning
rate. In general, the learning rate o can depend on the iteration, but let us
consider the constant stepsize case for the sake of simplicity.

Stochastic gradient descent (SGD) updates the parameters with

0" = 0" — aVol(fo(Xiw), Yi) | g
=0 — a(VL(O") + £Y)
for kK = 0,1,..., where i(k) ~ Uniform({1,...,N}) is an IID sequence of
random indices. Here, £¥ = Vol( fo(Xi)), Yi(’f))‘ezek — VL(0%) is a martingale

difference sequence, i.e.,

E [¢"]6"] = 0.
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In deep learning theory, one often considers the simplified training dynam-
ics through gradient flow (GF):

0(t) = VL)),

where 0(0) = 6°.

In what sense does the continuous-time deterministic process (GF) approx-
imate the the discrete-time stochastic algorithm (SGD) well? The differential
form of the intuition is that for GD,

) k+1 _ pk
0(t) ~ % = VL0,

where t = ak. The idea is that we view a as the discretization step, so the
total ellapsed “time” is the number of iterations k times the discretization size
a. The integral form of the intuition is

Op =00 — Y VLO) ~ 06— /t VL((s)) ds.

i=0
For SGD, the integral form is more easily interpretable:

k

Op=00—a> VLEO)+ a) & ~6°- /T VL(O(d)) ds.

=0 =0
O(VEka)=0(/ta)

To bound the noise term, we assume E[||*|? | 0,] < 7% < 0o and argue that

k
Var <a Zsz> < ka*r? = atr? >0
i=0

as a — 0, fixed ¢, and k = [t/«a].

Theorem 29. [GD—GF] Assume L: RP — R is differentiable. Assume
VL: RP — RP 4s L-Lipschitz continuous and M-boundedﬂ For a > 0, let
{Hé“a)}k:0717.., be the GD sequence generated with learning rate o starting from
6°, i.e.,

9k+l

oy = o) — aVL(0f,)

IThis assumption is meant to simplify the analysis, but, in general, it is sufficient to
exclude cases where VL varies too rapidly, such as 6?sin(1/6). One can establish the
same result under the assumption VL(0) < Cy + C3B(||0]]), where C; > 0, C3 > 0, and
B: R, — R is an increasing function.
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with 0?01) = 0% Let O(t) be the gradient flow starting from 0(0) = 6°. Then for
any T < o0,

sup [|6() — )™ || = 0

te(0,7)

as o — 0.

Proof. For notational simplicity, we drop the subscript and write 6% for 9&).
For k € N,
&, = 0(ka) — 0"

to denote the error between GF and GD. Note, & = 0. Then,
Eri1 = 0((k + 1)a) — o*
= 0(ka) — /0 " VL(O(ka + s)) ds — 0F + oV L(0")
=& — /Oa VL(O(ka + 5)) — VLO(ka)) ds — a (VLO(ka)) — VLOY)) .
Then we have
[€xi1]l < M€kl + allVL(O(ka)) — VLEY))| + /Oa IVL(O(ka + s)) = VLO(ka))| ds
< ||l + aL||6(ka) — 6% + L/Oa 10(ka + s) — 8(ka)|| ds
— (Lol L [
MLe?

< (1+ La)|&l] + —5—.

/Os VL(O(ka +t))dtH ds
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Setting C' =1+ La and P = ML“ gives,

1€l = 0
&)l < P
& <1+ )P

&l <A+ C+---+CFHP

Ck—1
= P

C—1

M
20‘<(1+La) —1)
M

Lt
§<6 21>Ma,

where t = ak. Therefore, for any T' < oo,
sup [[Ee/ayll = sup 16([t/aja) — 61| — 0
t€[0,T] te[0,T]

as o — 0. Since
t

16(8) = 6([t/ale)| = |l L O(s)ds|| < M|t — [t/ala| < Ma,

t/o|a
we conclude
sup. 16(2) =01/l < sup [|Eyya)ll + sup [|6(t) —O(|t/a]a)l| = 0 as a — 0.
telo, T te[0,7 te[0,7)
as a — 0. [
Theorem 30 (SGD~GD). Assume L: R? — R is differentiable. Assume

VL: RP — RP 4s L-Lipschitz continuous and M-bounded. For o > 0, let
{¢l(€a)}k=0,l,..- be the SGD sequence generated with learning rate o starting from

¢°, i.e.,

Gt = Bloy — A(VL(G(ny) + )
with gbo = @Y. Assume " satzsﬁes E[e* | qﬁk )] =0and E[||le¥]]? | ¢*] < 72 < o00.
For a > 0, let {9 }k —01,.. be the GD sequence generated with learning rate o
starting from 6° = gbO Then for any T < oo, we have

st]EW“J 02— 0
0,7

as o — 0.
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Proof. For notational simplicity, we drop the subscript and write ¢* for gb’(“a).
Denote the (deterministic) gradient descent iterates as

g1 = 0 — av(6"),
with §° = ¢°. By Theorem [29] we have

sup ||6(t) — 6| =0
t€[0,T]

as & — 0. Thus, it is enough to show that sup,cg g [|¢!7/*) — O/ — 0 as
a — 0 with probability 1. For k € N, define

Ex=E[]0" - "]
Note, & = 0. Then,
E [[|0"" — "1 [ ¢*] = (16" — ¢"|]* — 2a(0° — ¢*, E[VL(6") — VL(¢") — " ¢"])
+o’E[|VL(0") — VL(¢*) — ") | 6]
= 16" — ¢"|I* — 2a(0" — ¢", VL(0") — VL(¢"))
+a?(|VL(0") = VL") + 72)
< 16" = ¢*|1* +2a]|6" — ¢*||[[VL(6%) — VL(¢")]|
+ ?||VL(0%) — VL(¢")||* + o*7?
= (1+aL)’[|0" - ¢"|]* + a7,
By taking the full expectation and using the tower property of total expecta-

tion, we have
€k+1 S (1 —+ @L)zgk + CY2T2.

With an inductive reasoning similar to that of Theorem [29] we get
1+al)?* -1, , B (1+al)®* -1

& <
=0 ranz 107 (@l t2L)
2k:aL_1 2 2tL_1 2
_—(6 )Ta:—(e )TO[—>0
al?+ 2L al?+ 2L
as a — 0. O
Combining
Corollary 2 (SGD—GF). Consider the setup of Theorem. ForanyT < oo,
we have
sup E[|o(t) — o) — 0
te[0,7)
as o — 0.
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Proof. This immediately follows from combining Theorems [29| and O]

Corollary 3. Consider the setup of Theorem[30, Further, assume ||e¥||? < 72
almost surely. For any T < oo, we have

sup [[¢(t) — o)™ I — 0
te[0,7

as a — 0 in probability.

Proof outline. This requires a probabilistic argument. Let N € N and € > 0.
0 > 077 Let

E(t) = () — dpey I
Let t; =Ti/N fori =1,..., N. Then with probability 1 — §, we have
E(t;) <e/2
forall i =1,..., N. By the boundedness assumptions, we have
E(t) —E(ti+5)| < ¢/2
for all s € (0,7/N). Therefore,

sup &(t) < e.
t€[0,T]

O

However, this approximation removes all dependence on noise. Therefore,
one can consider the update

00 =00 — VL) + Vas”.

In integral form, we have
k—1 k—1
0y =0 —a> VL@, +Vad &
i=0 i=0

~ 00— /W L(8(s)) ds + V2B(t),

where B(t) is a Brownian motion. The argument follows from reasoning similar
to Donsker’s theorem. In this case, under suitable assumptions, the process
{G(L;/)QJ }>0 converges in distribution to the solution of the stochastic differential
equation

d6 = =V L(0)dt + V2dB(t)

This follows from Donsker’s theorem. However, the SDE analysis is beyond
the scope of this course, so we do not pursue it.
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3.2 Continuous-time analysis of gradient flow

We have established that gradient flow approximates SGD. Now let us analyze
the continuous-time dynamics of gradient flow

6=—-VL®B),  6(0)=0b,.

In general, the training loss of finite deep neural networks is non-convex.
However, the loss becomes convex in the infinite-width (NTK) limit, so we
study the convex setup.

Theorem 31. Let L: RP — R be a differentiable convex function. Assume a
minimizer 0, exists. Then the solution to gradient flow {0(t)}+>0 exhibits the
rate

* |2
_ oo o)
- 2t

Proof. Consider the energy function (also called a Lyapunov function)
* 1 *
E(t) = t(L(9) = L£(07)) + 5ll6 — 6*]*
Then

S(t) = (L(0) — L(6%)) + L(VL(O),0) + () — 0%, 6)
L(0) — L(0) + (07— 0,VL®O)) —t]|VLO)|?
—tIIVE( )|I”
<0,

where the first inequality follows from convexity of £. Since & < 0, we conclude
* * 1 * 1 *
HL(O) = £(67) < HLO) = L(6)) + [10(t) = 67" = £(1) < £(0) = 5 [16” = 6"]]*

]

The training loss in deep learning are usually non-convex and non-differentiable
(due to ReLU activation functions). The “gradient flow” dynamics of non-
differentiable functions can be formalized using the notion of subgradients,
but we will not pursue that direction in this course. We will instead consider
the dynamics of non-convex differentiable losses.
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Theorem 32. Let L: R? — R be continuously differentiable. Assume infgege £(0) >
—o0. If a solution to the gradient flow ODE exists, then

/Ooo IV L(0(1)) |2t < oo,

So if O(t) converges, then VL(6(t)) — 0.

Proof. Consider the energy function
t
E(t) = /0 IVLEO))* ds + L(O(2))-

Then from 6 = —VL(6),

d 2 )
ZE(t) = [IVLO)|*+ (VL©),0) = 0.

Thus, £(t) is constant as a function of time and L£(6(t)) is monotonically
nonincreasing. Finally,

S§—00

< L(6(0)) — inf L£(0) < co.

OeRP

/OOo IVLO()|*dt = L(6(0)) — lim L(8(s))

O

3.3 Second-order dynamics as a model for SGD
with momentum

The gradient descent with momentum updates the iterates with
Opr1 = O + B(Ok — Ok—1) — aVL(Gy),

where § > 0 is the momentum coefficient, « is the stepsize, and 0y = 0_; are
the starting points. We can equivalently describe the algorithm as

R = Bk — /aVL(6,)
0"t = 0" + Vo,

with initial condition #° € R? and v° = 0. The equivalence can be established
by basic induction.
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Let 8 =1—~y/a. Then

— = P —VL(6)
ek—&-l _ ek
Ja

and we obtain the limiting ODE:

0(t) = —yo(t) = VL(O(?))
0(t) = v(1),

with 6(0) = 0y, v(0) = 0, and t = \/ak. Equivalently, we can express this as a
second-order ODE:

G(t) +~0(t) + VL) =0

with 6(0) = 6y and 6(0) = 0.

This second-order ODE has a physical interpretation. If there is a particle
with mass 1 subject to potential £ and friction with friction coefficient v > 0,
then the dynamics of such a particle is governed by the same ODE.

Theorem 33. Let L: RP — R be continuously differentiable. Assume infgege L£(0) >
—o00. If a solution to the momentum gradient flow ODE exists, then

/OO 16(8)|[2dt < oo.

0
So if §(t) — 0, then VL(O(t)) — 0.

Proof. Then we have

1 . Lo
€ = 3161+ £O)+ [ 1617 as

is a conserved quantity. Since £(6) > infgers £(6), we have

/OO 16()]12dt < oo.

0

If 0(t) converges, then 6(t) — 0 and 6(t) — 0. Then VL(6) = 0. O
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Theorem 34. Assume L: RP — R is differentiable. Assume VL: RP — RP is
L-Lipschitz continuous and M-bounded. Let {Q?Q)}k:()’lf.. be the GD sequence

generated with momentum B = 1 — vy/a and step size « starting from 6°, i.e.,
k+1 _ pk k k—1 k
9(04) - 9(‘3‘) + 6(9(0‘) B 9(04) ) B SV‘C(Q(Q))v
with Q?Q) = 9(_;) = 0% Let O(t) be the solution of momentum ODE starting

from 6(0) = 6° and 6(0) = 0. Then for any T < o,

sup [|6(t) — )Y || = 0
t€[0,T]

as s — 0.
Proof. For notational simplicity, we drop the subscript and write 6% for 0’(’“&).
" = BoF — /aVL(6y)
OF ! = 0% 4 ",
The ODE can be written as
0(t) = —yu(t) — VL(O(t))
0(t) = v(t),

Lemma 19. Under said assumptions, sup,eor max{[[v(t)], o)} = C <
00.

For k =0,1,..., denote

Ay = 6F = 0(kVa)ll,  Bp=[v* —v(kva)]|
whose initial values are Ag = By = 0. First, we have

Apyr = ||0" =0 ((k+1)s)]|

Ja

6’“+\/5v’“—0((k\/5))—/ (ko +t) dt

0

N
< 0% — 0(kv/a)|| + || Vav” — Vav(kva)|| + /0 v(kva +t) — v(kva) dt

1
< Ap +VaB + 5004,
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where the last inequality follows from

Next, we have
Biy1 = 0" = v((k + 1))
== avae - v
—VaVLE ) +VaVL(O") — VaVL(O") + VaVL(O(kyv/a))
Va Va
+ 7/0 v(kv/a +t) — v(kv/a) dt + /0 VLO(kva +t)) — VLO(kva)) dtH

Nz N
/0 w(kn/a + 1) — v(ky/a) dt g/o /0||1}(k\/5—|—v)|| dvdtﬁ%C’a.

Ja

Bk — aVLO") —v(kya) — / v(kyva +t) dt

0

1 1
< (1= yv/a) By + Lal|o*| + VaLAy +v;Ca+C;La

for some constant ¢’ < oo. The last inequality follows from |[v¥|| < [[v°| +

ky/aj <TM.
Let
o= o =z [ Ve [ )

~~
=V =diag()\1,/\2) :V71

Then we have
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So we have

Ay 0 1 k—1y | 0
|:Bk::| <U+U +---4+U"") Ca
1-(1—VLa)* 0
— 1Y 1
S SN [T
e
(1++vVLa)*+ (1 —+La)k -2
"9 (1++vLa)k — (1 —+vLa)*
C exp(v Lak) — 1
2 exp(V Lak)
C' exp(vV/Lt — 1
exp( \/_t

This converges to 0 as v — 0.
O

Theorem 35. Assume L is differentiable. Assume VL : RP — RP is L-
Lipschitz continous and M-bounded. For s > 0, let {Hfs)}k:()’l,... be the SGD
sequence generated with monentum coefficient 3 and step size s starting from

6° and 0' = 6° — sVL(°) , i.e.,
O3t =00 + B(OL) — 00,1) — s(VLEG,) + ),

with 00, = 6° and 0],y = 0". Assume * satisfies E[s" | 03] = 0 and E[[|¢*||* [ 6*] <
72 < 00. Assume 3 satisfies the following condition as function of s:

—B=rys+0(s) ass — 0

Let 6(t) be the solution of limiting ODE starting from (0) = 6° and 6(0) = 0.
Then for any T < oo,

sup E[|0(t) — 614V — 0
te[0,T]

as s — 0.

Proof. For notational simplicity, we drop the subscript and write 6* for 9’(’“3).
Denote the (deterministic) gradient descent iterates as

¢ =0 + B* — @) — sVL(Y)
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with ¢ = 6°. By Theorem , we have

sup [|0(t) — ¢!/7N| =0
te[0,7)

as 3 — 0. Thus it is enought to show that sup,o 1 E[|61/# — ¢l/P|| — 0 as

B — 0. Let 1 = M and O = M for k € N>o. Then iterates
are equivalent to

¢k+1 — Qbk + S(I)k-‘rl
and
@k—H — B@k . V,C(Qk) o €k
9k+1 — ek + S@k-i—l
with ¢° = 6% and ®° = ©" = 0. Denote by a; = /E||¢*¥ — 6%|? and b, =

VE||®F — ©F||2, whose initial values are ag = by = 0.

1) Using Cauchy-Schwarz inequality, we obtain

ajyy = E[|o" — 0412
= E[[¢" — 0%* + 2B (¢" — 6", 5@+ — 50| + S2E||OFH! — @82

< ai + 2sapbyy 1 + SQbiH = (ar + QSka)Q.

Hence, a, < ap_1 + by < -+ < 85, where S, = by + by + -+ - + by.
2) Since €* is independent with ¢*, 0% ®* and ©F, we can get

bi+1 - ]EHCIDI‘:Jr1 - @kHHQ
< E|5" — BOF|* + 2[E(5O* — 5OF, VL(¢*) — VL(O*) — )|
+E[VL(¢Y) = VL") - |
(@)
< 6219% + 28 Lbay, + L2ai + 72
(@)
S (bk —f- Lak)2 —f- 7'2
S (bk + LSSk)2 + T2

Inequality (i) follows from L-Lipschitz continuity of V£ and Cauchy-Schwarz
inequality. Inequality (ii) follows from § < 1.
For bounding a;, we define sequence 7 as

Ci+1 = (cx + LsDk)2 + 72
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where Dy = cg + ¢y + -+ - 4+ ¢ with ¢g = 0. Then, by < ¢ and ¢ < cgyq IS
obvious. Since ¢, is increasing sequence, we get

Cry1 = (cr + LsDy)? + 7° < (¢, + Lskcg)® + 72 = (Lsk + 1)°c; + 72

Due to kv/s < T', bound is changed to ¢z, < (LT\/s+1)%*c;+72. By induction
on k, it holds that

CiST2—|—(1—|—TL\/§)27-2_|_..._|_(1+TL\/§)2(k 12

Pr—1
= T

P—1
, denoting by P := (1 + T'L+/s)?. Hence, with Cauchy-Schwarz inequality, we
obtain

e < Pk+1 1 k+1
Dk < k‘ CO Ck \/ P _ 1)
Thus,

(P11 — 1)ks? (k4 1)ks?
< < < _
ak_sSk_sDk_\/ (P—1)2 P_1

Using following arguments, this yields ay = O(y/s) as s — 0.

E+1_1\ks 2k+2
o Ll = WO s — 0as s — 0 for k < [T/V/5s)

(lim,_o(T Ly/5 + 1)%*2 has limit e7"* < c0)

52
. (k;ljllc :Z\égkfgﬂ\/‘%oassﬁo

0
Let > 0. Let £: R” — R be differentiable. We say L is u-strongly convex
if
1
Lip) 2 LO) + (VLO) ¢ =) + Tl —0I°,  Vy,0 €L

Equivalently, £ is p-strongly convex if £(0) — &||0]|* is convex.

For p-strongly convex functions, momentum gradient flow exhibits an ac-
celerated rate over gradient flow without momentum.

Theorem 36. Let L: RP — R be a differentiable pu-strongly convex function.
If a solution to the gradient flow ODE (without momentum) ezists, then

L(O(t)) — L. < e™(L(0(0)) — L(6,)) = O(e™™")
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Proof outline. Consider
E(t) = ™ (L(O(t)) — L(6.))
and use the inequality

1

L)~ £(0) < 5

IVL@)]?

to show 4&(t) < 0. O

Theorem 37. Let L: RP — R be a differentiable u-strongly convex function.
Let v = 2,/u. If a solution to the momentum gradient flow ODE exists, then

LO) — £, < eVt (g(e(o)) — L6, + % |6+ vito — 6. 2)

= O(e V)

Proof outline. Consider

E(t) = eVt (z(e(t)) —L(6) + % |6+ vie -0.) 2)

and show 4&(t) < 0. O
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Chapter 4

Gaussian process

Let X be a nonempty sample space. We say {f(x)}.cx is a stochastic process
if f: X - R?is a random function We say {f(x)}iex is a Gaussian process
(GP) if for any N € N and zy,...,xy € X, the joint marginal distribution

(f(ml)a s 7f(mN)) € RNd

is a Gaussian distribution. The distribution of a Gaussian process is charac-
terized fully by its mean and covariance.

wlo) =Eflf(@)),  B(z,2) =Ef[(f(2) — p(@))(f (@) — p(a)T] € R
The covariance kernel ¥(z, ') is necessarily a mvPDK.

Theorem 38. Let X be a nonempty set. Let yu: X — RY be an arbitrary
function and let ¥: X x X — R be a mvPDK. Then there exists a probability
space (W, F,P) and f(-;-): X xW — R such that { f(x;w)}pex is a Gaussian
peocess with mean function p and covariance kernel Y.

The precise meaning of the “existence” of GPs may be difficult to grasp
for those who are not already familiar with measure-theoretic probability the-
ory. If you do not have the background, there is no need to worry. For our
purposes, you can accept this existence result as a statement that GPs are
mathematically well-defined.

!More precisely, let there be a probability space (W, F, P), where W is is the sam-
ple space, F is the event space (the o-algebra), and P is the probability measure. Then
f(5): X x W — R?, and given random outcome w € W, we view f(-;w): X — R? as the
instantiation of the random function. Alternatively, the sample space W is itself be a space
of functions, such as W = C(X), and F is a o-algebra (the “cylindrical” o-algebra), and P is
a probability measure assigning probabilities on sets of realizations of the random function

few.
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Proof outline. The key step is to extend the probability space of the joint
marginals using the Kolmogorov consistency theorem. O

We write f ~ GP(u, ) to denote that f is a Gaussian process with mean
i and covariance kernel ¥, i.e.; for any z € X, we have

Efegpus)[f(@)] = p(@), Epagpun[(f(@)—p(@)(f(2")—p(2")T] = Xz, o).

4.1 Neural network Gaussian process

Let us characterize neural networks at initialization as Gaussian processes.
Consider the depth-L multilayer perceptron

fe(ll?) =YL
YL = 2L, 2z, = Apyrp—1 + by € R"

Yyr—1 = 0(zL-1), 2r-1=Ap 1Yp—2 + by € R
Y2 = 0(22), 2o = Aoty + by € R™
y1 = o(z1), 2 =Ax+b € R™

where z € R™, A, € R**™-1 b, € R* and ny = 1. (To clarify, o is
applied element-wise.) Assume the parameters are initialized via the “LeCun
initialization”

(Aé)ij ~ N(O7 0',24/771[71)7 (bﬁ)z ~ N(Oa Ul?)
The input «x is considered non-random. In the following, we establish that fj is
a Gaussian process in the infinite-width limit at initialization. In this infinite
limit, nq,...,n,_1 — 00, but ng and n; remain finite.

The conclusion will be that {fy(z)}.ex is a GP. To get there, we charac-
terize the distribution of each “pre-activation value” {zy(x)}.cx as GPs.

First layer. Note that

0

(21)i(2) = (A)ix + (br)i = > (Ar)iga; + (br)s

j=1

is a (finite) sum of independent zero-mean Gaussians and is therefore a zero-
mean Gaussian. Moreover, the ny components

{(z1(0) e, {(20)2(2) Faexs - {(20)ny (2) Foex
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are independent in the sense that (z);(z) and (z;);(2’) are independent random
variables for any i # j and x, 2’ € R".
We now characterize the mean and covariance. The mean is zero:

E[(z1)i(2)] = 0

for i = 1,...,ny. The different components are independent:

E[(z1)i(x)(21);(2")] = 0

for i # j. The non-trivial correlations:

E[(21)i(x)(z1)i(2")] = E[((b1):)*] + E[((A1)i,@) ((Ar):2")]
+ cross terms zero since A and b are independent
= 0 + E[Trace((A1);.a'zT(Ay)])]
= 0 + E[Trace(2'z"(A1)].(A1)s,)]

=02 + Trace(z'zTE[(A1)],(A1)i:])

o |
= o} + Trace (:U'a:T—AI>

o
2 0-124 /
=0, +—zTx
No
=YW (z,2)
for i+ = 1,...,ny. Note that ng - oco. So far, there is no infinite-width
argument yet.
From this analysis, we conclude that {(z1)1(z)}zex, - -5 {(21)n, (%) }zex are

ny 1ID scalar-valued GPs and
(21); ~ GP(0,2M)
for i = 1,...,ny. This also means
2 ~GP0,5V®1,),

where I,,, € R™*™ ig the ny; X n; identity matrix. To clarify, {z1(z)}.ex is a
R™-valued zero-mean GP and with covariance kernel

V@ I,)(z, ') = diag(SV(z, 2), ..., 2V (x, 2')).
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Intermediate layers. Note that

ni

(z2)i(2) = (A2)iyr + (b2)i = Y _(A2)ii(y1); + (ba)s

J=1

is a sum of non-Gaussians. ((y1); is not a Gaussian, and even if it were a
Gaussian, the product (As); ;(y1); would not be Gaussian.) We will later take
the limit ny — oo so that (z3); converges to a Gaussian. The ny components

{(z2)1(7) }oex, {(22)2(2) baex, -+ {(22)ne () e

are independent.
We now characterize the mean and covariance. The mean is zero:

E(z2)i(x)] = 0

for i = 1,...,ny. The different components are independent:

E[(22)i(w)(22);(2")] = 0.

for i # 7. The non-trivial correlations:

E[(22)s()(22)i(2")] = 03 + E[((A2)i 0 (21(2)))((As)i 0 (21 (2)))]

=0l + Z_%Eb(zl(x))%(zl(x’)ﬂ

= o + 3 Elo(a @) ()

= O'g + UiEngp(o7z(1))[U<f(x))0(f(I/))]
= Y (z,2)

fort=1,...,ny. Finally, let ny — o0o. Since

ni

(z2)i(x) = > (A)ij(w1); + (b2)i

j=1

is a sum of n; IID random variables, it converges to a Gaussian with covariance
described by ¥)(x, 2') by the central limit theorem.

From this analysis, we conclude that {(z2)1(z)}aex, - - -, {(22)n, (%) bzex are
ngy 11D scalar-valued GPs and

(23); ~ GP(0,2?)
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for i =1,...,ny. This also means
2% ~GP0,2? ®1,,).
Recursively, we have

2 (@,0') = 0p + 03B gpo.s) o (f(2))o (f(«'))]

for ¢ =1,..., L—1. From this analysis, we conclude that {(z¢)1(2)}zex, - - -

are ny 11D scalar-valued GPs and
(2¢); ~ GP(0,20)
for © =1,...,no. This also means
2~ GP0,29®1,)
for ¢ =2,..., L. In particular, we conclude

fo ~ GP (0,51,
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Chapter 5

Neural tangent kernel

Let X C R be nonempty. Consider the setup with training data X;,..., Xy €
X and corresponding labels Y7, ..., Yy € V. For the sake of concreteness and
simplicity, let Y = R¥ and Y; = f,(X;) fori = 1,..., N for some true unknown
f.J] Consider a neural network fs(x) € R¥ that is continuous in both the
input z and parameter ¢ and, furthermore, continuously-differentiable in the
parameter 6 in the sense that Vyfy(z) is well defined for all  and x and is
continuous both in 6 and x| Let P € P(X) be a probability measure that
is compactly supportedﬂ The primary example to consider is the empirical
distribution

1 N
Pemp == N Z 5X¢7
=1

where X1, ..., Xy are the training data. Consider the risk R: L*(P;R*) — R
defined as

R fo] = Ex~p[l(fo(X); fo(X))],

where /: RF x Y — R is Continuous Consider training through

imize Rl
minimiz [fol

!The assumption that labels are deterministic is not necessary, and is merely made to
simplify notation.

2These continuity assumptions can be relaxed, but it is a simple and realistic assumption
that ensures the integrals and expectations we consider are well defined (measurable and
integrable).

3Compact support is not necessary, but it is a simple assumption that ensures the inte-
grals and expectations we consider are well defined (integrable).

4Continuity of £ is not necessary, but it is a simple and realistic assumption that ensures
the integrals and expectations we consider are well defined (measurable and integrable).
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To clarify, L?(P;R¥) is the equivalence class of R*-valued square integrable
functions with respect to P. For any f,g € L*(P;R¥), the associated inner
product is

(f,9) 2Py = Ex~p[f(X)Tg(X)].
(The fact that L?(P; R*) is a space of equivalence classes, rather than functions,
will revisited later.) Let C(X;R*) be the vector space of continuous functions
from X to R*. We do not equip C(X;R*) with a metric. Note that fy €
C(X;R*) C L*(P;R*) (with some abuse of notation).

Notation. i : RY — L2(P;R¥),i(f) = equivalence class containing f €
L2(P;R¥)

it L2(P;RF) — RYi(f) = equal to f on X, 0 otherwise

Lo, i RY 5 RY, Lo, [f](z) — [ O(z,2')f(«')dP(x"

LS): L2(P;RY) = RY, LY) = Lo, 0t

LS L2(P;RY) — LX(P;RY), LS =io Lo, ot

Lgf) : L2(P;R*) — Rk, Lg’f) = L, o0 Lg, oi" where L, is evaluation at x.

5.1 Kernel gradient flow via the chain rule

We analyze the training dynamics induced by gradient flow

do(t)
— =—(VyR )
dt (VoR|fo)) 0=0(t)
For notational conciseness, we often omit the time dependence and write
de
— = —VyR|fy].
i o[ fo]

A key abstraction of the NTK theory is to analyze the dynamics of the predic-
tion function fyq), rather than the parameters 6(t). Translating the gradient
flow dynamics of 6(t) to dynamics of the prediction function requires some
chain-rule calculations.

To effectively understand these calculations, we carry it out three times.
First, we will do so formally (non-rigorously), proceeding as if we can just
apply the chain rule of vector calculus. Second, we rigorously and carefully
define the relevant notion of derivatives and properly carry out the derivation.
Third, we carry out the derivation in a simpler, more concrete, instance and
observe agreement.

SHowever, we will consider pointwise limits when defining things like % Jo(t)- So we are,
in effect, implicitly consider the topology of point-wise convergence.
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5.1.1 Formal calculations for gradient flow

We shall carry out formal calculations, proceeding as if we can just apply the
chain rule:

L P
= —(DoR[fo])T (IxP)T
__ (%) (g_];) (P x dim(f))(dim(f) x 1).
Further proceeding,
dfo _ 0fo d6 (dim(f) x P)(P x 1)
dt 00 dt
= — % % ' % ' im im im
== (%) (5) @i x PP x dim(D)(im() < 1)
=0,
= -6, <g_];)T (dim(f) x dim(f))(dim(f) x 1).
We call
Yoy _ _g (@>T——@v R
a — \of) Y

kernel gradient flow in contrast to (regular) gradient flow in the function space

d IR\
= (o7) -wm

The (regular) gradient flow often has better convergence properties than
kernel gradient flow, as discussed in Section[5.1.5] but it does not model reality.
In practical deep learning, we update 6 through SGD, and this induces an
update on fy. Kernel gradient flow models this. However, regular gradient flow
directly updates the prediction function f, but there is no practical mechanism
for directly updating the prediction function.

As another aside, kernel gradient flow can be considered a gradient flow
with the descent direction preconditioned by ©,. The preconditioning takes the
gradient V;R into an appropriate tangent space, as discussed in Section [5.1.4]

5.1.2 Rigorous derivation of kernel gradient flow

Now let us carry out the same derivation rigorously. Assume the risk R: L*(P; RF) —
R is (Fréchet) differentiable at any point fy € L*(P;R*) with derivative

afR|f0 € LQ(P§ Rk)a
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which is also called the functional derivative of R at fy. Specifically, 0 R|y, is
the derivative of R at fy defined via

R[fo+ 6] = R[fo] + (9 Rly,, 6) L2(pimr) + o(|[0]| 2(pyrry)

for small 6 € L*(P;R*). For simplicity, we often write 9;R = 0;R|,.
We apply the chain rule on training via gradient flow:

do d

_r_ _
dt df, Elfa
0
_ < fo o, R>
06, L2(P;RF)
for p = 1,..., P. This chain rule requires some additional assumptions, but

it does hold when P has finite support. (Cf. Homework problem.) For any
xr € X, we again apply the chain rule to get

d  Ofs(x)dl
Ef&(x)_ 90 %

= Ofy(x) db,
- a0, dt

p=1

dfo(x) /Of,
Z ;8 < o afR>
L2(P;RF)

E () o

" 0fs(x) [Ofs(2)\T ,
> (o) v

= —E,p [0z, x’)ﬁfR(x/)]
— Lo, [0pR)(@).

_EI/NP

To clarify, § = 6(t), i.e., 6 is time-dependent, but we suppress the time-
dependence to simplify the notation. Here, we define the neural tangent kernel

(NTK) as
=3 (%) ()

) ()
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or equivalently

—0fy O

0, = .
L 08, 06,

In conclusion, we have the kernel gradient flow

d
—_— = —L

which contrast with the regular gradient flow

d

5.1.3 Special case: Quadratic function, empirical risk

For the sake of concretentess, consider the empirical risk minimization with

quadratic loss
N

1 1 .
Remp|fo] = NZ§|!JC0(X¢) — (X
i=1
Then, gradient flow on the parameter is

1 a1
Z--% Zveﬁnfe(Xi) — (X))

0 x
- N}j( ) ) - 75
Kernel gradient flow becomes

d ., Ofylx)do

--w R (U)o

1=

_ _% > Oular X (folX) = J*(X)

By (42, 2) (fole') — (2]
= Le,lfo — f)(@).

In conclusion, kernel gradient flow is
d
—fo=—L — f].
el o.lfo — 7]
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5.1.4 Tangent space interpretation

In the space of function C(X;RF), the space of configurations of the neural
network fj

M = {fs]0 € RP} C C(X;RY)

can be viewed as a something like a manifold of dimension P. For fp, € M,
the tangent space is

d
Thoy = {Efé?(tﬂt() ‘ (t) such that 6(0) = 90} .

Since

df Of do
at’’D 90 dt

and since %[,_, € R” can be arbitrary, we have

P
_Jors P
9:90} —{60 9:900‘U6R }

p=1

of
T =90 {5

The linear map Lg defined by the neural tangent kernel at 6,

Oz, 2) = (%(w)\ezej (%W) QZQO)T

is a mapping into the tangent space in the sense that Lg[h] € 7}90 for all
h € C(X;R¥). The regular gradient flow

d

—fi=—0¢R

i /

generates a trajectory that escapes the manifold M. Therefore, the dynamics
of gradient flow represents is not something we can mimic or realize using our

neural network fy. However, kernel gradient flow

d
g o = —Le, [0y R]

generates a trajectory that stays within the M, because Lg, maps the func-
tional derivative JyR onto the tangent space. In hindsight, however, that fy
stays within M is not surprising, since fy) is simply fy with 6 = 6(t) plugged
in.
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5.1.5 Convergence properties of kernel gradient flow

For regular gradient flow

d
—fi=—-0¢R
it /
if R is convex and if a minimizer f, exists, then we have global convergence of
the risk value )
Rl - Rip) < 1 FE

by arguments identical to that of Theorem [3I} The assumption that R is

convex is realistic; many commonly used loss functions such as the mean-

squared error loss or the cross-entropy loss are indeed convex. The existence

of a minimizer is arguably a mild assumption that holds in most cases.
However, kernel gradient flow

d
Ef&(t) = —Le,[0sR],

in general, does not enjoy the same convergence properties. The risk does
monotonically decrease, since

d d
%R[fe(t)] = (9¢R, Ef@(t)>L2(p;Rk)

= —E,-p [(0rR)(x)"(Le,[0fR]) ()]
= —Eyap [(0;R)(2)TO(x, 2) (9 R) ()]
<0.

However, we cannot draw any conclusion regarding global convergence, i.e., it
is possible that lim;_,o R[for)] > R[f.].

This is to be expected, since minimizing R[fy| with respect to 6 is non-
convex optimization, which is an NP-hard problem class.

Since kernel gradient flow is not a real algorithm, it is not inconceivable that
a continuous-time flow converges to global minima of non-convex functions. If
so, the continuous-time process would require exponentially many steps to
approximate with a discrete, implementable algorithm unless P=NP. (The
overdamped Langevin equation, an SDE model of SGD, “converges” to the
global minima but the convergence takes exponentially long.) In any case,
kernel gradient flow does not converge to the global minimum, so one should
not expect the discrete counterparts, GD and SGD, to do so either.

At a surface level, the roadblock in the analysis is that the kernel ©; is
time-dependent; the time-dependence of 0(t) causes ©; to change (or “twist”)
as a function of time. A remarkable discovery of the NTK theory is that, in
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the infinite-width limit, the kernel becomes time-independent, i.e., ©; = O as
width— oo. In this case, the kernel gradient flow

d

—fi = —LelO/R

prf ol0f R
does converge to the global minimum with rate

R[fi] — R[f.] < O(1/t)

by arguments identical to that of the homework problem.

5.2 NTK at initialization

Consider the depth-L multilayer perceptron (MLP)

fa(ﬁ) =YL
OA nr,
YL = Zr, 2L = Apyr—1 + opbr, € R,
nr—
yr—1 =o0(zr_1) p = A A Yr—2 + opbp—1 € R"1
L-1=0(ZL-1), L-1= L-1YL—2 L—1 )
V-2
Y2 = 0(22) z—UAAy + opby € R™
2 — 2) 2 — 2Y1 2 9
VALl
oA n
yle'(Zl), 21 = —Aix+ob €R L

V1o
where 04 > 0, 0, > 0, z € R™ A, € R**™-1 and b, € R™. (We do not
assume ny, = 1.) Assume the parameters are initialized as

(Aﬁ)ij ~ N(07 1)7 (b€>2 ~ N(O, 1)

This initialization is “equivalent” to the LeCun initialization we had see in the
prior discussion of NNGPs.

Theorem 39. In the limit nqy,...,n;_1 — 00,

fo~GP0, 5P & 1,,),

where )

W (z,2') = TAzTy! + op
No

and
SED (2, 27) = AR jgpo oo (f(2)a(f(@)] + o}
Jort=1,...,L -1
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However, the scaling is different. The limiting GP is identical at at initial-
1zation, but the scaling will alter the training dynamics of gradient flow. In a
homework assignment, you will be see what happens when we use the usual
scaling.

Since fy = zp outputs a length ny vector, its covariance is expressed by
a matrix-valued (R™*"L-valued) PDK. (The covariance between fy(x) and
fo(2') always defines a mvPDK, even for finite values of ny,...,ny_1.) The
limiting covariance kernel, however, is a tensor product of a scalar-valued PDK
and the ny x ng identity matrix ¥ @ I,,, , i.e.,

cov(fo(x), fola')) = B (2, 2") I,

This means that, in the infinite-width limit, (i) (fs(x)); and (fp(z)); are un-
correlated and hence independent for i # j and (ii) (fo(x))1,. .., (fo(x)),, are
IID scalar-valued zero-mean Gaussian processes with identical scalar-valued

covariance kernel X&)
For ¢ =1,..., L, define

G(Z) frd (A17b17A27b2, . 7A87b£)

to represent the neural network parameters up to and including layer ¢. So,
L) = 0. For £ =1,..., L, define

0ze(x)\ [ Oze(x)\T
©) N 0 ¢

@t (Z’,.T) - ( ae(@) ) ( 89(@) )
So ©, = 0",

Next, we analyze the training dynamics of the MLP in the infinite width-
limit by characterizing the limiting kernel. First, we show that the NTK has
a very nice limit at initialization, i.e., at time ¢ = 0.

Theorem 40. Assume o: R — R is Lipschitz continuous. In the limitny,...,n;,_1 —
OO)
o) - e aI,,

wn probability. Furthermore,

of> = 0

and
QU _ gmsen) L weh) g p )
where 9 is as defined in Theorem and
500 (2,2/) = 3By gposoy o' (@) (F@)]. =1, L— 1.
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To clarify, o’ denotes the derivative of o, and @((f)’ 2D denotes the
pointwise product of two scalar-valued PDKs, so

@(()é-i-l),oo(x’ 2) = @(()Z),OO(L x/)Z(Z—H)(x’ Z') + Z(E—H)(:p, 7').

Proof of Theorem [{0 Throughout the proof, we set ¢ = 0 and drop the time
dependence to simplify the notation. We establish the claim via induction on
the depth ¢ =1,..., L. For the sake of simplicity, we will consider taking the
limits

(ng = ), (ng = 00), ..., (nL_1 — o)

sequentially, i.e., we consider the limit

Iim lim --- lim lim I:l

nyp—oonp_1—>00 n2—00 N1 —00
The claimed result holds more generally under the limit nq,...,ny_y — oo,
i.e., under the limit

min{ni,....,np_1 }—00

but we will not present the argument here.
First, we have

o o O (x) | T A )u(x) D )e ()
kk’ ZZ a (A1) +Z d(br)i  O(br);

=1 j=1 =1
0 niy no
YA
- E E xjxj(szkézk’—i_o-b E 6zk61k’
no
i=1 j=1
0'
= A.’L‘TI 6kk/+ab5kk/
o

= 2(1)<l‘, Clil)ékk/.
So, O = M) @ I,,,. (This holds without n; — oc.)
Next, consider the limit nq,...,n,_1 — oco. We have

netr1 ny Ne+1

z+1 ZZ Oz 1) k() O(2e41)n /(1’/)+Z MNzer1)r(w) 02041 (')

kk, ot i=1 j=1 O(Aet1) ij O(Apta ij P O(bey1); O(bey1);

)
. (a<2g91()£(x)) ( (2%;2 )/< ))
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For the first two components, we have

Tf i Zz+1 (ZZ+1)k/ (xl) + % 8(Zé+1)k(17) a(ZZJrl)k’ (35/)
== o( Ae+1 O(Ag11)s O(bes1); O(bet1)i
0_ Ner1 ny Nyl
nj Z Z (20); ((20)(2"))0ik0ias + 0 Z ik Oiky
=1 j=1 =1
0 !
n’: Z (20); () ((20);(x"))Okrs + 0 Ope

- UA]Ef~g7>(0,2(f>)[ a(f(x)a(f(2")|orw + o 0rr
= E(Z) (QZ, ZE/)(Skk/.

For the third component, we have

0z()

_ 5_27(’4”1)’“” diag(o’(ze(x))) 900

- % Z_;(Aﬁl)kjo’((a(x))j)%

Then, we have

(3(%91);(96)) (3(245;)5/(37’))T

_ % 30D (e (Aesa o (e (') (8%2&5”5)) (a%(ﬂ{éx/))
A ZZ A1) ki(Ars) kO (( o(x))i)o /((%(x,))j)@(e)’oo(%xl)(sij
= Z—j@(z)’m(% ') Z(Az+1)kz'(Am)mU'((26(33))00'((2@(95'))z’)

— 0 (2, oA E s gposin o’ (f(@))o’ (f(z'))] 0w

S0 O+ (9(@,002(%1) + E(Hl)) ® I,,.
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Since fyp = zp outputs a length ny vector, its kernel @gL) is indeed matrix-
valued (R"-*"L-valued). The limiting kernel O — 0\ & I, , however,
has the simpler structure of a tensor product of a scalar-valued PDK and the
identity matrix. The diagonal structure of @éL) implies that

%ﬂ%_—Lqp[amh]

splits into

d .
E(f@)i = _Le)(()L),oo [(8R)Z-|f9] ) 1=1,...,np.

To clarify, OR: X — R™ and (OR);: X — R is the ith coordinate of the
OR. To put it differently, (OR); € L*(P;R) and (OR);(x) = e]OR(x), where
e; € R"% is the ¢th unit vector, for+ = 1,...,nz. So the gradient low dynamics
at initialization (and for time ¢t > 0 as we later establish) split into nearly
independent dynamics, still coupled through all coordinates of fy affecting
(OR);. If, furthermore, the risk splits across the output coordinates, i.e., if

R[f] = Z Ri[fi]

then we have

d .
E(fe)i = —L@éuoo [8<Ri)|(f9)ii| , i=1,...,np

and the gradient flow dynamics completely splits.
One interpretation of the diagonality of the kernel is as follows. Note that

R[fo+ 0 @ ei] = R[fo] + (O Rlf,)is ) L2(prry + o([|0]])

for small § € L*(P;R), where e; € R is the unit vector. To clarify,

(fol@))i_s
(fo(x))i +d(x)
(fo(z))it1

(fo+d®e)(x) =

L (ol
9



In other words, (0¢R|f,); is the derivative of R with respect the infinitestimal
changes in the ith output of the input function f;. Therefore, the kernel
gradient flow splitting as

d .
E(fﬁ)z = —Lg(()L),oo [(8R)Z‘fe} s 1= 1, oo, ng

means the derivative direction in the ¢th output of fy only affects the ¢th output
of fy. (For finite neural networks, the kernel is not diagonal, so (07 R|, ); affects
the parameter 6, which in turn affects all of (fy)1, ..., (fo)n,-

5.3 Some preliminaries

We define the following order in probability notation. Let X, Xs,... be a
sequence of scalar-valued random variables and aq,as,... € R a sequence of
deterministic scalars. We say

Xn = Op(an)
if for any € > 0, there exists an M > 0 such that

limsup P(|X,,/a,| > M) < e.
n—oo
If
Xn = 0,p(1)

then we say X1, Xo, ... is stochastically bounded. 1f X1, X5, ... is stochastically
bounded and lim,,_,., b,, = 00, then

Xn/bn — 0

in probability.

Let L: V — W be a linear operator mapping from a normed vector space
V' to a normed vector space W. (Assume V' is non-trivial, i.e., contains a
nonzero element.) Then the operator norm of L is defined as

HLHop: sup || L(v)]|w-

viflvfly =1

If L is a bounded (continuous) linear operator, then ||L||,, < co. In this case,
we have

IL@)Iw < I Lllopllvllv, Vv eV

95



Lemma 20 (Gronwall’s lemma). Let T' > 0 and let £: [0, T] — R be differen-
tiable on (0,T). Let 5:[0,7] — R. Assume

£'(t) < BHE()
for allt € (0,T). Then,
ett) < e [ 50 )

for all t €10, 7).

5.4 Invariance of NTK

Theorem 41 (NTK invariance). Assume o: R — R is Lipschitz continuous
and has bounded second derivative. Let T > O be fixed and consider the limit
ny,...,np_1 — 00. Assume

T
/ HafR‘fH(t)
0

18 stochastically bounded. Then

dt

L2(P;R"L)

o) web=gI,
in probability, uniformly in t € [0,T] and pointwise for inputs (x,x’).

Note that the right-hand side of the limit is time-independent. As a corol-
lary, we expect the functional dynamics in the infinite-limit follow

d
—Jo = ~ Lot e, [0 R

The proof of this result requires a somewhat arduous recursion argument.
Therefore, for the sake of simplicity, we shall prove the result in the simplified
2-layer setup.

Proof of Theorem[{1] for the 2-layer setup. Consider the depth-2 MLP

f@(x) =Y
oA n
Y2 = 29, 29 = \/n_lAzyl + opby € R™,
O A n
y1 = o(z1), 21 = —Ax + opby € R™,

NG
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where 04 > 0, g, > 0, x € R, A, € R™*"™-1_and b, € R™
From the proof of Theorem [40] we have

o =xW eI,

for all ¢ (even before taking any infinite width limit). Notably, the right-hand
side is time-independent.

Next, note that

() | = O(z)i(x) O(22)w (2)
Ay O(As)s 2 o,

To clarify, Ay, by, As, by are time-dependent, while z and 2’ are considered fixed

inputs. Consequently, zo(z) and z;(x) are also time-dependent. For the first
two components,

Yy Y o
_ 2_311 i; 2 o ((21);(2))o (1), (")) dabins + 02 i: Sy
- % o {(o1)3 () ((20)5 ) + 02

, % oG]+ e

= 04K s gposanlo(f(x)o(f(x")]|0kk + o) Ok

The limit in question, =, holds if (21);(z;t) = (21);(x;0) at a rate uniform in
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7 =1,...,ny. For the third term,

(2500) (23

= % ZZ(AZ)ki(A2>k’jO'l<(Zl(x))i)o_/((zl<x/))j) (5(219)(11596)) (a(ge)glgx’))r

i=1 j=1

ni ni

= Z D (Aa)ii(Az)iejo’ (1@ (21(),)0 a2

ni
0.2

= 00 (2,02 Y (Aa)iy (An)iso (1 (2)),)o (1()))

So, to put it differently, we have

n
1 =1

(G)) (%) =00 (0a) 72 3 (a) s (ena) o (o ) A0

ni
0_2

5 oWee(g, 5) A Z(A2):,jal((zl(x))j)oj«zl(x/))j)(A?):Tj

ny i t=0
= @(1)’00(91:, x')aii]@) (x,2")I,,

The limit in question, —», holds if (z);(z;t) — (21);(x;0) and (Az),(t) —
(As).;(0) at rates uniform in j =1,...,ny.

For notational simplicity, let us suppress the x dependency and write 2z, or
2(t), rather than z,(z;t). Since

d 822
—(As);:(t) = —{ OR AT AN
dt( 2)is (1) < Bl a(A2)i,j>L2(P;R"2)

_\C/T_;;l_l <afR|fa<t>’0((Zl)j<'; t>)ei>
= =22 (0 Rl oo ()
- _5—2_1 ((08R)is o ((21))) p2(pemy

L2(P;R"2)

L2(P;R)
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where e; € R™ is the ith unit vector, and

d d
(A0 s0) — (Ao), <ﬂb_Hd4Aﬂ o)

| (4@ R (D pamy)

)z’||L2(P;R)||U((Zl ||L2PR) H

:\/_ 2
_\/_
\/—

= _||8fR||L2 pnz)l0((20)5)]l 2 (pimy-

N

Next, let 9;()1) be a pth parameter among A; and b;. Then,

RIS Ofa
8];5 (1) == (R, 5
© 90y L2(P;R"2)

JA . ’
= <8fR|f9(t),A2 diag(o’(21))

= || (10 R)ill )24, o () z2eim)

—_ ~‘t)
(1) ( ) >
96y L2(P;R"2)

82’1
\/nl < agp LQ(P;R’VLQ)

Using calculations analogous to what we did to obtain the kernel gradient flow,
we get

and
%@%@:-j%ammw«>x@>@ﬂ
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Let k = sup,cg |0'(x)|. Then,

d

1200 = GOy < T [~ 020 (A0

OA
< ——|| Lo llop||o”((21)1)(A2)];0¢ R| 11 p.y

D
oA
S\/_n—1“||L®<1)°°”OPH (A2)! ;07 R(: HL?(PR)
< el Lo lon [1(42):l11107 RC) a2 e
= 0ol (A2)es 210 RO 2 e
= 2kl Lo lopll (A2): 112 |05 RO | 2 e

N

Again, let kK = sup,p |0’ (z)| and define
E(t) = llo((z1); (Ol 2pmy+rll (20);(£) = (21); (0) | L2(pimy 11 (A2):.5 (0) [l A (A2). 5 (£) +(A2):.5 (0) |2

Then
E(t) = |lo((z1); )l z2pr) + [[(A2):;(@)]]2

and

Ce) <

\/— = (|lo((z1))ll2(pm) + 5211 (A2 sll2ll Lo lop) 1107 Rll 2(pizne)

oA
<= max{#”|| Lo [lops L} 0 Bl r2(pna)E (1)
Then we apply Gronwall’s lemma to get

t
A 2
t < 0 m L 1),00 071 ali 2 RM2 dt
5()—5( )exp(\/n_l aX{/i H o )s HP }/0v ” f ||L (P,R ) )

Therefore,
E(t) = £(0) < Op(1/y/m),
1(21); () = (21); (0) lz2(pimy < Op(1/v/11)
and

1(A2).5(t) = (Az2).;(0)[|2 < Op(1/+/n1)

forall j=1,...,n4.
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Thus, we have

@k%ﬁ?wmmwwm&—%fﬁwmmwmm&ﬁo
s&%%ﬁ?d%M@MWW@»—d%M@MW%@%tO
s@gég;d@mmwwm@»—dwmmwwmmwho
<@%a: wwmmw«wmmnxdmwwﬂ
+—d@m@Md@mu»—d@mm»%ﬂ>
= 5 f;opu/m) 0
i O
5.5 Quadratic case
Again, consider the empirical risk minimization with data Xu,..., Xy € X,

empirical distribution
N
1
Pewp = + 0 i)
P N Zzl Xi

and quadratic loss
1 o1
Reaplf] = - 3 170X = P XD
i=1

= SExern, [1(@) ~ F@)IP)

= Sl = P f = ) s

Then
O Rowp = f — [ € L*(Popp; R™).
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Consider the limiting kernel gradient flow with © = @) x |

’VlL:

d *
%ft = _Lt[fe - f ]7
the dynamics is described by
fo= 1 +eelf = .
(See homework 5.) In particular, if © is strictly positive definite, then
ft(Xz) —)f*(XZ)7 for i = 1,...,N.

Finally, we check the stochastic boundedness assumption. For finite width,
we have

d
Zilen = —Lew [fowy — f71,

with the time-dependent kernel G)EL), and we still have

%Remp[fe(t)] <0.
Since
10 Remp sy | = /2 Remp o] < /2 Rempl o))
the value .
| 10s Rl 1 < T 2Rl
is stochastically bounded as ny,...,n;_1 — oo, for fixed T > 0, if Remp|fo(0)]
is stochastically bounded as nq,...,ny_1 — oco. This is the case, since

1 L1
Remp|fo(0)] — N ; §Hf(Xz‘) — [1(X)|1?

in distribution with f € GP(0,%")), and convergence in distribution implies
stochastic boundedness.
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Chapter 6

Wasserstein distance

Let © C R? and & C RP. Write P(0) and P(P) for the spaces of probability
measures on © and @, respectively. Write PP(©) C P(©) and PP(P) C P(P)
for probability measures with finite pth moment. For p € [1,00), the pth

Wasserstein distance
W,: PP(O) x PP(®) - R

is defined as
Wo(p, v) = (E[|6 — 6[])'/7 .

We are primarily interested in the Wi, as it is used in WGANs and other
deep learning setups due to its Kantorovich-Rubinstein duality variational
formulation, and W5 as it is used in the mean-field theory.

6.1 Optimal transport formulations

We start with the general setup in which ©® and ® be nonempty metric spaces
and add further assumptions on © and ® when necessary. In this section,
we describe the mathematical formulations for “transporting” p € P(O) to
v e P(D).

6.1.1 Monge formulation

Let T: © — ® be measurable. We say T' is a transport map from p to v if
v = Typu. One can picture p as a pile of sand and grains of sand at § € © are
transported to T'(d) € ®. The pushforward measure v = Ty represents the
resulting pile of sand.
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Pushforward measure. We briefly review the notion of the pushforward
measure. The pushforward of p with respect to 1" is denotes as

Typ=poT™
and is defined by

(Tyu)(B) = (uoT~)(B) = n(T~H(B))

for all v-measurable B. The integral with respect to v = Typ can be under-
stood via the change-of-variables formula

/@ F(T(0)) du(6) = / £(6) dv(@).
To put it differently,

EonlF(T(0))] = s [f ()],

e, if @ ~ pand ¢ =T(0), then ¢ ~ v.
Monge’s optimal transport problem is

minimize /@ c(0,7(0)) du(8),
subject to v = Tyupu,

where ¢(6, ¢) is cost of transporting mass from 6 to ¢. The particular setups
of interest to us are © = ® C R? and ¢(,¢) = |0 — ¢ or (0, ¢) = ||6 — ¢

One can picture incurring a cost of
c(0,T(0)) x (mass of grain)

for transporting the grain of sand from 6 to T'(), and the integral corresponds
to the sum of the incurred costs for all grains of sand. The constraint v = T
corresponds to the requirement that the initial profile of sand p must become
v after the transport is completed.

This formulation is, while easily interpretable, difficult to work with as
the optimization problem is non-convex. (Convexity is useful not just for
obtaining a computationally efficient algorithm; convexity also provides many
theoretically favorable properties.) Furthermore, an optimal transport map T
will in general not exist. An easy counterexample is u = dp and v = %6,1 + %(51.
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Example Book shifting. Consider two discrete measure p = % Zf\il 0

and v = L 37 5,1 with © = & = R and ¢(0,¢) = |0 — ¢||. Here are two
optlrnal transport maps:

1. T)=60for0=2,--- Nand T(1) =N +1
2. TO)=60+1for6=1,--- N.

Thus, the optimal transport map need not be unique. (While optimality should
be intuitively clear, you will rigorously establish it via duality in the home-
work.) Also, the value of T" outside of supp(p) is irrelevant.

Here is a suboptimal transport map:

(042 forf=1,- N—1
T<9)_{ 2 for § = N.

So not all (feasible) transport maps are optimal.

6.1.2 Kantorovich formulation

We now consider Kantorovich’s relaxed formulation. Consider a measure
T € P(O x D)

Let Po: © x & — © be Po(0,¢) =0 and Py: © x & — & be Py(0,9) = ¢
be the projection operators. Then Pgyum and Peym are the marginals in the
sense that

and

P
[ 1) / 1(9) d(Poyr) (&),

Kantorovich’s formulation of the optimal transport problem is

minimize /@ ) c(0,0) dr (6, ¢),

TEP(OXP)
subject to  Poum = 1
P@#T( = .

In a probabilistic formulation, one can equivalently write
minimize  Eg 4)~r[c(6, ¢)],

TEP(OXP)
subject to 6 ~ p

¢~ V.
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Since m = pu ® v is a feasible point of the optimization problem, the optimal
value is less than +oo, provided that [ . c(0,¢) du(f)dv(¢) < oo. If c(-,-) >
0, then the optimal value is greater than —oo.

Theorem 42 (Disintegration theorem). Let m € P(O x ®) and u = Poym.

Then, there exists a family of conditional probability measures {Vg}gco C P(P)
(defined for p-almost all ) such that

dm (0, ¢) = dvg(d)du(0),

1.€.,

f(0, //f o) dvg(o)du(0), YV measurable f.

Oxd

The disintegration theorem (which actually has a more general form) en-
sures that conditional probablhty measures are well defined. We can interpret
the disintegration

| cto.oyarw.o) - | @/ ) dnO0),

__unit cost of transporting
sand at 0 to dig(¢)

as distributing the sand at 6 (we have du(f) of sand at ) to ® with propor-

tion diy(¢). Therefore, if T: © — & is feasible for the Monge formulation,

then d7(g)(de)u(dP) is feasible for for Kantorovich formulation. Thus the Kan-

torovich formulation has a smaller optimal value than the Monge formulation.
As an aside, if 7 = y ® v, then the disintegration is

dm (0, ¢) = dv(d)du(0),

and the transport by 7 takes any infinitesimal grain of sand, regardless of which
position 6 it came from, split and distributes it according to profile v(¢). This
is likely inefficient, as you would probably want to transport the grain of sand
differently depending on which initial position 6 it came from.

While Monge’s formulation is arguably more interpretable, Kantorovich’s
formulation has better theoretical properties: Kantorovich’s formulation often
has a solution when Monge’s doesn’t and Kantorovich’s formulation leads to
a nice duality framework. In any case, the two formulations yield the same
optimal transport cost under the following generic condition.

Theorem 43. If i has no atoms, i.e., u({0}) = 0 for all @ € O, then the opti-
mal values of the Monge and Kantorovich’s formulation are the same. (How-
ever, it 1s possible for the Kantorovich formulation to have a solution while the
Monge formulation does not.)
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6.1.3 Wasserstein distance

Let © C R? and ® C R%. For p € [1,00), define

Pr(©) = {u € P(O) [ Egp[l|0]"] < oo}
Pr(®) = {v € P(®) [Epu[[|0]"] < 00}

For p € [1,00), define the pth Wasserstein distance W,: P?(0) x PP(®) — R
as
inimi 0 — ¢||P dr(0, ¢),
minimize /@m 16— ¢ll” dm(0,¢)
subject to Poum =
Peym = v.

(Wp(p,v))P =

Theorem 44. Let © = & C R? and p € [1,00). Then W, is a metric on
PP(O).

Proof. First, we consider the three explicit axioms of metrics. That W,(p, v) =
0 if and only if ¢ = v is clear from the probabilistic formulation. That
Wy(p,v) = W,(v, p) is also clear. The triangle inequality

WP(AJ/) S Wp()‘mu) +Wp<:u7 V)a V)\,IU,V S Pp(®)

follows from an argument based on the disintegration theorem. We defer the
argument to a homework assignment.

Finally, we verify the fourth implicit axiom of a metric, that W, (i, ) < oo
for any p, v € PP(©). This follows from

/ 10— ol dm (6, ¢) < / 220l + 207 |gl” dm (6, ¢)
Oxd

OxP
=21 [0l dp(6) + 27 rd
/@ 16117 dpu(6) + / 18] du(9)
< 0Q.
]

In intuitive terms, the triangle inequality is a very natural conclusion.
When transporting from A\ to v, you always have the option of transport-
ing from A to p and then from p to v. Going through the intermediate step p
should increase the cost.
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6.2 Duality

As the Wasserstein distances are defined through (infinite-dimensional) con-
strained convex optimization problems, they have a rich duality theory. The
the dual of Wy, specifically referred to as the Kantorovich-Rubinstein dual,
is used commonly in modern deep learning, most notably in the WGAN. The
dual of W5 leads to Brenier’s theorem, which is used in the characterization of
Wasserstein gradient flows and the formulation of the mean-field limit of wide
2-layer neural networks.

Let 2 and ® be nonempty metric spaces. Let ¢: Qx® — R,. For u € P(Q)
and v € P(®), define

minimize /e . c(8,¢) dr(0,¢),

TEP(OXD)
subject to Poum = 1
P@#’]T = V.

Wip,v) =

Define W (p,v) = oo if there is no 7 € P(O x @) that makes the integral finite.
Given a measurable function f and a measure p, write (f, p) = (u, f) = [ fdp
to denote the corresponding integral.

Let

L(ﬂ-7 %w) = <C7 7T> + <,LL - P@#7T7 30> + <V - P®#7T7¢>-
Note that L is convex in 7w and concave in (p,). (In fact, linear in 7 and
linear in (¢, v).) Define the primal problem

W ) = inf sup L ™, P, 77Z)
( ) TEM(OXP) ey (0),1heCo (D) ( )

and the dual problem

W(p,v) = sup inf L(m, o, v) < W(u,v).
: ) ©€CH(©),heCy(P) TEM+(OxP) ( ) ( )

Using the general weak duality principle, we get

sup inf I:l < inf sup I:l

We let ¢ € Cy(©) because (Co(O), || - ||co) is the pre-dual space of (M(O), ||-
|lrv). The same reason holds for ¢ € Co(®). This careful pairing of (topo-
logical) dual spaces is necessary for applying the Fenchel-Rockafellar duality
theorem and obtaining strong duality (although we omit this discussion).
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Primal problem. The primal problem recovers the Kantorovich formulation

W(u,v) = inf sup (e,m) + (1 — Popm,p) + (v — Ppym, 1))
TEM(OXP) pecy(8).eCo(®)

_ it (e,m) fpp— Poypm=0,v— Ppupm =0
TEM, (OXD) otherwise.

= W(p,v).

Here, we use the fact that @ = Pgxm implies that 7 has total mass 1, i.e.,
T € My(O x ®) and Poym € P(O) implies 7 € P(O x ®).

Dual problem. Consider
L(m, ¢, %) = (¢, m) — (m, Poup) — (m, PLy) + (@) + (v, 9)
=<c—P<$#so—P£#¢,w> + {1, 0) + (1, )

with (Poum,¢) = [ ¢d(Posm)(0) = [4.¢(0)dm(0,¢) = (7, PL,e). So we

can view the adjoint operator P ; CO(@) — Cy(© x ®) as the pedantic oper-
ation mapping ¢(f) and ¢(0, ¢) = gp(&). In less abstract notation, we have

Lirp. ) = | el6,0) = 0(6) = 6(6) dr(6.0) + [ 9(6) du(®) + | w(0) du(o)
Oxd © P
We now characterize the dual problem

Vipv)= . inf (e~ Phyo— Poy,m) + (o) + (v, ¢
e.) wECo(@WeCo(fb)”€M+(@X¢’)< O# oy )+ () + (1)

— s { (o) + (v, ) if ¢ — Py — Py > 0
©ECH(©),peCy(®) | — otherwise.

To clarify,
Pé#gp + Pqt#@/) <c
means

0(0) + (o) < c(,¢), VOO, ¢ecd.

Finally, we write

i (B [0 0 | oot
subject to 0(0) + (o) < c ), VOeO, pecd.

If u and v are compactly supported, then equ1valently have
maximize ) dv(¢

Wip,v) = | pec(®)vec(®) / o)+ / ¢
subject to  @(8) +¥(¢) < c(8, ), Voeo, ¢ed.
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Strong duality and complementary slackness. Through convex duality
theory (specifically, using the Fenchel-Rockafellar duality theorem) one can
establish strong duality

W(p,v) =W(n,v).

In the interest of time, we skip this proof, but we will accept the result and
write

W(:uv V) = W(M, V) = W(/La V)'

An additional useful consequence of strong duality is complementary slack-
ness. If 7* solves the primal problem and (¢*,¢*) solves the dual problem,

Wip,v) = inf sup c— P} go—PT v, )+, 0) + (v, ¥
( ) TEM 4 (OxP) <peco(®),¢eco(q>)< o *# > < > < >

= sup <C - P(i)#gO - P(It#qu)77r*> + <,LL7 90> + <V7 ¢>
©€Co(0),1eCo(P)

> (¢ = Phye™ — PLt, ) + (1,07 + (v, 9%)
> (e = Phyy™ = Pyt 7) + W(p, v)

Since W (u,v) = W(u,v) = W(u,v) by strong duality, we have

0> (c— Plg* — Phyu*, o),
>0 20

and we conclude complementary slackness:

e (0) + ¢ (@) = c(0,9),  V(0,9) € supp(x”).

6.2.1 Kantorovich—Rubinstein duality

Assume for simplicity that ;4 and v have compact support. Assume © = & C
R?. We shall obtain the Kantorovich-Rubinstein dual by simplifying the dual
problem for Wy:

Wilnv) = | oEonec) /GW’) du(6) + / V() dv(@),

subject to  ©(0) + (o) < ||9<1>_ o, Vheo,pecd.

Let (p,1) be feasible. This implies

9(6) < it {110 — ol - w(0)}:

110



Define
p°(¢) = Inf {10 — ¢l — »(0)}-

Then, (¢, ¢°) is also feasible, i.e., ©(0) + (@) < ||6 — @], and ¢° is the largest
feasible 1 given . Certainly, b < € and replacing (¢, 1) with (¢, ¢¢) can
only improve the objective, since v is a nonnegative measure. Define

#(0) = mf {10 — ol — *(9)}-

Then (¢, ¢°) is also a feasible point and ¢ is the largest feasible ¢ given ¢°.
Replacing (¢, ¢°) with (¢, ¢°) can only improve the objectivell] We can now
restrict the optimization problem to

I'={(¢*, ¢°) [ € C(0),¢° > —oo}
(here, ¢° > —o0 meaans p°(¢) # —oo for all ¢ € Phi) and write

Wi(p,v) = | maximize | ©*(0) du(0) + | ©°(¢) dv(e) ).
(e IRCE)

(pecrpo)el’

Now we further characterize I'. Note that (¢, p¢) € T' are 1-Lipschitz

continuous, since
#(6) = it {16 — 0]l - 0(0)}

is an infimum of 1-Lipschitz continuous functions, and ditto for ¢“. Con-
versely, if ¢ is 1-Lipschitz, then

This follows from
—¢(¢) < (16 — ¢l — ¢(6),
implied by 1-Lipschitz continuity, and

mf{[l6 = oll = (6)} < —¢(9)
because the infimum is no larger than simply plugging in 8 = ¢. Therefore,

I'={(p,—¢) ¢ € L1(O)}.

and we conclude

Wi, v) = maximize /@go(@) du(0) — /bgo(gb) dv (o)

o)
subject to ¢ € L4

!The mapping ¢ — ¢¢ defined by ¢°(¢) = infgeo{c(8, $) —p(#)} is called the c-transform
and it generalizes the conjugacy of convex functions in some sense. One can show that
e = ° so there is no need to further continue this process.
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6.2.2 Preliminaries: Convex conjugates
We say a function f: R? — R U {oo} is convex if

fo+ @ =ny) <nf(e)+ A -n)fly), VoyeR,ne(01).

In convex analysis, the class of regular (nice) convex functions most commonly
considered is called closed, convex, and proper (CCP) functions. To clarify
CCP functions are, in general, extended real-valued, i.e., the output can be
00.

In this course, however, we will not fully define the notion of CCP, as we
do not need it. Rather, we will say a function f is convexr and finite if it is
convex and f(z) < oo. Convex and finite functions are CCP, continuous, and
are differentiable almost everywhere.

The convex conjugate of f: R? — R U {oo} is defined as

[*(u) = sup{(u, z) — f(x)},
z€R4
where f*: R? — RU{oo}. If f is CCP, then f* is CCP and f** = f. However,
even if f is convex and finite, f* is not guaranteed to be finite.

From the definition of the convex conjugate, we immediately have the

Fenchel-Young inequality

(u,z) < f*(u) + f(x), Va,u € R
Also, if f is CCP, f is differentiable at x, if
(u,z) = f*(u) + f (),

then u = V f(x). (This does not follow from simply differentiating both sides
with respect to z.) To see why,

(u, ) — fz) = f*(u)
= sup{(u,2) — f(2)},

z€R4

so u= Vf(z).

6.2.3 Brenier’s theorem: W,

Assume for simplicity that p and v have compact support and that © = ¢ =
R?. Let us obtain Brenier’s theorem by simplifying the dual problem for W,

Wi, v) = | oeiomec) /@SD(Q) 4ul8) + / V(@) (),

[
subject to  (0) +¥(¢) < 1[0 —¢|%, VOE€O,pcd
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Let (p,1) be feasible. Define

1
#(0) = ot {510 ol ~ o(6)}
1 1
= —sup {000 = (J161 ~ ) | + S0l
0cO
—— 1 12 = " 1 2
(3112 =) @)+ lal
where * denotes the convex conjugate. Likewise, define
g{—ue oI = (6 >}
2
(31 17= &) @300

:_(én & —go) )+ 20l

From the same reasoning as before, (¢, ¢°) is feasible, and it achieves an
objective value no worse than (p, ). Define

['={(¢“,¢°) | ¢ € C(O),¢° > —o0}

p(0) =

and write

W3 (u,v) = | maximize [ () dp(0) + [ ¢*(¢) dv() | -
(mssmie forerme)

(pee,pc)el

Now we further characterize I'. Let ¢ € C(©), such that ¢ > —oco. Then,
(3]l -2 = ¢)" is convex (since it is a conjugate function) and finite (since
¢°(¢) > —00). Define 7 = (3| - ||* — w)**, which is also convex (since it is a
conjugate function) and finite (since ¢ > ¢ > —o0). Conversely, let 7 be
convex and finite function such that 7* is also finite. Define ¢ = 3| - ||> — 7

Then, ¢¢ = £ - ||*> — 7* and
p(6) + 5 (8) — 5118~ 67 = (6, 6) — (6) ~ 7" (¢) < 0

by Fenchel-Young. Therefore,

1 1
= - =7 =] I?=7") | 7 convex, 7 and 7* finite ; .
2 2
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and

T: convex

maximize /gp(@) d,u(9)+/¢(¢) dv(9),
Wi (p,v) = 0 )

o
|
=

% 7 finite
Y=3|-|IP—7 7 finite

Transport plan. Assume p is absolutely continuous (with respect to the
Lebesgue measure). Then, 7 is differentiable p-almost everywhere. Let mopt
and 7,,¢ be optimal primal and dual solutions for W5. We claim that

T = VTopt

is an optimal transport plan.
By complementary slackness,

Popt(0) + Yopt (@) = ¢(0,0) < (0,0) = Topi(0) + 75,(0)
Topt-almost everywhere, which implies
Vopt(0) = ¢
Topt-almost everywhere. Therefore,

SUPP(WOPt) c {0, VTOPt(H)) |0 € O}

and the disintegration of 7 simplifies to

dmopi (0, ¢) = dpa(0)ddvr,.0)(9)

for the optimal 7,,;. Therefore, 7, corresponds to an optimal transport map
T = VTopt.
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Chapter 7

Weak solution of differential
equations and Wasserstein
gradient flow

7.1 Weak solution to ODE

Consider the ODE '

If f: R xR — R is continuous, then X(t) € C(]0,00);RY), and hence a
solution is well defined. But what is the definition of a solution? Obviously, if
you can plug in the solution to the differential equation and it verifies, then it
is a solution.

However, what if f is discontinuous? For example, if

0 fort<1
1 otherwise,

rex) = {

then
0 fort <1

t —1 otherwise.

X@:{

Right? However, the solution X (¢) is non-differentiable at t = 17 To generalize
the notion of what constitutes a solution, we define X to be a solution if it is
an integrable function such that

X@:X@+Af@X@M&
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We have now completely dropped all requirement that X be differentiable.
Now, we never directly differentiate X and we only access f through integra-
tion.

Another approach, however, is as follows. For all test functions ¢ €

cx((0.0). )
/0 (0 F(t, X (1)) dt = — / ()X (t) dt,

then X is a solution. (Since ¢ is compactly supported on (0, 00), rather than
0, 00), limy g+ ¢(t) = 0.) This formulation via test functions is not yet nec-

essary, but it will be the standard approach for defining weak solutions for
PDEs.

7.2 Weak solution to PDE

Consider the following example with the first-order wave equation
0 0
8—7: + 8—Z =0, u(0,z) = ug(x) Vo eR.
As an example, the initial condition,

w(0,z) = e

yields the solution
2
u(t,r) = e~ @07,

We can simply plug in the solution to the PDE and verify that is satisfies
the equation. (Solution is unique, but let us not worry about that.) More
generally, if

u(0,x) = k(x)

where k € C*(R). Then
u(t,z) = k(z —t)

solves the PDE.
However, if
u(0,2) = exp(—|zl),

then does
u(t, z) = exp(—|z —t|)

solve the PDE? The answer is no. If
u(0,2) = 11 11(),
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then does
u(t,r) =11 q(x —t)

solve the PDE? These initial conditions do not yield strong solutions to the
PDE.

7.2.1 Formal derivation of weak formulation

Assume u(t, x) is a continuously differentiable solution to the PDE, i.e., u is a
strong solution. For ¢ € C2°((0,00) x R),

0= /OO /000 ©(Oyu + Oyu) dtdx
_ /OO /Owgpatudtdx+/om/w o0, drdt
- _/Oo /Ooo(ﬁtgp)u dtdz — /OOO /oo (Orp)u dxdt
_ /OO /Ow(aM + Oup)u didr

Therefore, a continuously differentiable function wu(t, z) solves the PDE if and
only if u(O x) = up(x) and

0—/ / (Opp + Opp)u dtdz, v € CX((0,00) x R).

Finally we extend the definition of a solution as follows. We say a (possibly
non-differentiable) function w(t,z) is a weak solution to the PDE if u(0,z) =
uo(x) and

0= / / (Orp + Opp)u dtdz, © € C((0,00) x R).
—o0 JO

As we have established, a strong solution is a weak solution. However, there
are some weak solutions that are not strong solutions.

What we have seen is the general template for defining a weak solution of
PDEs. First, assuming the solution is sufficiently smooth, find an equivalent
integral characterization of the solution via a smooth, compactly supported
test function, often using integration by parts or the divergence theorem. This
first step is called the formal derivation since we are performing calculations
as if the solution is sufficiently smooth (even if it is not) without justifying
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whether the formal rules such as integration by parts are actually mathemat-
ically valid. Second, we define a weak solution as a function (or a measure)
that satisfies the integral form of the equation. Since the integral form was
formally derived with mathematically valid rules, if the solution is sufficiently
smooth, a sufficiently smooth weak solution is automatically a strong solution.

7.3 Continuity equation

Let p(t,x) be a density of particles (e.g. air molecules) at time ¢ and position
x € R% Let v(t,z;p(t,-)) be the velocity of the particles at position z and
with global particle profile p(t,-). For now, assume p(t,z) is continuously
differentiable in ¢ and = and that v(¢,z; p(t,-)) is continuously differentiable
in x. Our formulation informally assumes:

(i) Particles are indistinguishable, i.e., two particles at the same position and
time will move under the same velocity. (Say, in a game-theoretic setup,
it would be reasonable to consider two agents with different personalities.
If so, the two agents would behave differently even under the exact same
environment. )

(ii) Particles have long-range interactions, i.e., the v at (¢,z) depends on
p(t,-), not just p(t,x). If particles, say, exert gravitational force, then
it would make sense that the dynamics of one particle depends on the
global arrangement of other particles.

Note that the global profile can affect the velocity. As an example, if particles
exert gravitational attraction, then the force experienced at position x will de-
pend on the global particle profile p(t, -). Let p(t, z)v(t, x) be the flow velocity.
The flow velocity captures the amount of flow. (For points where density p is
zero, the flow velocity pv becomes zero and the velocity v becomes irrelevant.)

Many physical systems possess certain conservation laws: mass, charge,
and neurons are examples of conserved quantities. In our equations, u = pv
describes the flux of particles. By the conservation law, the change in the
number of particle in a volume V' is equal to the number of particles escaping
through its surface OV:

o [ pav == [ ptviyas == [ V. (pv)av
1% ov 1%

where the first equality follows from the physical modeling and the second
equality follows from the divergence theorem. Assume 0, [, = [i, 0. Since
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the volume V' is arbitrary, we arrive the continuity equation:

Op+ V- (pv) =0,  p(0,2) = po(z).

The velocity v = v(¢,x; p(t, -)) is pre-specified; it is a known function (detem-
rined by the physics or SGD algorithm) of ¢, z, and p(¢,-). The unknown,
defined by the PDE, is p(¢, x) for ¢t > 0.

One use of the continuity equation is to describe the dynamics of (com-
pressible) fluid flow. In this case, p(t,z) is the density of particles at (¢, z),
v(t,z; p(t,-)) is the velocity of particles at (¢,z), and pv describes the flux of
the fluid.

7.3.1 Formal derivation of weak formulation

Assume p is continuously differentiable. For ¢ € C°((0,00) x R?),

O:/ / gpﬁtpdtdx—l—/ / o V- (pv) dxdt
RZ JO 0 Rd
= —/ / Oyp p dtdx — / / p((Vap) - v) dadt.
re Jo 0 Jrd

(You will show the second equality in a homework assignment.) Thus, we get

0= / / (Owp + Vo - V) p(x, t) ddt, Y € C((0,00) x RY).
0o Jre

We now generalize the notion of solution to measures. We say a family of
measures {p; }i>0 C P(R?) is a weak solution to the continuity equation

Opr = =V - (Vipr), Po € P(Rd)

with v = v(t, x; py), if

0= [ [ 00+ upev) duadt. Vo€ C((0.00) x B
0 R4

In particular, we don’t explicitly define the meaning of d;p; or V, - (vipy).
Rather, we view the “differential” equation as a shorthand for the weak for-
mulation.
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7.3.2 Properties of the continuity equation

The name “continuity equation” implies that it induces a “continuous flow”,
and particles or mass are not allowed to “teleport”. As an example, let n €
Ce(R) satisty n > 0, n(xz) = 0 for |z| > 1/3, and

1/3
/ n(x) de = 1.
~1/3
Let

p(0,2) = n(x)

Then
p(t,x) =n(x —1t), for t € [0,1], x € R.

is the resulting flow if v, = 1. However,
p(t,x) = (1 —t)n(z) +tn(x — 1), fort € [0,1], z € R

is not a solution of the continuity equation no matter the choice of v. You
will work out the argument as a homework assignment. The argument follows
from the use of the divergence theorem.

The following is a more concrete parameterization of the solution of the
continuity equation. For each x € R?, let X (-, z) be the solution to the ODE

X(t,x) =v(t, X(t,x),;p) X(0,z) =

Then,
pe = (X(t,2))4po-
We can directly verify this. For any ¢ € C>°((0,00) x R%),

| [ @etta) 4 Vatts) -wittoi ) ool

= /Oo /Rd (8t80(t, X(t, l’)) + VxQD(t,X@f,x)) . Vt(t,X(t, .Z'); pt)) dpo(m)dt

/%ijm))%( )t
_ /Rd@(oo,X(oo ) — (0, X(0,2)) dpo()
= 0.

Under mild assumptions, X (¢,-): R — R? is a diffeomorphism. (In ODE
theory or differential geometry, the flow of a vector field mapping the initial
point z to its position at time ¢ is a diffeomorphism.) In this case, if supp(pg) =

R?, then supp(p;) = R%
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7.4 Wasserstein gradient flow

7.4.1 Metric gradient flow

Let f: RY — R be differentiable. As considered in one of the homework
problems, gradient flow

Ty = —Vf@t)

can be defined as the interpolation of

. ) 1 .
Ti4e = argmin {f(x) + 2—€Hx — xt||2}

rzeX

in the sense that
{Z11/ese tez0 = {xi}izo
as € — 0 in the topology of uniform convergence on compacta.
Next, let f: X — R where (X,d) is a metric space. Defining a gradient
flow with respect to f initially seems impossible. How can we even define a
gradient for f? A most general formulation of a gradient is

f($) ~ f<£E0> + aflﬂﬁo[‘r - IO]?

Y

where the approximation is “accurate ” when = =~ x(y and the linear function

Oflse: X >R

is the “gradient” of f at xy. For this formulation to make sense, X needs to
be a vector space so that x — xg is defined, X needs to have a nice dual space
so that df|,, € X*, and f needs to be “differentiable”. Banach spaces meets
these requirements. However, the ODE &, = —V f(x;) does not make sense in
Banach spaces as we would expect

.i't = }llgr(l) g(l'ﬂ,h - a:t) eXx

but

To define and analyze gradient descent and gradient flow in Banach spaces,
the “mirror descent” formulation provides one resolution. However, we shall
take a different route.

Remarkably, gradient flow in metric spaces can be defined through the
following variational formulation. For € > 0, let

oge = argmin {f(:c) (s, x>} ,

TeEX 2e
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where f: X - RU{oco} and X is a metric space. We say {x;}+>0 is a gradient
flow with respect to f with starting point z if

{211/e)c bez0 = {Tt 0

in the topology of uniform convergence on compacta for some sequence {&y }ren €
R, ; such that g, — 0.

Although existence and uniqueness of such gradient flows is not always
guaranteed, even for Banach spaces, we do have existence and uniqueness for
the Wasserstein gradient flow that we consider. (Because the loss functions we
consider are A-semiconvex.)

7.4.2 Prelminaries: First variation

Let © C R? be nonempty. Consider P(0) C M (0). (So P(O) is not a vector
space.) Let £:P(0) — R. We call

oL
—| €C(©
5o, (©)
a first variation of L at p if
d oL oL
Seorm)| <5p : > 5| o)

for all v such that p + hv € P for sufficiently small A > 0.

The definition of a first variation is similar to, but not the same as, the
Fréchet derivative. Precisely, % is not a Fréchet derivative as P(©) is not a
vector space. We are also requiring that the first variation is in C(©), rather
than M*(©), as would be required by a Fréchet derivative. We impose this
requirement because M*(©) is a very difficult space to work with. The first
variation may or may not exist, and it is not unique. In our setup, we will
only consider nice functions for which the first variation exists, and it will be
unique only up to a constant, as the admissible variations v must be a signed
measure with total mass 0. So

L(p+hv)=~L(p)+ h/@ % 59) dv(0)

~ e+ [ (5
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Theorem 45. Assume supp(p) = ©. Write T, for the solution of the dual
problem for Way(u,v). (Although we did not prove this, a solution ezists.) Then
we have the first-variation

4] 1

—W- 2= 2 |I* = Topt-

SWa(p, ) = 31 = 7
(Although Top, is not unique, the optimal transport plan T = VT : © — O is
unique except on a p-null set.)

Proof outline. The proof roughly relies on the principle of the envelope theo-
rem. Assume everything is differentiable. If

V() = sup U(e, §)
B

= Ula, 5(a))

where 3*(a) € argmaxg U(a, 3). We assume the maximizer exists. Then,

d d .
%V(a) = @U(O@ﬁ (@)
0 . d oy 4B (@)
- %U(Oé, ﬁ (Oé)) +?_6U(Oé7 6 (O{)z dol
-0
d .
- %U(O{,B (CY))
Since . .
W3) =sup{ [ 31112 = vt [ 51 v},
we conclude the statement. O

7.4.3 Wasserstein gradient flow
The Wasserstein gradient flow is defined through

_ ) 1 ~
Prie = argmin {ﬁ(p) + =Wa(p, pt)z} :
pEP(O) €

We assume L has a first variation. For now, assume supp(pg) = supp(p:) = ©.

Then L1
e CLR
(=)
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for some constant C i.e.,

oL

“=%

1/1
<@+g(?WW—ﬁmm0, V€ o.

Pt+e

This follows from

d 1
0= —L(ps + hv) + 2_€W22(Pt+s + hv, py)

dh
oL N 1 1” I
=( =5l 07 = Topt ) 5 v
5p Pt+e € 2 Pt
for all v € P(©) such that p;. + hv € P(O) for small enough h > 0, i.e.
v is an admissible perturbation. Since v has zero total mass, the vanishing

directional (Gateaux) derivative means the first variation is a constant. We
further take the gradient of the first variation to get

h=0

oL 1
=V, = “(I-T
0 Vo 5P pt+s+€( )7
i.e.,
0 1
0=kl o)+ Lo-10), voce,
(5[) Pte €

where T = V7, is the optimal transport plan from p; . to p; (not the other
way around). So

1
vi(#) = (6 - T(0))
is the negative displacement (t+¢,6) — (¢, 7(0)), or, equivalently, the positive

displacement (¢, T(0)) — (t+e¢,6). (Mind the sign.) So ase — 0, v{(#) becomes
velocity of particles at (t,6). Therefore,

Opr + div(vep) =0 vi=—-V—.

Bibliographical notes

A good reference is: Geometric Flows for Applied Mathematicians Xiaohui

Chen http://publish.illinois.edu/xiaohuichen/files/2020/12/geometric_flows.pdf
Also, Lenaic Chizat’s course notes. https://lchizat.github.io/ot2021lorsay.html
Also { Euclidean, Metric, and Wasserstein } Gradient Flows: an overview

Filippo Santambrogio https://arxiv.org/abs/1609.03890
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Chapter 8

Mean-field theory

We are now ready to talk about the mean-field theory, which considers the
population dynamics of the infinitely many neurons. Let X C R? be nonempty.
Consider the setup with training data X € X and corresponding labels Y € ).
For the sake of concreteness and simplicity, let Y = R and Y = f,(X) for some
true unknown f,. We focus on the square loss function, although we do set up
the notation to allow for further generality. Let P € P(X) be a probability

measure on the data.
Consider the risk function R: L?*(P) — R, defined as

RIf = Exps | F(X) = OO = 50 = foof — Fdrecey

Note, 8fR|f0 = fo - f*.

Let M be the number of neurons. Let 6; = (u;, a;, b;) € R¥*2 be parameters,
and we collectively denote them by @ = (6y,...,0y). Let ®: R? x RT2 —» R
be defined as

for some o: R — R. Then the M-wide 2-layer MLP fg(M) is defined by

Zul aa:~|—b MZCDQJG

Now, consider training through

miniemize R| féM)] .
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8.1 Convergence of risk

The parameter @ = (6, - - - , 0yr) are initialized as IID samples from py € P(O).
The neural network is rewritten as

M
(M) _ v (M) o 1
150 = [otomlo. =53 0.

(By LLN, p(()M) — po a.s. as M — 00.) For notational simplicity, write

/ (-5 0)dp" (0) = / D™

R [ngq R [/ @dpo]

by the law of large numbers. Then, fé(,M) (z) converges to [ ®(z;0)dpo(0) point-
wise.
To see why, note

1

R[] = 3Exer | [ 000" 0) [ @0xionan @)

Then,

~Exer | [ 2000000 + JErer [£.00)]

-~

1 / /
— 5 [ [Bxer 00X 0120600 i 0)d @)
=U(0,0)

- / Exp [B(X: 0)£,(X)] dp"(6) + “Exr [£.(X)]

%R{/depo]

where the second equality follows from Fubini.
Define

=V(0)

UB,0) =FEx.p[®(X;0)P(X;0)]
V(9> =Ex.p [‘b(X; H)f*(X)] .

(Then U: R*? x R*? — R is a PDK.) Define R: P(R*?) = R as

R(p) = R [ / @dp] _ /R o | U0 dp0)ape) = [ Vi) anie) + .
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where C' is a constant independent of p. Then

("] = R™M).
It is straightforward to show that %%}p(‘) = JU(-,0) dp®) — V(-). (Ct.
Homework exercise.)

8.2 Population dynamics from gradient flow

Derivation for quadratic loss. We first derive the result for the setup with
quadratic loss. We start with M < oco. Let

1 M
(M) _
Py —M;%(w

with the parameters governed by gradient flow

0 = —MVoR|fo]

b= ~MVo R f§] = =MExp | (16 = £.(2)) Va5 )]
= ks [( [ 00 40 - 1.0)) Va0t
- / By [®(z; )V, ®(x;0,)] dpi™ (0) + Ex [V, ®(2;6,) f. ()]

- -V, ( / U6, 0’>dp§M><0’>) + Vo,V (6:)

R
_vgié_p

= (0:)

0

This result describes the velocity of the ith particle at position 8;. Therefore,
the population dynamics (of the M neurons) is described by the continuity

equation
pEA{) >

We will more rigorously justify this soon in Lemma [21}

6R
Oy = div (pﬁM)VE
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General derivation for general loss. We now derive the result in the
further general setup:

M

2 0t0)

j=1

6, = —MVy R [ ng)] — _MVyR

- <afR|ﬁ 2?11 ¢’(’§9j)(.)7 v9¢q)(°; 61)>
= =V, (0rR, ©(-; 9i)>L2(P)
o

L2(P)

(6:)

A

where the second line follows from a chain-rule type of argument. (Cf. Home-
work assignment.) For notational simplicity, define the mean potential

J(0lp) = 28

5| (0= (206001 Fl a0 a0

p

L2(P)
Then
0; = —Vo,J(0;]p™)
and the population dynamics is governed by the continuity equation:
dipi™" (6) = div(p™ (9)V (610,™"))

or, more concisely,
M (M M
Dot = div(pf"' VI (1)),

Let us prove this rigorously.

Lemma 21. Let 0(t) = (01(t),...,00m(t)). The dynamics
satisfies the continuity equation

atPEM) = _div(pl(fM)Vt(.; PEM)))-
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Proof. For any ¢,(0) € C2° ((0,00) x R*2),
/lﬂ (Dupe(0) + Vopu(0) - ve) dpt ™ (9) t
Rd+2

:_Z/ém 1)) + Voru(6:(1)i(0)dt

=%Z/i$wwmw
: Z (Pr=o00(*) — Wr=0("))
=0.
0
(M)

Remember that p; ' — py as M — oco. Define p, to be the solution of

Opr = div(p: VI (| pr))

with initial condition py at time t = 0. Then, for any ¢ > 0, pEM) — py as
M — o0, although we do not prove this. The following (kind of) commutative
diagram captures this idea:

0
p6" —— po

l@) l(s)
(4)

Pt — Pt
(1) Follows from the law of large numbers.

(2) Denotes the time evolution of pEM) induced by gradient flow, which is
equivalent to the continuity equation by Lemma

(3) Denotes the definition of p; via the continuity equation.

(4) Follows from the fact that the PDE is well posed and thus the time

evolution of the continuity equation is continuous (in the weak topology)

(M)

with respect to the initial condition, i.e., p; ' — po implies pEM) — Pty

If we can show that p; “converges” to a desired result, we can conclude the
parameter population of the finite neural network p(()M) will also “converge” to
the same result, if M is sufficiently large. We analyze the dynamics of p;.
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8.3 Global convergence

Throughout this section, assume p; is the solution of

Orpr = div(p: VI (+|pt))-

with initial condition pg. Assume for simplicity that py has full support,
i.e., that supp(pg) = R¥*2. Then a weak solution to the continuity equation
uniquely exists, although we do not show this.

Lemma 22. R(p;) is a nonincreasing function of t.

Proof outline. The variational characterization of {p;};>0 via Wasserstein gra-
dient flow leads to

. 1 5 - ~
R(prie) + gwg(pt+ea pr) < R(py)

Hence, . 3
R(prie) < R(pr)
and with some additional arguments, we conclude
R(prse) < R(py).
O

Since {R(p;)}:>0 is a nonincreasing real-valued sequence, it will converge.
Without further assumptions, however, this does not imply that {p; }+>¢ (weakly)
converges. Therefore, we will assume the convergence of the measures.

Theorem 46. Assume p; — pso. Then VJ(0, ps) = 0 for all 6 € supp(poo)

Proof. By continuity arguments, we have that

0 = 0ipoe = div(pos VI (| o))

Formally using integration by parts (even though J(0|ps) is not smooth and
compactly supported), we get

0= S (0190 )div(poo (0)V I (0] poc)) O

Rd+2

= [ IOl (VI010) o)

_ / IVIClp)IP dps(®).

and thus, VJ(0|ps) = 0 poo-almost everywhere. O
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As we will discuss soon, supp(p;) = R¥2 but p,, may have a smaller
support. However, the stationarity condition on p,, does not imply global
optimality.

Since R(p) is a convex function of p (for the losses we consider), all local
minima of R are global, and one may expect the gradient flow to converge to
global minimum. This is true for the gradient flow associated with the total
variation metric. However this is not true for the Wasserstein gradient flow.
While there exists a notion of convexity for Wasserstein gradient flows, namely
geodesic convexity, but R is not geodesically convex in our setup.

Lemma 23. Let R : M, (0) = R and let p, € M (O). Assume ‘;—Ij|p*(-) =
J(-|p.) exists. Then p, minimizes (globally) R if and only if

J(0,p.) =0 for 8 € supp(p,)
J(0,p.) = 0 for 0 ¢ supp(ps)

Proof outline. This is an infinite-dimensional version of the homework prob-
lem. ]

Lemma 24. Let R: P(©) — R and let p, € P(O). Assume %ﬂp*(-) = J(-|ps)
exists. Then p, minimizes (globally) R if and only if

J(0, ps) = ¢ for 6 € supp(ps)
J(0, ps) > ¢ for 0 ¢ supp(p)

Proof outline. This is an infinite-dimensional version of the homework prob-
lem. ]

To establish global convergence, we need further assumptions. We will
utilize the homogeneity of the ReLLU activation function.

Let o be the ReLU activation function. This makes ®(z;60) = u;o(al x+b;)
is nonnegative 2-homogeneous in 6. We can use homogeneity by reparameter-
izing each particle 6; in polar coordinates as

6, = r;n;, with r; € R and n; € S,

Using 2-homogeneity, we have

M M
; xG—Mg (x;m).
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Then, probability measure p) = ﬁ Zf‘il 8o, € P(R42) then corresponds to
the nonnegative measure

M
1
V(M) = M ;7“125771 & M+<Sd+1)

in the sense that
(@) = / ®(x;0) dp™(0) = / ®(3m) dv™ ()
Rd+2 Sd+1

or more concisely

FD = / & dp™) = / & dy™M),
Rd+2 Sd+1

More generally, given p € P(R42), define v € M, (S41) via

/ h(n) dv(n) = / 16126/ 16]) do(6) (8.1)
Sd+1

R+2\{0}

for all bounded measurable h: S — R. Then

/ P dp = / d dv.
Rd+2 Sd+1

Note that by 2-homogeneity of P,
‘](lp) - ‘](ly) - <CI)7 af‘R|f<I> dV>L2(p)

with p and v corresponding in the sense of (8.1)).
The flow 6; = —Vq,J (6] pEM)), induces the dynamics:

) M
= 9 . 1
{Tz rzj(?myt) with vy = M Zr?ém_
i=1

n == —nm))VJ(n:lve)
To see why,
ri = 6]
Ty =
16:]
2 M)
=~ T61)
16: '

M
= =21, (il p™")

M
= —2r,J (™).
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Likewise,

>
&

;i =

0, d 1 /- 0,
L L LY (ei O 0,4, >)
0 mera = Ei % e

( VJ(0:]pM) + minf VI (0;]p")))

— 0] )V J (n;| p™M)
—( - nznz)V‘](nl‘V )

where we use the fact that 2-homogeneity of J(|p) implies 1-homogeneity of
VJ(:|p) and the Euler identity.

We now derive the PDE describing the dynamics of v. For now, consider

Vt(M) corresponding to pg in the sense of . Consider a smooth test

function A: S — R. Then

M

M 1 2
/Sd+1 h(n) dv™ (n) = % > rih(m),

i=1
and we have

d 1 M M

el M) () — _E : _§ :

dt h(n) th (?7) 7‘[ pa 2Tzr1h(771 M -
M

Sd+1

M
1 1
=3 > ar? (il () — i > " r2Vh(n)T(I = nn]) VI (milvf™)
=1

=1

- 4 / @Il ) = [ TR )T ).

Sd+1

This yields the PDE
o™ () = =4I ("M () + div ™ () PV I (™)) (8.2)

where we use the Theorem and div is the divergence on the Riemannian
manifold S™! and P, = I — nnT is the projection onto the tangent space for
A similar argument can be carried out to obtain the PDE

O (n) = =4J (nlvi)vi(n) + div(vi(n) £V I (n|w))

for a general v € M (S*) corresponding to p € P(R"?) in the sense of

B-D).
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Theorem 47. Assume the function ® : ST — R is (d+1)-times continuously
differentiable. Assume vy is a nonnegative measure on the sphere ST with
finite mass and full support. Then the flow defined in PDE 1s well defined
for allt > 0. Moreover, if v, converges weakly to some limit vy, then vy is a
global minimum of the function v — F(v) = R([gu: ® (n)dv(n)) over the set
of nonnegative measures.

Proof. The existence and uniqueness of the flow (14):<o can be proved. By
Lemmal[24] to show that global minima ,we are enough to show that J(n|vs) =
0 on the support of v, and J(n|vs) > 0 on the entire sphere.

1. The support of v, The representation of the solution of PDE (8.2)

o= X(t, )y <1/0 exp ( / J(X(s,°)|vs)d >)

where X : [0,00) x S — S is the flow associated to the time-dependent
vector field — P, V.J(-|1), i.e. it satisfies X (0,n) = nand £ X (t,n) = —P,VJ(X(t,n)|)
for all n € S¥*!. Under regularity assumptions, some prev10us results for ODEs
guarantee that X (¢,-) is diffecomorphism of the sphere at all time ¢. Thus, im-
age measure of v, is same as measure of the form yyexp (-) which has full
support. Thus v; has full support.

2. global minimum We assume that the flow converges to some measure
Voo Then, 0ii(n)]i=c = 0 = —4J(N|Voc)Voo(n) + V - (Voo (1) P,V I (N]Vse)).-
Multiplying both side of the equation by J and integrate, then we get

as

0= /Sw J(n|veo) {—4T (Voo dveo () + V - (Voo () P,V T (V) } diy

N / APl + [ TV - (P ) ()

Sd+1

==t [ Pl = [ PVl (P Tl v )

Thus, J and P,V J is zero on the support of v,, and no condition beyond the
support of v. For contradiction, assume that inf, J(n|ve) < 0. Then, by
Sard’s Theorem there is negative j such that j > fn J(n|vs) and the gradient
P,V J(n|vs) does not vanish on the {n € S*™™|J(n|vs) =j}. we now con-
sider the set K = {n|J(n|ve < j}, which has some boundary K, such that
P,VJ(n|ve) - 1 > 0 where nn € 0K and outward normal vector n.

Since v, converges weakly to v, there exists ty such that for all £ > ¢, and
ne K, Jnln) < j/2and P,VJ(nly) -7 > 0. Thus, for all t > ¢, and test
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function ¢ = 1,cx,

d d .
—(K) = —/ dvi(n) = —4/ J(n|vy)dvy +/ P,V J(n|v) - ndv,
dt dt Jx K oK

> —2ji(K).

Since vy, (K) > 0 (because 14, has full support), 14(K) diverges, which is a
contradiction with the convergence of 1. O]

8.3.1 Differential geometry background

Let M be a compact Riemannian manifold] of finite dimension with empty
boundary and g be the corresponding metric. (In this note, we consider only

M =
1.

8.
9.

S case.) Let ¢ : ST — R be the test function and V : S¥1 — R+2

¢ : S — R is smooth if and only if there exists smooth function
@ : R — R such that @[y = .

Vo= (Vi,Va, -+, Vaya) + S — R42 is smooth if and only if V; is
smooth for alli =1,2,--- ,d+ 2

Let p be a point of M. A linear map v : C*°(M) — R is called a
derivation at p if it is satisfies

v(fg) = f(p)vg + g(p)vf for all f,g € C*(M).

. The set of all derivations of C*°(M) at p, denoted by T,,(M), is a vector

space called the tangent space to M at p. An element of T, M is
called a tangent vector at p.

(Existence of Local Orthonormal Frames). For each p € M, there is a
smooth orthonormal frame (Fy,--- , F441) on a neighborhood of p.

Then, the vectors (E1|p, -, E411]p) form an orthonormal basis for T,,(M)

P, : R — T, is orthogonal projection. In linear algebra sense,
B, =1—mn" for n € S

Define gradient Vf on S as a Vf(n) = P,(Vf(n)) € T, C R*+2.

For a,b € T,, define inner product (-,-)r, as (a,b)r, = a’b.

IRiemannian manifold is a real, smooth manifold M equipped with a positive-definite
inner product (-,-), on the tangent space at each point.
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10. Define divergence of V as V-V = %! 6(;:@ where V : RH?2 — R+2

is smooth function such that Vg1 = V and ey, -+, e441 are orthonor-

mal basis for T,,(M).

Theorem 48 (Integration by parts). Let (M, g) be a compact Riemannian
manifold with boundary, let g denote the induced Riemanninan metric on
OM, and let N be the outward unit normal vector field along OM. Then,
for f € C*(M) and smooth vector field X, this satisfies div(¢X) = pdivX +
(gradep, X),. Furthermore, this satisfites the following “integration by parts”
formula:

/ (grade, X),dV, — / (X, N)ydVy — / (pdivX)dV,.
M oM M

Then, Theorem [4§] yields
[ ve@vran=[ (ovnas=o
M oM

=/ 90V~Vdn+/ (Vo, V)r,dn.
M M

Consequently,

Ve =)V Ialv) don) = [ (Vo). VI @), vl

§d+1

_ /S @) (Vv )V I (nlw)) dn

Lemma 25 (Sard’s Theorem). Suppose M and N are smooth manifolds with
or without boundary and F' : M — N is a smooth map. Then the set of critical
values of F' has measure zero in N.

Lemma 26 (Euler identity). If F': R? — R is 2-homogeneous function, then
2F(0) = 0TV E(0) for 0 € RY.
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Chapter 9

Universal approximation theory:
Deep neural networks

Let 0: R — R and d € N. Define NN, be the class of MLPs with input R?,
output R, m intermediate neurons, and arbitrary finite depth. The activation
function o is applied after all layers, except the final layer. We will now show
universality of NN Zm under a very mild assumption on o.

Lemma 27. Let 0: R — R be a continuous function that is continuously
differentiable at at least one point, with nonzero derivative at that point. Let
K C R be compact. Then a neuron with activation function o may uniformly
approximate the identity function on K.

Proof. Let ry be the point at which o’(ry) # 0 exists. Define 7py: R — R as
1
Tu(r) = Mo'(ro) (o(ro + Mr) —o(ro)) .

As M — 0, this uniformly approximates the identity function. O]
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Theorem 49. Let 0: R — R be continuous non-polynomial function which
1s continuously differentialble at at least one point, with nonzero derivative at
that point. Let Q C R be compact. Then NNG ., is dense in (C(2), ]| - ||s)-

Proof. Define NN be the class of MLPs similar to NN, except that we
have the freedom to choose either o or 7 for the activation function. Let 7 be
the identity function.

By Lemma 27, we have NN]7, = NNJ,,. Since o is non-polynomial, the
classical universal approximation theorem tells us that Zle wo(al'z + b)) is
dense. Finally, consider the architecture:

L
Z wo(alx + by)
=
=1L m m | a(alx +by) | I w_10(a_1x +by_1) + prev
—1 A
° [ ] ° (] °
[ ] ° (] °
. ° ° . °
L |
i |a4i by | o(ajx + b) | | uyo(afx + by) + prev |

1=2 Elj b; I a(alx + by) | I wo(alx + by) I

I=1 [a; b, o(alx + by) ] L0 svset

=0 a, by I:l : Dead neurons
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Lemma 28. Let 0: R — R be any nonaffine polynomial. Let K C R be com-
pact. Then a neuron with activation function o many uniformly approrimate
the quadratic function k: x +— x? on K.

Proof. Fix r; € R such that ¢”(r1) # 0, which exist as o is nonaffine. Define
ky: R — R by

ot (1) = o(r1 + Mr) —20(ry) + o(r; — Mr)
MQU”(Tl) .

As M — 0, this uniformly approximates the quadratic function k. O

Lemma 29. Using the square and the identity activation functions, the mul-
tiplication operation (x,y) — zy for x,y € R can be represented with 2 inter-
mediate neurons and one additional neuron storing the output.

Proof. Consider the architecture:

Xy

__—

G+ | [ =92

x y :Use x>
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Theorem 50. Let o: R — R be nonaffine polynomial. Let Q C R? be compact.
Then NNG .5 is dense in (C(Q), || - [lo). (With a tighter analysis, the width
d+ 3 can be reduced to d + 2.)

Proof. Define NN be the class of MLPs similar to NN, except that we
have the freedom to choose either xk or 7 for the activation functlon Let w
be the square function and 7 be the identity function. By Lemmas [27] and
28, NN 7.y € NNG 5. If we show that A'AJ7, ; contains any polynomial
of d variables) then we are done, since the algebra of polynomials is dense in
(C(92),] - |lo) by Stone-Weierstrass.
Consider any

M d
f($17~~a$d)225z'mi, mz':Hl‘?j
i=1 j=1
fori=1,---, M and «; € N. Consider the architecture:
m;
|;| m I;l I-T-l j:l M connections
° [} [} \/
[} [}
) [ ] [ ] i s ®
e
o [ ]
l=2
=1
I=0 — -

Computation neuron out —register

input

We designate d neurons to copy the input and 2 neurons to perform the mul-
tiplication operation described in Lemma [29, The computation neurons carry
out the products forming the monomials my, ..., my;. Then the out-register
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neurons accumulate the result of these M monomials by performing addition
M times. 0
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Chapter 10

Neural ODE

Consider the depth-L residual network

hg(X) =Zr
zp =21+ f(ze-1,0, L —1)

22:Zl+f(217971)
21 :ZO—I—f(anQaO)
Z():X

where 2g,...,2; € RP, 0 € R”, and f: RP x R” x N — RP. Note that 0 is
shared across all layers. Consider the loss function

N
1
loss = ¥ Zzl l(he(X5),Y;).

For simplicity, assume N = 1 and write
L =1L(he(X),Y),

where £ loosely denotes the output scalar loss value.
The neural ODE is a continuous-depth (or infinite-depth) analog:

(1)
(2(5),0, ) for s € [0,1]

ho(X)
Z(s)
(0)

I
w

I
D

z(0

Y

where z(s) € RP for s € [0,1], 0 € R and f: RP xRF x[0,1] — RP. Assume
f is continuous in (z, 6, s) and continuously differentiable in (z, 6). The idea is
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that f(z,6,s) is represented by a neural network. More precisely, {2(s)}scjo,1]
is a solution to this ODE if

2(s) =X+ /Osf(z(s'),s',e) ds’, s €10,1].

For simplicity, assume that the ODE has a unique solutionﬂ
We refer to s € [0,1] as “pseudo-time” to distinguish it from “time”;
pseudo-time corresponds to the progression of depth while the time corre-
sponds to the progression of training iterations. In this lecture, we will not
consider training iterations of the neural ODE, so time will not appear.
Generally, one considers the loss function

N
1
loss = i ZZI U(he(X5),Ys),

where hy(X;) is the solution to the ODE at pseudo-time s = 1 with initial
condition z(0) = X; at pseudo-time s = 0. For simplicity, assume N = 1 and
write

L= g(hG(X)7Y)7

where L loosely denotes the output scalar loss value.

The 2018 neural ODE paper by Chen, Rubanova, Bettencourt, and Duve-
naud ignited an exciting line of empirical and theoretical research. From the
empirical side, neural ODEs have found many interesting applications with
strong benchmark results. In fact, research on and using neural ODEs is pri-
marily experimental rather than theoretical. From the theoretical side, neural
ODEs can be viewed as an infinite-depth limit of the ResNet, but the neural
ODE, by itself, does not provide any trainability guarantees. In this lecture,
we will discuss how to perform the continuous-depth analog of backpropaga-
tion on neural ODEs. In practice, Neural ODEs are trained using SGD with
gradients computed via the following approach.

As a warmup exercise, let us carry out backpropagation of the discrete-
depth ResNet. Assume the forward pass has been performed, i.e., zq,..., 21
have been sequentially computed and their values been stored in memory. For
notational simplicity, denote

% . oL (9ZL 8,2”2 GZZH
82[ N 8zL 8zL_1 821+1 Gzl '

1=0,... L

a; =

In practice, f will be represented by a neural network with continuous activation func-
tions, so it is reasonable to assume f is locally Lipschitz continuous. By the Picard—Lindelof
theorem, local Lipschitz continuity implies that a solution exists for s € [0, ¢) for some small
€ > 0, but there is no a priori guarantee that z(s) does not blow up within s € [0, 1].
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Then we have

oL _ 0L 0z,
20 Oz 00
. oL 8f (‘9f aZL_l 8ZL_1
— a—ZL (%(ZL_l,e,L 1) -+ aZL_l (ZL_l,e,L 1) 89 + 89 >

6f oL 82L OZL_l

= CLL%(ZL—17€7L - 1) + 82[, aZL—l 89
5 9 0zp—1 0z
= CLLa_];(zL—h 0,L — 1) + aL_la_g(ZL_% 6,L = 2) T 82_: ZaLH 2

L
-y of
= 2 ala@ (zl,l,ﬁ,l - 1)

Next, we will obtain an analogous formula for the neural ODE.

10.1 Backpropagation for neural ODE

10.1.1 Warmup for continuous-depth backprop

The full derivation of the continuous-depth backprop will be carried out soon
in Theorem However, let us carry out a smaller computation as a warmup
to familiarize ourselves with the key technique.

We first introduce the some machinery and notation. For s, ¢ € [0, 1], define
the flow operator (also called the time evolution operator) F*': RP — R as

FoHz) = 2(t)
2(s") = f(2(5),0,5) for s' € [s,1]
z(s) = z.
Then
(1) = FOHX) = FH(F (X))

for any s € [0, 1].

The flow operator can evolve the initial condition forward in pseudo-time
(t > s) and also backwards in pseudo-time (¢ < s), since the ODE can be
solved both forwards and backwards in pseudo-time. In fact, if z(1) is known,
then the initial condition 2(0) = F19(2(1)) can be recovered through solving
the ODE

2(s) = f(2(s),0,s) for s € [0, 1]

z(1) “Initial” condition.
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This was not the case in the discrete-depth ResNet; knowledge of z; does not

necessarily allow one to recover zy_; or zy. For continuous-depth neural ODE,

obtaining z(0) from z(1) is no more difficult than obtaining z(1) from z(0).
Define

0L piroFys(s)) = LFE))
92(5) = D(L o F*7)(2(s)) 9 oy
" 20 _ pryate =
aZ(S) 0z z=2(s)
for s,t € [0,1]. Then, we have the chain rule
azé) = D(L o F*)(x(5)) = D(L o F' o F)(x(s))
= D(L o FY)(2(t)) - D(F*")(2(s))
oz o:(0)

—02(t) 0z(s)

for s,t € [0,1]. So ai_(ﬁs) represents the infinitesimal change in £ if the neu-
ral ODE started at pseudo-time s with initial value z(s) + §, where 4 is an
infinitesimal perturbation.

Let

a(s) = ﬁi(ﬁs) c RYP, s € 0,1].
Then
a(s) = —a(s)%(z(s),ﬁ, s), s €[0,1]
oL
a(l) = m

and {a(s)}scpo1] can be solved by solving the ODE backwards in pseudo-time
with “initial condition” a(1). (ODE solver is given a(1) and solves for a(s) for
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0 < s < 1.) This follows from

a(s+¢) —a(s)

i) =y 2
= lim a(sj : (I - azéigf))
= lim a(sg—l— ) ([ - &js) (z(s) + :+£ f(z(s"),6,5) ds’))
= —lima(s+¢) f(gis();f’ ) + O(e)
= —af(s) %(z(s), 0,s).
XD T YT

Ultimately, we want %. However, infinitesimal changes of 6 to 6+ ¢ affects
the update as
z2(s+e)~z(s) +ef(z(s),0 +6,5)

and making sense of this precisely and correctly is tricky. Therefore, we employ
another technique of converting # into an initial condition of an augmented
ODE.

10.1.2 Backprop via adjoint equations
Theorem 51. Consider the neural ODE. The solution to the ODE

a(s) = —a(s)%(z(s),@,s), for s €10,1]

b(s) = —a(s)%(z(s),e,s), for s € [0,1]
_ oL 1xD

o= g €

yields 3% = b(0).
Proof. Augment the ODE as follows:

2(s) = f(z(s),(s),s), forse|0,1]
for s € [0, 1]
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Define the augmented notation

Zaug(8) = {Z@)} c R(D+P)x1

o(s)
faug(zaug(s), ) = {ﬂz(‘s)’oﬂs)’s)} c RO+P)x1.
Then
fang(8) = faug(Zaug(s),5),  for s €[0,1]

Zang(0) = m :

For s,t € [0,1], define the augmented flow operator F5f : RP+Z — RP+P

Fang(2:0) = (2(t), 0(t)
Zaug(8) = faug(Zaug(s'), ), for 5" € [s,1]
_|#(s)
) = 0]
Then define

= OE DL )
auslts 0Zaug () N 0Zaug

O [ ac oL

- [az@ a«p(s>]
2 la(s) b(s)].

82—(% and %(ﬁs) and (ii) defines a(s) and b(s). Alternatively,

c Rlx (D+P)

Zaug=Zaug ($)

—

where (i) defines
we can define

0L  OL(Fug(z )

a(8> - 82(8) - 0z z=2(s)
o=p(s)
bs) oL OL(F(z,9))
5) = = .
d¢(s) Dy s==(s)
o=p(s)
The meaning of 25 remains essentially unchanged. The meaning of 2%
0z(s) 0(s)

is the infinitesimal change in £ if the neural ODE started at pseudo-time s
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with initial value (z(s),¢(s) + ) = (2(s),0 + ), where § is an infinitesimal
perturbation. Since the loss £ ultimately only depends on z(1), we have

oL
dp(1)

The gradient we wish to obtain is

=0.

oL OC

20 9p(0)
By the same reasoning as before, we have

9 faug

aaug(s) - _aaug(s)yaug(zaug<s)a 5)

_ H(=(9).0(5).9) G(5),0(5), 9)
=~ la(s) 0(s)] 0 0

Multiplying out this leads to the stated result. [l

Finally, we are ready to describe the algorithm to perform backpropagation
with the neural ODE.

Step 1. With initial condition z(0), call an ODE solver to compute z(1).

Step 2. With initial condition (2(1),a(1),b(1)), with z(1) computed from step 1,
a(l) = 8‘2—8), and b(1) = 0, call ODE solver (backwards in pseudo-time)
to compute (z(0), a(0),b(0)). Return b(0) = %=.

The ODE solver call of Step 2 requires the values of {z(s)}sc[0,1] at appropriate
discrete points. One option is to store the values of {z(s)}sco1] computed in
Step 1. Another option, is to compute {z(s)}scjo,1) anew from z(1) together
with the computation of {a(s)}scjo1) and {b(s)}sepp)- This second option,
described in the above algorithm, is much more memory (storage) efficient,
although it does require slightly more computation.
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