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Introduction

This lecture note is intended to introduce the recently-developed potential theory for
the non-reversible Markov processes and to explain applications of this new theory
to the study of metastability of huge stochastic interacting systems.

Regarding irreducible Markov processes, it is well-known that the distribution
of the process at time ¢ > 0 converges to its unique invariant measure as t — oo,
regardless of its starting distribution, and this asymptotic behavior is called the
mixing property of Markov processes. The speed of this convergence is one of the
main concerns in the study of Markov processes, as it is related to a multitude of im-
portant problems such as the performance of Markov chain Monte Carlo algorithm,
equilibration of non-equilibrium physical systems, and metastability of random dy-
namics.

In the study of the mixing property of Markov processes, one of the most useful
tools is potential theory, especially the quantity called capacity with respect to the
Markov process under consideration. Capacity is measured for two disjoint subsets
of the state space of the Markov process, and it is inversely related to how well
the corresponding Markov process commutes between these two disjoint sets. Since
the convergence explained above will take a long time if the Markov process cannot
quickly commute between two large (with respect to the invariant measure) sets,
capacity is a useful notion in the analysis of mixing properties.

Classic potential theory is developed only when the underlying Markov process
is reversible with respect to its invariant measure, and has been widely used in the
study of the mixing property of Markov processes (e.g., [11] or [42, Chapters 9, 10]).
In the potential theory of reversible Markov processes, the so-called Dirichlet and
Thomson principles provide a robust way of estimating the capacity via construction
of a test function or a test flow.

Potential theory for non-reversible processes has been developed very recently.
In particular, [24] and [57] established the Dirichlet and Thomson principles for non-
reversible Markov processes, respectively. These formulae are far more involved than
the corresponding principles for the reversible processes, and technical difficulties
arise in the application of these principles. To minimize these technical issues, a
more generalized version of the Dirichlet and Thomson principles were developed in
[37, 56]. In the first part of the current note, we give a comprehensive review on
these recent developments in the potential theory of non-reversible Markov processes
based on [24, 56, 57].

In the second and third parts of this note, we explain two applications of the
recently-developed potential theory to the study of metastability. The metastability
is a ubiquitous phenomenon appearing when a Markov process possesses a poor



mixing property because of the existence of multiple locally stable sets, or metastable
sets. For example, metastability occurs for the models such as

e small random perturbations of dynamical systems (e.g., [14, 15, 23, 37, 41, 44,
45, 46, 55]),

e interacting particle systems with condensing phenomena (e.g., [5, 9, 25, 26, 35,
36, 54, 56]), and

e stochastic spin systems in the low-temperature regime (e.g., [1, 6, 10, 11, 12,
13, 16, 17, 21, 32, 33, 39, 43, 51, 52, 49]).

Readers are referred to monographs [11, 53] for more comprehensive discussions
regarding the mathematical study of metastability.

The potential theory plays a crucial role in the rigorous analysis of metastability.
In particular, two representative ways of quantitatively analyzing the metastable
behavior are the Eyring—Kramers law [22, 29] and Markov chain model reduction
(2, 3, 4, 36].

The Eyring—Kramers law describes the precise asymptotics of the mean transition
time from a metastable set to other metastable sets. Since such a transition between
metastable sets is the signature behavior of metastability, the Eyring—Kramers law
is clearly a crucial problem. A robust methodology to prove the Eyring—Kramers
law based on the potential theory (known as the potential-theoretic approach) is
developed in [14]. We refer to the monograph [11] for a comprehensive review on
this approach. In Part 2, we derive the Eyring—Kramers law for a stochastic spin
system known as the Ising model on a large, finite two-dimensional lattice without
external field as an application of the potential theory explained in Part 1. This part
is largely based on the recent article [27]. We remark that the article [27] addresses
more general situations. This article not only considers the Ising model on a two-
dimensional lattice but also the Potts model (which is a generalization of the Ising
model) on two- and three-dimensional lattices. In particular, the three-dimensional
model is more cumbersome for carrying out rigorous analyses. Moreover, this article
not only concerns the Eyring—Kramers law but also the precise analyses of the energy
landscape and the typical path of transitions. In this note, we only focus on the
Eyring-Kramers law for the two-dimensional model to convey the overall idea. For
interested readers, we refer to the article [27] for more comprehensive results.

If there are several metastable sets and the transitions between them take place
successively, it is tempting to analyze these successive transitions all at once. A
natural way of carrying this out is to approximately describe, after a suitable time-
rescaling, the successive transitions between metastable sets as a Markov chain whose



state space consists of metastable sets of the original Markov process. This method-
ology for describing the metastable behavior is a special case of the Markov chain
model reduction. A robust methodology for the verification of this Markov chain
model reduction based on potential theory has been developed in [2, 3, 4], and this
method is called the martingale approach. In Part 3, we combine this approach and
the potential theory for non-reversible processes to analyze the metastable behavior
of non-reversible zero-range processes. This part is largely based on the recent arti-
cle [56]. For conciseness of the discussion, we only consider the asymmetric nearest
neighbor random walk on a cycle, but the discussion given here can be applied to
the general model; we refer to [56] for the interested readers.

Acknowledgement.  This lecture note is written with the support of the Sangsan
Lecture Note fund of the Research Institute of Mathematics of the Seoul National
University. The contents of the lecture note have been developed with the support
of the National Research Foundation of Korea (NRF) grant funded by the Korean
government (MSIT) (No. 2017R1A5A1015626 and No. 2018R1C1B6006896). The
author thanks Seonwoo Kim and Jungkyoung Lee for careful reading of the early
version of the note and for helping to clarify the presentation.



Part 1
Potential Theory

In the first part, we review the potential theory of continuous-time Markov pro-
cesses, introduce the Dirichlet and Thomson principles, and then finally explain the
generalized Dirichlet and Thomson principles developed in [56]. Although we ex-
plain the whole theory in the context of continuous-time Markov processes for the
convenience of the discussion, the corresponding results are also valid for discrete-
time Markov chains or diffusion processes. For the discussion of diffusion processes,
we refer to [37].
sectionPotential Theory of Markov Processes

0.1 Markov processes

We start by introducing several relevant notions regarding a continuous-time Markov
process (X (t))¢>0 on a finite set H.

Continuous-time Markov processes

For z € H, we denote by P, the law of the process X (-) starting from z, and by E,
the expectation with respect to P,. We assume that the process X (-) is irreducible,
in the sense that for all z, y € H!,

P,[X(t) =y for some ¢t > 0] =1.

We denote by r : H x H — [0, oo) the jump rate of the Markov process X(-).
Namely, for z, y € S, the quantity r(z, y) > 0 represents the rate of the jump from
x to y for the Markov process X(-). For convenience, we set r(z, ) = 0 for all
x € ‘H. Denote by

AMz) = Z r(x,y) ;x€H (0.1)
yeEH
the holding rate of the process X (-) at . Then, the dynamics X (-) can be described
as follows: if X (¢t) = z, then the process waits for an exponential time of mean
A(z)~L. Then, it jumps to y € H with probability r(x, y)/\(x).

'In this lecture note, writing a, b € A always implies that a and b are different elements of a set
A.



Embedded chain

We denote by (X (n)),cz+ where ZT = Z N [0, 0o) the discrete-time Markov chain
with jump probability p(z, y) = r(z, y)/A(x). This chain is referred to as the
embedded chain of X(-), and represents the jumping dynamics (irrespective of the
exponential waiting time between successive jumps) of X(-). For x € H, denote by
P, the law of the embedded chain X (+) starting from z, and by E, the expectation

~

with respect to P,.

Invariant measure and reversibility

By irreducibility of the process X (-), there exists a unique probability distribution
wu(-) on H that satisfies

> ul@)r(z, y) = > )y, =) - (0.2)

TEH TEH

One can readily infer from the irreducibility that
p(z) >0 foralzeH. (0.3)

Exercise 0.1. Suppose that the Markov process X(-) is irreducible. Prove that
there exists a unique probability distribution u(-) on #H satisfying (0.2). Then,
prove that this unique p(-) satisfies (0.3).

The distribution p(-) is called the invariant (or stationary) distribution since
the marginal distribution of the process X (-) at any later time ¢ > 0 is u, provided
X (0) is distributed according to . We say that the process X (-) is reversible if the
following detailed balance condition holds:

wx)r(x, y) = py)r(y, ) foralx, yeH. (0.4)

Note that (0.4) immediately implies (0.2). Such a process is called reversible since
the time-reversed process has the same law with the original process. If the process
X(+) is not reversible, it is called a non-reversible or irreversible process.

In addition, we can readily check that a measure M (-) on H given by

M(z) = XNz)u(z) ;zeH (0.5)

is an invariant measure (not necessarily a probability measure) for the embedded
chain X (-). Moreover, the chain X (-) is reversible, i.e., M (z)p(z, y) = M (y)p(y, =)
for all x, y € H, if and only if the original process X (-) is reversible.



Generator and Dirichlet form

The generator . associated with the process X () is an operator acting on each
function f:H — R in a way that

(Z)@) =D re, y)(fly) - f(z) ;zeH.

yeH

Namely, .2 f is another real function on . We denote by L?(u) the L? space of
real functions on H with respect to the measure u. Since H is a finite set, the space
L?(p) is merely a collection of all real functions on H. ? Denote by (-, -) ,, the inner
product on L?(u), i.e., for f, g: H — R,

(f, 9= D f(@)g(x)p(z) .

z€H

The Dirichlet form associated to the process X (-) is defined by, for f: H — R,

() = =2, - (0.6)

This plays an important role in the potential theory. By the summation of parts
and (0.2), we can write

2= S 3 ulalrte i) = S 07)
rxeEH ye

We note that the analyses of the reversible process are far more convenient than
those of the non-reversible one, mainly because the operator £ is self-adjoint in the
space L?(u) in the sense that, for all f, g : H — R,

(f, Z9), =(ZLFf, 9), -

By the summation by parts and (0.4), we can check that both sides of the previous
identity equal

5 3 S wl@yr(, )~ F@)lo) -~ o).

zeHyeEH

20f course, this is no longer true if we consider the diffusion case.



Adjoint process

For the non-reversible case, we define the adjoint process (X1(t))¢>0, which is another
continuous-time Markov process on H with rate

w(y)r(y, =)

cx,y €H .
w(z) Y

ri(z, y) =

We shall denote by ]P’L the law of the adjoint process XT(-) starting from x, and by
IEIC the expectation with respect to PL.

The process XT(-) is a time-reversed process of X(-), and we can notice from

(0.4) that XT(-) is defined by the same law with X(-) in the reversible case; hence

the time-reversing does not change the law. We define the generator for the adjoint
process XT(-) as, for f: H — R,

(L) @)=Y ri@ 9 (fly) — fl@) seeH.

yeEH

The importance of the adjoint process in the context of the potential theory follows
from the fact that Z1 is indeed the adjoint operator of . in the sense that, for all
g H—-R,

(. 29, = (2"} 9) - (0.8)

Exercise 0.2. 1. Verify (0.8).

2. Prove that (f, Zg), = 0 if f is a constant function. In particular, for any
g:H — R, we have
> wl@)(Lg)(a) = 0.
TEH
Remark 0.3. Inserting g = —f at (0.8), we can observe that the Dirichlet form for
the adjoint process is also given as Z(-).

We can also consider the embedded chain of the adjoint process. Write X )
the embedded chain with respect to the process XT(:). One can readily verify that
the jump rate p'(-, -) of the chain XT(-) is given by

M(y)ply, x)

M) s,y EH, (0.9)

pT(xa y) =

and furthermore M (-) is again the invariant measure for the process X f(-). Similarly,
we denote by Pl the law of the process XT(-) starting at 2 € H, and by El the
expectation with respect to ]P’L.

10



0.2 Equilibrium potential and capacity

Two crucial notions in the potential theory of Markov processes are the equilibrium
potential and the capacity. In this section, we define these objects and review their
elementary properties.

Equilibrium potential
For A C H, we denote by 74 the hitting time of the set A:
Ta=1inf{t >0: X(t) € A}.

For two non-empty and disjoint subsets A and B of H, we define the equilibrium
potential between A and B with respect to the process X(-) as a function h4 g :
H — [0, 1] defined by

hap(x) =Pilta<tg] ;xzeH.
By definition, it is clear that
hga=1—has. (0.10)
The following lemma gives the basic properties of the equilibrium potential h 4, 5.

Lemma 0.4. For two non-empty and disjoint subsets A and B of H, the equilibrium
potential h 4 p satisfies

hap=1 on A,
has=0 on B, and (0.11)
ZLhap=0 on(AUB)*=H\(AUB).

Proof. The first two properties are evident from the definition of h4 5. Let us focus

on the last one. Fix x € (AU B)¢. Then, since the process X(-) starting at = jumps
to y with probability r(z, y)/\(x), by the Markov property we can write

hAyg(LIT) = ]P’I[TA < TB] = Z T()i;;)y)lpy[TA < TB] = Z TE\:C(;:)y)hAjg(y) .
yeEH yeEH

Multiplying both sides by A(x) and reorganizing give us Zh 4 g(z) = 0. O

Remark 0.5. Of course, we can define the equilibrium potential h:[4 g H—10,1]
with respect to the adjoint process XT(-). Then, an analogue of Lemma 0.4 holds for

11



hlB. It suffices to replace the last property of (0.11) with XTth =0on (AUB)".

Capacity

For two non-empty and disjoint subsets A and B of H, we define the capacity between
A and B with respect to the process X(-) as

cap(A, B) = Z(ha,B) . (0.12)
By the expression (0.7) of the Dirichlet form and (0.10), it holds that
cap(A, B) = Z(ha,B) = Z(hp, o) = cap(B, A) . (0.13)

Notation 0.6. If A = {a} or B = {b} (or both), we simply write a or b instead of {a}
or {b}, respectively, in the subscript of h4 5 and cap(A, B). For instance, if A = {a}
and B = {b}, we write h,; and cap(a, b), instead of hy,) 31 and cap({a}, {b}),
respectively.

Exercise 0.7. Let H = Ty =Z/(NZ)(= Zn) be a discrete torus of length N (i.e.,
a cycle of length N). Define a rate as

D ifzr—y=1(mod N),
r(r,y)=q1—p ifx—y=-1(mod N),
0 otherwise ,

for some p € [0, 1]. For the Markov process X (-) on Ty with rate r(-, -), answer the
following questions.

X or a X
ILI/ N N

is the unique invariant measure for the process X (-), and moreover that the
process X (+) is reversible if and only if p = 1/2.

2. For z, y € Ty, compute cap(z, y). (cf. Notation 0.6)
3. For any non-empty and disjoint subsets A and B of Ty, compute cap(A, B).

Next, we introduce an alternative expression for the capacity that turns out to
play an important role in using the capacity in various instances. We write Tj for

12



the return time to the set A:
T4 =inf{t > 0: X(t) € A and X(s) # X (0) for some s € [0, t]} .

Namely, this time expresses the first time at which X (¢) arrives at A after leaving
its initial location. In particular, if the process starts from = ¢ A, we have T;( =TY.
Recall the measure M(-) from (0.5).

Lemma 0.8. For two non-empty and disjoint subsets A and B of H, it holds that

cap(A, B) ZM o8 <Th].
€A

Proof. By (0.6) and (0.12), we can write

cap(A, B) = (has, —ZLhap), = > has@)(—Lhas) (@) pl@).
TzeH

By (0.11), we have hg p(x) (ZLha B)(z) =0 for all z ¢ A, and thus we can write

cap(A, B) = Y (~ZLhas)(@) p(z) .
zeA

Note that we used the fact that h4 g5 = 1 on A. By the definition of the generator
and (0.10), we can further write

cap(A, B) ZZ r(z, y)[ha B(r) — ha (Y)]

zeAyEH
=3 > (e, )L —has@) =D > w@)r(e, y)hs aly) -
reAyeH zeAyeH
(0.14)
On the other hand, by the Markov property, for z € A we have
o[ < i1 =Y pla, y)Bylrs <74l = D plx, y)hs, aly) - (0.15)

yeEH yeH

Since p(z)r(x, y) = M(z)p(z, y), we can complete the proof from (0.14) and (0.15).
O

The capacity with respect to the adjoint process XT(-) is given by (cf. Remark
0.3)
cap! (A, B) = 2(hYy ) - (0.16)

13



Then, by the same reasoning as above, it holds that cap’(A, B) = cap'(B, A).

Now, we give two important properties of the capacity based on Lemma 0.8. The
first is a somewhat unexpected property in view of the definitions (0.12) and (0.16)
of capacities.

Proposition 0.9. For two non-empty and disjoint subsets A and B of H, it holds
that
cap(A, B) = cap'(A, B) .

Proof. We first claim that, for all z € A and y € B,
M(2)Py [t8 <74, B="Ty] = M(y)]P’L [Ta<1d, TA="Ta] . (0.17)

To prove this, we write the left-hand side as

0 T-1
> M(x) ] plwr, wita) , (0.18)
T=1(w)T_jwo=z,wr=y t=0

where the summation is carried out for the paths (w;)_, such that p(w:, wiy1) > 0
for all t € [0, T — 1]% and w; ¢ AUB for all t € [1, T — 1]. By (0.9), we have

T-1 T-1
M (x) H pwe, wig1) = M(y) H P (wer, wr) -
t=0 t=0

Therefore, we can rewrite (by reversing the path) (0.18) as

o0 T-1
Z Z M(y) H PT(Wn wit1)
T=1 (wt)z;ozwo:y, wr=x t=0

where the summation is carried out for the paths (w;)L o such that p'(ws, wir1) >0
forallt € [0, T — 1] and wy ¢ AUB for all t € [1, T — 1]. By the same reasoning
as above, this corresponds to the right-hand side of (0.17). Hence, we have proved
(0.17).

3Here, for integers a and b, [a, b] denotes [a, b] N Z.

14



Therefore, by Lemma 0.8,

cap(A, B) ZZM TB<TAaTB—Ty]

zeAyeB

—ZZM TA<TB,T_A—Tx]

reAyEB
—ZM TA<TB] = cap! (B, A) .

yeB
Now, it suffices to recall (0.13). O

Proposition 0.10. Suppose that A" and B' are non-empty disjoint subsets of H.
Let A and B be non-empty subsets of A" and B', respectively. Then, it holds that

cap(A, B) < cap(A’, B') . (0.19)

Proof. It suffices to prove that, the capacity is monotone in the second argument,
ie.,

cap(A, B) < cap(A, B') , (0.20)

since by the symmetry (0.13), we can proceed as
cap(A, B) < cap(A, B') = cap(B', A) < cap(B', A') = cap(A’, B') ,

provided that we have (0.20).
Now, let us prove (0.20). By Lemma 0.8, it suffices to prove

ZM oms < Th] < ZM e < T4]-
z€A zeA

Since B C B, we trivially have P,[mp < 74| < P.lrs < 7] O

In the investigation of the mixing property of Markov processes, use of the ca-
pacity defined above is crucial, and its (more of less accurate) estimation is required.
The definition of the capacity given above is easy to understand, but it is not suit-
able for the estimation. Instead, the variational expression known as the Dirichlet
and Thomson principles are typically used in the estimation of the capacity. The
remainder of Part 1 is devoted to explain this strategy.

To explore this advanced strategy to estimate the capacity, we need to reinterpret
the capacity in the context of flow structure explained below. We refer to [24, 57, 40]
for more comprehensive discussions on the flow structure of Markov processes, and
to [37] for the flow structure of diffusion processes.

15



0.3 Flow structure for reversible case

Since the flow structure is clearer when the Markov process X (-) is reversible, we
start with this case. The general case will be treated in the next subsection.
Let us assume throughout this subsection that X (-) is reversible, i.e., (0.4) holds.
For z, y € H, we write  ~ y if r(z, y) > 0. Since r(z, y) > 0 if and only if
r(y, ) > 0, we observe that  ~ y if and only if y ~ x. Then, we define the set of
directed edges by
C={(z,y) e HxH:x~y}. (0.21)

Note that (z, y) € € if and only if (y, ) € € by the previous remark.
A function ¢ : € — R is called a flow if it is anti-symmetric, in the sense that

QS(J', y) = _¢(y> ZE) for all T,y € H.

Here, ¢(z, y) is indeed a shorthand of ¢((x, y)). This is called flow, since the
quantity ¢(z, y) represents the flux of the flow from site = to y (and hence should

be _¢(y7 JI))
The divergence of the flow ¢ at site x is defined by

(dive)(@) = 3 o, 1),
Yo~y
and represents the amount of the net flow coming from z. For A C H, define
(divg)(A) = ) (dive)(@) .
€A

A flow ¢ is called divergence-free at x € H if (div¢)(x) = 0, and is called divergence-
free on A C H if (dive)(z) =0 for all z € A.

Now, we define an L2-structure on the space of flows. Define the conductance
between the sites as

c(z,y) = plx)r(z,y) ;xz,yeH, (0.22)

so that ¢(x, y) = ¢(y, x) by (0.4). Denote by § the space of flows. For ¢ € § and
1 € §, define an inner product

The flow norm of a flow ¢ is naturally defined by [|¢]lz = (¢, ¢)y .

16



Example. For f:H — R, we define a flow ¥ as

Vi(z, y) = clz, Y)[fly) — f(x)] ; (z,y) €. (0.24)

The anti-symmetry, i.e., U¢(x, y) = —V(y, ), is a consequence of (0.4). A crucial
feature of this flow is the fact that

14115 = 2(F) (0.25)

which follows from (0.7), (0.22), and (0.23). Thus, for any two disjoint and non-
empty subsets A and B of H, we have

19h4 515 = cap(4, B) . (0.26)
This fact will be critically used later to derive the Thomson principle.
Now, we can observe the following elementary properties.

Proposition 0.11. With the notations as above, the followings hold.

1. Forall f:H—R andx € H,

(div¥y)(z) = p(z) (ZLf)(@) .
In particular, for two disjoint non-empty subsets A, B of H, the flow Wy,  is
divergence-free on (AU B)°.
2. Forall f: H— R and ¢ € §,
(Uf, @) ==Y flz)(dive)(z) .

TEH

Proof. The proof follows from elementary computations. For the first assertion of

(1),
(divep)(z) = > Up(z,y) =Y clz, y)[f(y) — f(2)]

Y~y yeH

= (@) Y _r(z, y)[f () — f@)] = pl@) (L) (@),

yeEH

where the second equality holds since for y such that = ¢ y, we have ¢(z, y) = 0.
The second assertion of (1) follows directly from (0.11).
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For (2), by the definition of Wy,

Wy oy =5 O ol p)lfw) ~ f@] =3 3 F@)s(, v)

(z,y)e¢ TEH Y:Yy~T

==Y f(x) (dive)(z) .

zeH

0.4 Flow structure for non-reversible case

Now, we turn to the general case that is developed in [24]. We say that = ~ y
if r(x, y) + r(y, ) > 0. Similarly as before, z ~ y if and only if y ~ z. With
this modified equivalence relationship, we define € as in (0.21), and then the flow
is defined as anti-symmetric functions on €. The divergence is also defined in an
identical manner.

The difference now appears at the inner product structure. Recall (0.22) and
define

E(, y) = 3le(e, ) + ey, )] = 5, v) + )iy, 2)

so that ¢*(z, y) = ¢*(y, ). Then, the inner product is defined by

Z G CS oo vl y) (0.27)

(xyet‘f xy

Note that this definition is in accordance with (0.23) in the reversible case. Then,

the flow norm is again defined as ||¢||z = (¢, ¢>1/2

Example. For f : H — R, define three flows as

(
c(z, y) — f(2)cly, =), (0.28)

Note that the definition of Wy is in accordance with (0.24), and moreover we have
@y = @} = Uy in the reversible case. We remark that the relations (0.25) and (0.26)
are still in force in this case. However, unlike the reversible case, the expression (0.26)
for the capacity is not sufficient to derive the Dirichlet and Thomson principles, and
hence the flows ®; and <I>;Z have to be crucially used.

We conclude this subsection with the following proposition, which summarizes
several elementary properties that will be useful later.
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Proposition 0.12. With the notations as above, the followings hold.
1. Forall f:H —R and x € H,

(div @5)(z) = p(@) (LTf) (@) and (div })(z) = p(z) (Lf)(x) -
In particular, for two disjoint non-empty subsets A, B of H, the flows @,
A, B

and @}‘LA’B are divergence-free on (AU B)°.

2. Forall f:H—R and ¢ € §,

(Uf, @) =— > flz)(dive)(z) .

rEH

3. Forall f,g: H—R,

<\Ilf7 (I)g>g = <_$fa g>M and <\Pf’ @;>3 = <_$Tf7 g>,u .

Proof. Proofs of (1) and (2) are similar to those of Proposition 0.11 and hence are
left to the readers. For (3), we first consider (g, ®4)-. By part (2), we can write

(Uy, @ Z fz) (div®y)(z) .

z€EH

Applying part (1), we get

Wy, @y == 3 f() nle) (£9)(w)] = (f, ~2Tg)

TEH

Now the proof is completed by recalling (0.8). The proof for (¥, <I>;> 5 s identical
and will be omitted. ]

0.5 Application of potential theory: an example

Before proceeding further regarding variational expression of the capacity, we explain
an application of the potential theory in the estimate of expected hitting time or
related quantities (see discussions after Proposition 0.14).

We fix two non-empty and disjoint subsets A and B of H throughout this sub-
section. We define the so-called equilibrium measure between A and B on A with
respect to the process X (-) as

M(z) P8 < Tj[]

va B(z) = cap(A, B) sxeA.
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By Lemma 0.8, v4 5(-) is a probability measure on A. Similarly, we can define the
equilibrium measure VL 5(+) with respect to the adjoint process XT(-):

M(z)Plrs < 7]
t _ Al
asl = A B

reA, (0.29)

where M (x) and cap(A, B) are not changed since M (-) is still the invariant measure
for the embedded chain of the adjoint process and since Proposition 0.9, respectively.

Remark 0.13. 1. Define the boundary 0.A of A as
OA={z e A:r(z,y) >0 for some y ¢ A} .

Note that we have P[5 < 7{] = 0 for € A\ A. Hence, the measure v4, 3
(as well as 1/:[4 ) is concentrated on the boundary d.A.

2. If A = {a} is a singleton, the measure v4 g is merely the Dirac measure on
{a}.
For a probability measure 7 on H, denote by P, the law of the process X (-)
when X (0) is distributed according to m, and by E, the associated expectation. The
following proposition is the main result of the current subsection.

Proposition 0.14. For any f: H — R, we have that

mB{/ Fx ] <thB>- (0.30)

cap(A, B)

Before proving this proposition, we explain several direct applications of this
proposition. First, we take f =1 to deduce

f X
E, [rs]= D zen hA,B(l")M( )

Va5 N cap(A, B) (0:31)

Moreover, by taking A = {z}, the left-hand side becomes the mean hitting time
E, [r5] (cf. Remark 0.13-(2)), and thus we obtain

Coen ML, s(@)i(@)

E- 7] = cap(z, B)

(0.32)
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Note from (0.11) that

Yo by p@n(@) = u(A)+ Y bl @) < p(d) +p((AUB)) = 1—u(B) .
z€H z€(AUB)°

(0.33)

Hence, by deriving a lower bound on cap(.A, 1), we can obtain an upper bound on

the expectation E + [75] of the hitting time from (0.31). In the next two sections,
A, B

we will discuss how to get a lower and an upper bound on cap(A, B). Of course, in
the real application, we may need more refined estimates than (0.33) by studying
the equilibrium potential.

Next, by taking f = 1¢ for some C C H \ B, the previous proposition becomes

s  Ysechly p(@)p(@)
EVL,B [/0 lc(X(t))dt] = cap(.A, B) .

The left-hand side now measures the amount of time the process spends on C before
arriving at B. For this setting, the numerator of the right-hand side can be trivially
bounded from above by ;(C) since h;} g < 1. Now, let us return to Proposition 0.14.
The following is from the arguments given in [2, Proof of Proposition 6.10] and [3,
Proof of Proposition A.2].

Proof of Proposition 0.14. 1t suffices to prove the proposition when f =1y, for all
z € H. Let us fix z € H. If z € B, both sides of (0.30) are trivially 0, and hence we
can assume z € H \ B.

Since the embedded chain is obtained from the original Markov process via the
time changing, we have

Wiy (2) = Pllra < 18] = Pi[F4 < 78] ,

where the hitting time and the return time appearing on the right-hand side are
computed with respect to the process XT(-). Write

Ly g =sup{n > 0: Xf(n) e Aand n < 75},

where we use the convention that sup ) = —oo. With these notations, we can rewrite
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hAB() TA<7’B Z]P)TLAB—H

= Z STBHXT(n) =y, n < 78] B} 75 < 7]
n=0ycA

=" |Bl[7s < 7] ZPTXT Y=y, n<75]| , (0.34)
yeA

where the second equality follows from the Markov property.
For u,v € H\ B and n > 0, denote by P(u, v;n, B) the collection of paths

(wg, wy, -+, wy) such that wy = u, w, = v, and w; ¢ B for all 0 < i < n. Note

that

(wo, wi, -+, wy) € P(u, v;n, B) if and only if (wy, w,—1, ---, wy) € P(v, u;n, B) .
(0.35)

With this notation (noting that we assumed z ¢ B), we can write

n—1

M()BLR (1) = y, n < 7] = > S M (w)p (i, wirn)

(wo, w1, -+, wn)EP(2,yin, B) i=0
(0.36)
Hence, we can deduce from (0.9), (0.35), and (0.36) that if y € A, then

PN n—1

M(Z)PE[XT(’Q) =y, n< ?B] = Z Z M(wi“)p(w”l, wi)
(w07w17" wn)EP(Z yin, B) 1=0
n—1

= > M (w))p(wf, wis)

(w(’),w’l, ~'~,'LU£L)€P(y,Z;TL, B) i=0
= M(y)P,[X(n) =z, n <75,
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Inserting this into (0.34), we get

hlip(z)=> [%EZ;@M?B <F) By[X(n)=zn< ?B]]

7p—1
> 1{X(n) = z}] : (0.37)

where the second equality follows from the explicit formula (0.29), while the last
equality follows from the Fubini theorem. Since if the original chain X (-) arrives at
z, then it spends mean A(z)~! exponential random time there, and hence we can
conclude that

B, [t o] = 58,

Ya,B

i 1{X(n) = z}] :

n=0

Inserting this to (0.9), we get

5 )k 52)
e ) Ho 0] =

This completes the proof of proposition when f =1¢.,, and we are done. O

Remark 0.15. One can expect that a quantity such as E, [73] is closely related with
the mixing of the Markov process X (-). This relation has been explained in [42,
Chapters 9 and 10]. The potential-theoretic notions are closely connected with the
mixing of Markov chains.

0.6 Bound on equilibrium potential via capacities

Let us again fix two non-empty and disjoint subsets A and B of H. We know that
ha,p=1o0n Aand hg g =0 on B, but the value of hy g on (AU B)¢ is described
only in terms of the Laplace equation (cf. (0.11)), and hence the exact value is
almost impossible to compute in most applications. However, in many instances,
we need to bound the value of hy g on (AU B)¢ to carry out an estimation. For
example, with such a bound, we can carry out a much better estimate in (0.33).

In this subsection, we present the following useful upper bound on the value
of ha,g on (AU B)¢ in terms of capacities. This bound will be frequently used in
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various situations. The following proof is an excerpt from [32, Section 3].
Proposition 0.16. We have that

cap(z, A)

W fOT’ allmG(AUB) .

ha B(x) <
Proof. Fix x € (AU B)¢. By the strong Markov property, we can write

PI[TA < TB] = Px[T; < TAUB, TA < TB} —I—PI[T; > TAUB, TA < TB]
= ]P)x[’f;_ < TauBIPe[TA < 78] + Pulra < T8 < 7] .
Therefore, we have that

Pulra < 78 < 7]
Px[Tg_ > TAUB]

P71, > 74]

P.lra < 78] = <

Pw['r; > TAUB] ‘
The proof is completed since by Lemma 0.8,

cap(z, A) = M (x)P,[r,;f > 74] and
cap(z, AUB) = M (2)P[1] > Taus] -

O

We note that, in view of Proposition 0.9, the same result holds for hj&l z(x) in

place of hy p(x). In addition, the bound obtained in the previous proposition is

particularly useful since there are numerous robust tools to estimate capacities. We

discuss such robust tools in the following sections.
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1 Dirichlet and Thomson Principles

In the application of the potential theory, it is important to (more or less precisely)
estimate the capacity. Classic tools for this purpose are the Dirichlet and Thomson
principles that we introduce in this section.

Let us fix two disjoint and non-empty subsets A and B throughout the section.
Then, we explain strategies to estimate the capacity cap(.A, B).

1.1 Spaces of functions and flows

To explain the variational principles for capacities, we need to define classes of
functions and flows as follows:

e For real numbers a and b, denote by €, (A, B) the set of all real-valued
functions f on H satisfying f|4 = a and f|p =0, i.e.,

Cop(A,B)={f:H—=R: f(z)=a,Vr € Aand f(z) =b, Yz € B} .
e For a € R, let 4, (A, B) be the set of all flows ¢ € § which are divergence free
on (AUB)C, i.e.,

(div¢)(z) =0 for all x € (AU B)°,

and satisfy
(divg)(A) = —(dive)(B) =a.

In particular, a flow belonging to i; is called a unit flow.
Example 1.1. The equilibrium potential h 4, g belongs to the class €; o(A, B).

Exercise 1.2. 1. Suppose that the process X(:) is reversible. Prove that the

flow
1

=7V 1.1
VA B cap(A, B) ha, s (1.1)
is a unit flow between A and B. (Hint: Proposition 0.11-(1))

2. Suppose that the process X (-) is non-reversible. Prove that the flows

1 1
= d ¢Yp=—"—"7—759;
oA B cap(A, B) Mg O a5 cap(A, B) has

are unit flows between A and B. (Hint: Proposition 0.12-(1))
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1.2 Dirichlet and Thomson principles: reversible case

We begin with the Dirichlet and Thomson principles for reversible Markov processes.
Hence, in this subsection, we temporarily assume that the process X (-) is reversible.
The Dirichlet principle provides a minimization problem for the capacity.

Theorem 1.3 (Dirichlet principle for reversible Markov processes). We have that

— inf
cap(A, B) e s 2(f) ,

and the unique minimizer is given by f = ha p.*
Proof. Let f € €1,0(A, B). Then, write g = f —h. p so that g € € o(A, B). Then,

2(f) = (has+9, =L (has+9)),
= D(ha,B)+2(g9) —2(9, Lhas),
where at the second equality we used the reversibility which implies the self-adjointness
of Z. Since g = 0 on AUB, and since Zh 4 g = 0 on (AUB)°, we get (g, DS,”hA7B>“ =
0. Therefore,
D(f) =2(ha,B) + 2(g9) 2 Z(ha,B) (1.2)

and the equality holds only when Z(g) = 0, i.e., when g is a constant function.
Since g € €p,0(A, B), g must be the zero function to obtain the equality in (1.2).
This completes the proof. ]

On the other hand, the Thomson principle provides a maximization problem for
the capacity.

Theorem 1.4 (Thomson principle for reversible Markov processes). We have that

1
cap(A, B) = sup 05,
et (4,8) 10113

and the unique mazimizer is given by ¢ = Y4, 5 (cf. (1.1)).

Proof. Let ¢ € $41(A, B). By Proposition 0.11, we have

(Vo 8)g == 2 has(@) (dive)(z) = = > has() (dive)(z) ,

zEH zeA

“Note that ha, g € €1,0(A, B) as we observed in Example 1.1.

26



where the second equality holds since hy 3 = 0 on B and diveg = 0 on (AU B)°.
Since h4,p =1 on A and since (div¢)(A) = 1, we can conclude that

<\IjhA,B’ ¢>g =-1.

By the Cauchy—Schwarz inequality and (0.26),
2
L= (Um0 0)5 < Wy sl3 1015 = cap(A, B) [|g]l3 -

This proves cap(A, B) > W Since the equality of the previous Cauchy—Schwarz
3
inequality holds only when ¢ = ¢V, , for some ¢ € R, we must have ¢ = ¢4 5

since ¢ is a unit flow. O

Remark 1.5. At this point, it is now clear how to use the Dirichlet and Thomson
principles to estimate the capacity. If we take any test function f € €; o(A, B) and
any test flow ¢ € 4y (A, B), we can deduce from Theorems 1.3 and 1.4 that

1

—— < cap(A, B) < 2(f) .
el3

If one wants these lower and upper bounds to be sharp, it is necessary to take f and
¢ as objects close to the genuine optimizers, namely, as f ~ hg 5 and ¢ =~ V¥4 5.
For a concrete example of such a construction, we refer to [38].

We note that there is no special technical difficulty in finding such a test func-
tion. On the other hand, constructing an appropriate test flow is fundamentally
more difficult, since the object that we constructed as a test flow must satisfy the
divergence-free condition on (A U B)¢, and there is no trivial way of defining such
an object. This issue will be discussed in more detail in the next section.

Remark 1.6. In the reversible case, there is an alternative way, based on a Cauchy—
Schwarz-type argument, of obtaining a lower bound for the capacity without relying
on the Thomson principle. More precisely, if we are able to prove that 2(f) is
bounded below by a constant ¢ for all f € €; o(A, B) via the Cauchy-Schwarz
inequalities, then by the Dirichlet principle we have the lower bound 2(f) > c.
This bound can be sharp if we apply the inequalities in a careful manner. We refer
to [5, 9, 14] for examples of this method. This method is difficult to use when the
underlying energy landscape is complicated.

1.3 Dirichlet and Thomson principles: non-reversible case

The Dirichlet and Thomson principles were known only for the reversible case, but
recently the corresponding principles for the non-reversible case have been revealed.
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The following theorem is a summary of these results. We no longer assume that the
process X (-) is reversible.

Theorem 1.7. The following variational expressions for the capacity hold.

1. It holds that

a4 B = n ®p -0, 1.3
P 5 FEC1 0(A, B), ¢€tln(A, B) 125 = 4l (1.3)
and the unique minimizer is given by
has+hly s ®ul .~ Phas
o= ( 5T ) (1.4)
2. It holds that
1
Cap(Ay B) = Sup (15)

9€€0. o(A, B), vt (A, B) || Pg — PI[? .

and the unique mazimizer is given by

( 1/}) . h&,g - hA,B (I)hl"B + @ZA,B
9 ¥ = 2cap(A, B) ’ 2cap(A, B)

(1.6)

In the previous theorem, the Dirichlet principle (1.3) and the Thomson principle
(1.5) were established in [24] and [57], respectively. Note also that

b — P b + P
R 5 ha,s Rl 5 ha s
A4k 7 B d - B
5 € (A, B) an 2cap( A B) e (A, B)

follows from Example 1.2. We now turn to the proof.

Proof. Let f € &€, o(A, B). By Proposition 0.12-(3), we have that

(Wna s ®p)s = (~ZLhas, ), =Y f@)(~Lhas)(@)u(x).
z€H

Since —Zha g =0on (AUB)® and f = aha g on AU B, we can conclude from the
previous identity that

(Vha s )y =a > ha (@) (—Lhap)(x)u(x)
zeA

=a%(ha,B) =acap(A, B) . (1.7)
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Let ¢ € 4,(A, B). Then, by Proposition 0.12-(2),

(Uhas @)=~ > hap() (div¢)(x) .

zeH

Since divgp =0 on (AUB)° and hg =14 on AUB,

(Whaw 8); = — > _(divg)(z) = ~(dive)(A) = —a, (1.8)

zeA

where the last equality follows from ¢ € ,(A, B).
Now, we first look at (1). If f € €; (A, B) and ¢ € Ly(A, B), then by (1.7) and
(1.8),
(Uhy 5 P — ¢>g = cap(A, B) .

By the Cauchy—Schwarz inequality,

cap(A, B)? = (Wn, 5, O — ¢>§ < Wha 53 195 — 0lIF = cap(A, B) [ — o] -

Therefore, we get ||®f — ¢||§ > cap(A, B). The equality holds only when ®; — ¢ =
cVp 4 p for some ¢ € R. By carefully analyzing this restriction, we can conclude that
equality holds only for (1.4).
Next, we consider (2). If g € €y o(A, B) and ¢ € 4l;(A, B), then again by (1.7)
and (1.8), we get
<\I/hA,B7 Py — w>g =-1.

Thus, by the Cauchy—Schwarz inequality,
2
1= <\IIhA,B7 (I)g - ¢>5 < H\IIhA,BH% ”(I)g - T/JH% = Cap(.A, B) H(I)g - "tﬁH% .

Hence, we get cap(A, B) > [|[®,—¢[5 2. One can also readily check that the equality
holds only for the selection (1.6). O

Now, Theorem 1.7 can be used to estimate the capacity in the non-reversible
case in the same manner as Remark 1.5. We note that now divergence-free test
flows are needed for both upper and lower bounds, and thus we must address this
technical issue directly to use these principles. Note that, in the non-reversible case,
an argument such as Remark 1.6 does not exist.

Remark 1.8. In fact, Proposition 0.10 for the reversible case is a consequence of
the Dirichlet principle (Theorem 1.3), since we have €; o(A’, B') C €1 o(A, B) if
A cC A and B ¢ B. On the other hand, for the non-reversible case, we do not
have such a simple argument since it holds that $lo(A, B) C Uy(A’, B') instead of
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$o(A', B) C 8o(A, B).

1.4 Comparison result for capacity

One can observe from the Dirichlet and Thomson principles that the capacity esti-
mates of non-reversible processes are far more complicated than those of reversible
processes. Hence, if one only needs a rough capacity estimate of a non-reversible
process, it would be very handy if a comparison result between the capacity of a
reversible process and that of a non-reversible one exists. In this section, we provide
such a result based on the Dirichlet principle. This comparison result will be used
in Part 3.
Define a symmetrized rate as

iz, y) = w(@)r(z, y) + pu(y)r(y, ©)] 5z, yeH,

2p()
and let (X*(t))¢>0 be a continuous-time Markov process on H with rate 7°(-, -). One
can observe now that the following detailed balance condition holds:

w(@)rs(z, y) = py)r*(y, =) .

Hence, u(-) is the invariant measure for the process X*(-), and furthermore X*(-) is
a reversible process.

We write hf4, 5 and cap®(A, B) the equilibrium potential and the capacity, re-
spectively, with respect to the process X*(-), for two disjoint and non-empty subsets
A and B of H. One can easily check that the Dirichlet form of this symmetrized
process is still Z(-) (cf. Remark 0.3).

Since X*(-) is reversible, it could be much simpler to estimate cap®(A, B) than
to estimate cap(A, B). The purpose of this subsection is to compare these two
capacities.

Firstly, we can show that the symmetrized capacity is always smaller.

Proposition 1.9. For any two disjoint and non-empty subsets A and B of H, it
holds that
cap®(A, B) < cap(A, B) .

Proof. Since ha g € €1,0(A, B), by the Dirichlet principle for reversible processes
(Theorem 1.3),

cap®(A, B) = 2(f) < Z(ha,) = cap(A, B) .

inf
fe€i,0(A, B)
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We next investigate the opposite bound. To this end, we have to introduce the
sector condition.

Definition 1.10. A Markov process X (+) is said to satisfy the sector condition with
constant Cy > 0 if

(f, —Zg)% < Co2(f)2(g) (1.9)
forall f, g:H — R.

Heuristically, this is called the sector condition since the eigenvalues of .Z satis-
fying (1.11) are located on a certain sector at the complex plane originating from 0.
In this sense, one regards a Markov process with the sector condition as a process
which is not far from reversibility. A huge class of Markov processes under con-
sideration satisfies the sector condition. We shall check, for instance, whether the
non-reversible zero-range process considered in Part I1I satisfies the sector condition
(cf. Proposition 16.1).

Exercise 1.11. If X (-) is reversible, prove that one can write

(f, ~Zg), = % SO ul@)r(, v)(gy) — 9(@)(fy) - fx) (1.10)

reH yeH
and therefore X (-) satisfies the sector condition with constant 1.

Remark 1.12. Of course, if X(-) is non-reversible, the expression (1.10) does not
hold, and therefore checking the inequality (1.9) is not trivial at all. To check (1.9),
one usually proves inequality of the form

(f, =Z9), < C12(f) + C22(9) (L.11)

for some constant C', Co > 0 for all f, g : H — R. We first note that the inequality
(1.9) is trivial if f or g is a constant function (cf. Exercise 0.2). Otherwise, inserting

f=+C22(g)f and g := /C12(f)g to (1.11), we get

VOIC2(£)2(9)(f, L), < 2C1C22(f)2(9) -

Therefore, we can conclude that X (-) satisfies the sector condition with constant
4C1Cs.

Now, we are ready to establish the opposite bound of the one established in
Proposition 1.9.
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Proposition 1.13. Suppose that a Markov process X (-) satisfies the sector condition
with constant Cy > 0. Then, we have that

cap(A, B) < Cycap®(A, B) .

Proof. We may assume that cap(A, B) > 0, as otherwise the inequality is trivial.
We first note that

Cap(Aa B) = <h.A,Ba _Zh.A,B>M = <hf4,Ba _gh.A,B>M ’

where the second equality holds since Zha,5 =0 on (AUB)® and ha g = h3 5 on
AU B. Therefore, by the sector condition,

cap(A, 8)2 < CoZ2(hy, )2 (ha,B) = Cocap®(A, B)cap(A, B) .

Dividing both sides by cap(A, B) > 0 completes the proof. O
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2 Generalized Dirichlet and Thomson Principles

Let us fix two disjoint and non-empty subsets .4 and B3 of H. In the previous section,
we explain a general strategy to estimate or bound the capacity cap(A, B) based on
the Dirichlet and Thomson principles. To apply this strategy, one has to construct
suitable test functions or test flows. As we have mentioned earlier, the Thomson
principle for the reversible case and the Dirichlet and Thomson principles for the
non-reversible case require us to construct a test flow which must be divergence-free
on (AU B)¢ which is a major technical problem in applications of these method. In
this section, we introduce alternative variational principles that do not require us to
construct a divergence-free flow, and hence are suitable for many applications.

2.1 Reversible case

Let us start by considering the reversible case. Hence, we assume in this subsection
that the process X (-) is reversible. We also emphasize that we do not need to develop
a generalized Dirichlet principle, since the Dirichlet principle for reversible Markov
processes is not involved with the flow structure.

The generalized Thomson principle is given as follows. We write §¢ the collection
of non-zero flows, i.e.,

So={o €T :[¢llz >0} .

Theorem 2.1 (Generalized Thomson principle: reversible case). It holds that
2

cap(A, B) = sup 12[ S b () (dive) (@) | - (2.1)
95

PESo oEH
Moreover, the optimizers are given by ¢ = cWp, 5, ¢ # 0.

Proof. By Proposition 0.11-(2), we have that

(Whaws 8)5 = = Y ha () (dive)(z) -

zeEH

Thus, by the Cauchy—Schwarz inequality, it holds that

2
[Z ha 5(x) (div ¢)(m)} = (Un, 5 0);

z€EH
<N 513 10115 = cap(A, B) |63 -
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Hence, it holds that

2

cap(A, [ Z ha, () (div¢)(z)

B)
- H¢Hg

From the Cauchy—Schwarz inequality, it is clear that the equality holds only for
¢=cYh, 5 c#0. O

The advantage of this generalized Thomson principle is very clear. We no longer
impose the divergence-free condition on test flows, and hence any flow approximating
ha B (eg., ‘l’hA,B) can be used as a test flow. For instance, if one constructed a test
function f approximating h4 5 and obtained an upper bound on the capacity by
injecting this test function f to the Dirichlet principle, then one can also use ¥, as
the test flow in this generalized Thomson principle. If we encounter a technical issue
in a certain region, we can modify the flow accordingly in this region to obtain a
test flow. This idea was used in [27] to analyze the metastability of Ising and Potts
models on large, fixed lattices without external fields. For this model, the energy
landscape is extremely complex, and it is very difficult to construct a divergence-free
flow. We explain a special case of this result in Part II.

Clearly, the crucial disadvantage of the generalized Thomson principle is the
appearance of the equilibrium potential in the variational principle. Hence, this
generalized version turns the difficulty stemming from the divergence-free restriction
to the difficulty of handling the equilibrium potential. Of course, Proposition 0.16
plays an important role in controlling the equilibrium potential.

2.2 Non-reversible case

Now, we no longer assume that the process X (-) is reversible. Then, the variational
problem becomes more complicated.

Theorem 2.2. The followings hold.

1. (Generalized Dirichlet principle) We have that

cap(A, B) = inf {H‘I’f =l =2 ha () (div ¢)($)} ,

f€C€1,0(A, B), €T x€H
(2.2)

and (1.4) is a minimizer.
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2. (Generalized Thomson principle) We have that

2
1
cap(A, B) = sup ha p(x)(divy)(z)| , (2.3)
9€€0.o(A, B), veo || Py @y — ¥[[2 ;
and the constant multiples of (1.6), i.e.,
P iy
os T

hA 5—haB ha, s
(9, ) = ( 2cap(A, B) ’ ¢ 2cap(A, B) ) » 70 (24)

are marimizers.

Proof. In the proof of Theorem 1.7, we showed that for f € &, (A, B),

<\IjhA,B’ (I)f>&, = acap(A, B) . (2.5)

On the other hand, by Proposition 0.12-(2), we have

(Whau )s == ha () (dive)(x) . (2.6)

z€eEH

For part (1), let f € &, (A, B). Then, by (2.5) and (2.6),

(Who s P = @) = cap(A, B) + Y has(x) (dive)(z) . (2.7)
TeH

Furthermore, by the Cauchy-Schwarz inequality and (0.26) (which still holds for
non-reversible processes)

2
(Uha s @5 = 0)5 < [ Wny sll5 195 — 05 = can(A, B) @5 — I3 - (2.8)
By (2.7) and (2.8),

cap(A, B) |5 — ¢|[3 > cap(A, B)? + 2cap(A, B) Y _ hu p(x) (div ) (z) .
zeH

Thus, part (1) is proved if we check that the equality holds for (1.4).
The proof of part (2) is similar. For g € €y o(A, B), again by (2.5) and (2.6), we
have

(Wha s B =) = > has(e) (dive)(@) .

x€EH

Hence, by the computations as before, the proof of part (2) is completed. O
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Remark 2.3. We did not attempt to characterize all the optimizers in the previous
principles.

When we use these principles, it is important to control terms of the form

S ha,s(a) (divg)(x)

zeH

For the Thomson principle, we used %, instead of ¢, to denote the test flow, but
in what follows we denote by ¢ the flow for the Thomson principle as well for
convenience.

Indeed, this is trade-off in order to avoid the construction of a divergence-free
flow. By the property of the equilibrium potential (cf. (0.11)), this summation can
be decomposed into

(dive)(A) + D has@) (dive)(e).

ze(AUB)e

If we take the test function and flow as a good approximation of the optimizers (1.4)
and (1.6), we have (div ¢)(A) ~ 0 for the Dirichlet principle and (div ¢)(.A) ~ 1 for
the Thomson principle. Since ¢ can be approximately divergence-free on (AU B)¢,
we also have

> has(x) (dive)(z) ~0.

z€(AUB)°

Since the equilibrium potential is trivially bounded by 1, we may hope

Y. Idivg)(z)| ~0,

ze(AUB)°

but in general it may not be true (since there are too many elements in (AU B)°).
Instead, we need to decompose (LA U B)¢ into two regions C; and Ca so that

> l(dive)(z)| ~0,

zeCy

but on Cy the summation is small because hy4 g is small. To prove that hg g is
sufficiently small, Proposition 0.16 can be useful.
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3 Collapsed Processes

In this section, we introduce the notion known as the collapsed process, which is
essentially obtained by contracting a subset £ C H to a single point e¢. This process
was introduced in [24] to study the Dirichlet principle for non-reversible processes.
Moreover, in [40], it is observed that the collapsed process is a crucial notion (along
with the capacity) in the precise estimate of the so-called mean jump rate, which is
key to the martingale approach of metastability (cf. [2, 3, 4]).

In this section, we fix a set £ C H. We note that the contents of the current
subsection are from [40, Section §].

3.1 Definition of collapsed process

As mentioned earlier, our aim is collapsing a set £ into a single point ¢. To this end,
let us first define the state space H = (H\ ) U{e}. Then, (recalling that u(-) is the
invariant measure for the process X (-)) define a rate 7 : H x H — [0, 00) as

=3I

(z,y) =r(x, y) forz,ye H\E,
(,¢) =3 cer(m, 2) forz e H\E, (3.1)
(¢, Y) = gy Lnee H(2)r(2,y) fory e H\E .

=l

i

The collapsed process is defined as a continuous-time Markov process (X (t));>0 on
H with rate 7(-, -).

Denote by P, the law of X (-) starting from x, and by % and 2(-) the generator
and the Dirichlet form corresponding to the collapsed process X (-), respectively.
Define a probability measure 7i(-) on H as

{,u(a:) w(x) frxeH\E, (3.2)

ile) = u(e).
Exercise 3.1. Answer the following questions.
1. Prove that the measure 7i(-) is the invariant measure for the process X (-).

2. Prove that the process X () is reversible if the process X (-) is reversible. Is
the converse true?

3.2 Flow space of collapsed process

Next, we investigate the flow structure with respect to the collapsed process X (-).
For x, y € H, we defined the conductance between x and y with respect to the
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original process X (-) as (cf. (0.22))

oz, y) = p(@)r(z, y) .
Similarly, for =, y € H, we define the conductance with respect to the collapsed
process X (+) as

cx,y) = plo)r(z, y) .
Then, by (3.1) and (3.2), this conductance ¢(-, -) can be rewritten as

e(z, y) = c(z, y) for z, y e H\ E,
c(x,e) =) cec(x, z) forzeH\E, (3.3)
E<e7 y) - ZZES C(Z, y) for yeH \ €.

Define the symmetrized conductance as

&, ) = 5o, v) + ey, 7)) wy A

For =,y € H, we write z ~ y if ¢¥(z, y) > 0. Since ¢(z, y) = ¢*(y, =), we
observe that x ~ y if and only if y ~ x. Then, the set of directed edges are defined
by

E={(r,y) eHXxH:z~y}. (3.4)

As before, we can define a flow structure on the set § of flows on € which are anti-
symmetric functions on . Then, we can induce the Hilbert space structure on J,
as we did in Sections 0.3 and 0.4. Denote the corresponding inner product and the

flow norm by (-, ->§ and || - ||§, respectively. In particular, we can write

Ly dmaitny)

(zyeﬁi

ol2-3 ¥ S y

(xyee

For each flow ¢ € §, define the collapsed flow ¢ € § by

o(x, y) = ¢(x, y) forz, y e H\E,
o(z, ¢) = Yoced(x, z) forzeH\E, (3.5)
ble,y) =2 ce bz, y) foryeH\E.
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Exercise 3.2. Prove that
{(divqb)(x) = (div ¢)(z) forzeH\E, (36)
(divg)(e) = (div ¢)(£) -
The following contraction property of the flow norm is useful later.
Lemma 3.3. For all ¢ € § and its collapsed flow ¢ € §, it holds that

ollz < ll¢ls -
Moreover, the equality holds if and only if
{Cf)(fza y) =0 ifx,ye &, and
Y)

oz, ¢(z’, v) ify €& and x, 2’ € H\ E satisfies x ~ da' ~ (3.7
s (z,y)  @,y) Y ) yandx' ~vy.

Proof. Decompose the flow norm of the flow ¢ as

A A
2 1 3
6l = 52+ 40 + 22,

where

Ay

(z,y)€C:m, ye H\E ¢ ({L‘, y)
2
x?
Ay — 3 <bs( y) 7
z,y)EEC:zeH\E, ye€

AS _ Z ¢($, y)2 .

s
(z,y)€C:x, yc& ¢ (x7 y)

and

Then, decompose the flow norm of the collapsed flow ¢ as

where

|
o

I
BN
8
<
e

(z,y)EC:x, yEH\E

Ay = Z %(x, 0’ .




By (3.3) and (3.5), we immediately have that A; = A;.
Therefore, it suffices to prove Ay > As. For each x € H \ £ adjacent to at least
one point of £, by (3.3), (3.5), and the Cauchy—Schwarz inequality, we obtain

2
Z o(z, y)° > [Eye&(w,y)ee oz, y) B o(x, ¢)?

ye&:(x,y)ec iz, y) Zyegr(%y)ee ley) o)

By adding this inequality over z € H \ £, we obtain A > As, and the proof is
completed. ]

Exercise 3.4. For f : H — R which is constant over &, prove that the flow ¥y
satisfies the equality condition (3.7).

If a function f : H — R is constant over £, we define a collapsed function
f:H—=Ras

{f(a:) = flz) fz e H\E, (38

f(¢) = the constant value of f on &£ .

Lemma 3.5. Suppose that the functions f, g : H — R are constant over £, and let
f,9:H — R be the collapsed function of f, g (cf. (3.8)), respectively. Then, we
have

In particular, we have

2(f) =2(f) - (3.10)

Proof. Since f is constant over £, we can write

<g) —$f>#

:% Do DD D> | u@re »fy) - f@)gx) . (3.11)

2€H\E yeH\E  z€H\E yeE  zEE yeH\E

Note that the first summation is equal to

S 3 A, y)[fy) - F@)lg(e) | (3.12)

TEH\E yeH\E

since y =@, r =7, f = f,and g = g on H \ £ On the other hand, we have

40



f(y) = f(e) for all y € £, and thus the second summation is equal to

> S A »ife) - F@)g)
T€H\E yeE
= 3" Ay, Of(e) — F(2)]g(x) , (3.13)

zEH\E

where the equality follows from the second line of (3.1). Finally, a similar computa-
tion yields that the third summation is equal to

> > wa)r(e, y)[fy) - f(e)gle)

TEE yeH\E

= > e »Fy) - FOl(e) , (3.14)

yeH\E

where the equality follows from the third line of (3.1) and (3.2). By inserting (3.12),
(3.13) and (3.14) into (3.11), we can conclude that

<g7 7$f>ﬂ

1 DI ID IR D DD DI Wl IO R ) R E0) 19

z€H\E yeH\E xeH\E ye{e} ze{e}yecH\E

= <§a _?f>ﬁ )

and the proof of (3.9) is completed. Now, (0.6) follows from (3.9) by inserting
g=1. O

For a function g : H — R, define 59, 5; and @g as, for x, y € H,

Py(z,y) = g(y)ely, ) — g(x)e(z, y) (3.15)
By(z,y) = g(y)ele, y) - g(x)ely, z) , (3.16)
Uy(z,y) = &z, y)(9(y) —g(@)) . (3.17)

Lemma 3.6. Suppose that the function f : H — R is constant over £, and let
f:H — R be the collapsed function of f (cf. (3.8)). Then, the flow ®f, which is
the collapsed flow of @ defined in (0.28), coincides with the flow 5?. Similarly, we
have that

P} =®5 and Vy=V5. (3.18)

Proof. We only prove that two flows <I>7f and 5? coincide, and leave the proof for
the other two as exercise, since the proofs are quite similar.
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Since ®f(z, y) = ®(z, y) for z, y € H\ € holds trivially from the definitions, it

suffices to prove that ®¢(z, ¢) = ®5(x, ¢) for # € H '\ €. This can be verified by

Bplw, ) = @, 2) = D If()elz @) = fla)e(w, =)

ze€ ze€

Exercise 3.7. Prove (3.18).

3.3 Capacity and sector condition of collapsed process

For two non-empty and disjoint subsets .4 and B of H,we denote by h, A8 H — Rthe
equilibrium potential between A and B, and we denote by cap(.A, B) and cap®(A, B)
the capacity between A and B with respect to the collapsed process X(-) and the
symmetrized process X (-) of X (-) (which is a Markov process on H associated with
the generator %(? + yT), where ?T is the adjoint generator of .Z), respectively.
In general, for A, B C H \ &, it is difficult to compare cap(A, B) and cap(A, B).

Exercise 3.8. Suppose that A and B are two non-empty and disjoint subsets of
H\E. Then, can you prove either cap(A, B) < cap(.A, B) or cap(A, B) < cap(A, B)?

However, we have the following identity, which is useful in later discussions.

Lemma 3.9. For any non-empty A C H \ €, we have
cap(e, A) = cap(€, A) .

Proof. Recall that he 4(-) denotes the equilibrium potential between £ and \A. Since
the behaviors of the processes X (-) and X (-) are identical on H \ £, we immediately
have that

he, a(x) = he, a(z) for all z € H\ E .

Since hg, 4 = 1 on € and he, 4(¢) = 1, we can conclude that k., 4(-) is the collapsed
function of he 4(-), i.e,.,
he,a=he a -

Therefore, by Lemma 3.5, we can conclude that

cap(e, A) = D(he, 2) = D(he, a) = D(he, 4) = cap(€, A) .
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O

Next, we assert that the sector condition of the original process is inherited by
the collapsed process.

Lemma 3.10. Suppose that the process X(-) satisfies the sector condition with a
constant C > 0 (cf. Definition 1.10). Then, the process X (+) also satisfies the sector
condition with the same constant C. In particular, it holds for any two non-empty
and disjoint subsets A and B of H that

e (A, B) < @ap(A, B) < Caap*(A, B). (3.19)

Proof. For two functions f, g : H — R, define their extended functions F, G : H —
R as

Fl) = {f(.@ %fmeH\S, i G(m):{g(x) ?fa;eH\é’,
fle) ifzeg, gle) ifzek.

so that
F=f and G=g. (3.20)

Hence, by (3.20), Lemma 3.5, and the sector condition of X|(-),

(f,=Zg). = (F,-2G), < CHF)(G) = CD())T(g) .

o

and hence the process X (-) also satisfies the sector condition with a constant C' > 0.
Now, (3.19) is clear from Propositions 1.9 and 1.13. O
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Part 11

Two-dimensional Ising Model without
External Field

In this second part of the lecture note, as an application of the general theory
developed so far, we thoroughly analyze the metastable behavior of the Ising model
on large but fixed lattice boxes. In particular, we focus on the model without an
external field, which posed a longstanding mathematical challenge because of the
complexity of the energy landscape. The dynamics is reversible, and the analysis
is based on the Dirichlet principle (Theorem 1.3) and the generalized Thomson
principle (Theorem 2.1).

The contents of the current part is based on [27] which considered more complex
models, namely the Potts model and the model in three-dimensional boxes. We did
not investigate these models in this note, since the two-dimensional Ising model is
enough to deliver the core of our idea.

4 Ising Model on Two-dimensional Lattice

4.1 Model

In this subsection, we introduce the model and review its basic features.

Ising model

For two positive integers K, L, we write
A:TK XTL s (4.1)

where Ty = Z/(kZ) is the discrete one-dimensional torus. For the convenience of
the discussion, we assume that K < L and moreover K > 5.

We will consider the spin system on A; hence, we consider a spin system on the
box with periodic boundary conditions. The model that we consider in this second
part is defined now.

Definition 4.1 (Ising model on A without external field). e Denote by Q = {+, —}
the set of spins and by X = QA the space of spin configurations on the box A.
A configuration o € X is written as 0 = (0(x))zep where o(z) € Q denotes
the spin of o at site x € A.
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e For z, y € A, let us write x ~ y if they are neighboring sites in A, that is,
llx—y|| = 1, where || - || denotes the Euclidean distance in A where the periodic
boundary condition has to be taken into account.

e Define the Hamiltonian H : X — R as

H(o) =Y 1o(a) #oly)} 1oeX. (4.2)

T~y

Note that there is no external field in this Hamiltonian; only the spin—spin
interaction is considered.

e Denote by p5(-) the Gibbs measure on X" associated to the Hamiltonian H at
inverse temperature 3 > 0, i.e.,

1
pslo) = Zfﬁe‘BH“’) LoEX, (4.3)

where Zg is the partition function defined by

Zg=> e PH0). (4.4)
oeX

The spin system on A corresponding to the probability measure pg(-) on Xy is
called the Ising model.

Ground states

We denote by B € X (resp. B € X) the configuration such that all spins are +
(resp. —), i.e., BH(z) = + (resp. B(z) = —) for all z € A. We write

S={B,Blcx. (4.5)

Note that the Hamiltonian H(-) attains its minimum value 0 (only) at S. Hence,
H and H are the ground states of the model. Based on this observation, we obtain
the following characterization of the partition function Zg defined in (4.4), as well
as the Gibbs measure pg as 3 — oo.

Proposition 4.2. The following hold:

1. The partition function satisfies the asymptotics

Zg=2+0(e%). (4.6)
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2. We have
1
li @) = li 8) == li =1.
Big;uﬁ( ) ﬁig;uﬁ( )=35 andthusﬁig;uﬁGS)

Proof. We can readily observe that H(c) > 2 for o ¢ S. The estimate (4.6) comes
directly from this observation along with the expression (4.4). Part (2) of the theo-
rem follows directly from part (1) and the expression (4.3) of pg. O

Continuous-time Metropolis dynamics

We now define a continuous-time Metropolis-type Glauber dynamics which is a
standard heat-bath dynamics in the study of the Ising model (cf. [51]). For x € A,
we denote by o® € X the configuration obtained from o by flipping the spin at site
x.

Definition 4.3. The continuous-time Metropolis dynamics is defined as a continu-
ous time Markov process {og(t)}s>0 on X with transition rates

e BHQO-H(@)+ if ¢ = 6% £ ¢ for some z € A,

CM@C%—{ (4.7)

0 otherwise ,
where [a]; = max{a, 0}.

For 0, ( € X, we write 0 ~ ( if cg(o, ) > 0, ie., if ¢ is obtained from o by
flipping the spin at a site (or vice versa). Note that the relationship o ~ ¢ does not
depend on 5. Moreover, the following detailed balance condition holds:

min{ug(0), ps(Q)} if o ~C,

(4.8)
0 otherwise .

Mﬂ(a) 65(07 C) = ,Ufﬁ(C) Cﬁ(g, o‘) = {

Consequently, pg(+) is the unique® invariant measure for the Markov process og(-),
and furthermore og(-) is reversible with respect to pg(-). We denote by P2 the law
of the process og(-) starting from o, and by Eg the associated expectation.

Metastability of the model

The primary concern in this second part is the metastable behavior of the process
03(-) defined above when f3 is large. More precisely, by the expression (4.7) of the
jump rate, we can see that the dynamics o(-) tends to lower the energy (for large j3)

5Tt is clear that the Markov process os(-) is irreducible.
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since it jumps to a configuration with higher energy with exponentially small rate.
Hence, in view of Proposition 4.2, the process og(-) starting from a configuration
H may tend to stay in some neighborhood of B for a long time. However, by the
irreducibility of the process og(-), it will eventually make a transition to H. Similar
behavior is expected to occur when the process starts from H. Hence, such rare
transitions between H and B will take place successively. This type of behavior is
the metastable behavior of the process og(-). In this part, we wish to quantitatively
analyze this behavior to a precise level. For instance, we will give precise asymptotic
of the mean transition time from H to H in the very low temperature regime, i.e.,
when  — oo.

4.2 Main results
We now explain the main results regarding the metastability of the stochastic Ising
model.

Energy barrier between ground states

We first explain the energy barrier between H and H.

e A sequence of configurations (w¢)7_, = (wo, w1, ..., wr) C X for some T > 0
is called a path if w; ~ wyyq for all t € [0, T — 1]. A path (w;)l, is a path
connecting two configurations ¢ and ¢ in X if wg = ¢ and wy = ( or vice versa.

e The communication height between two configurations o, ( € X is defined by

®(0, () = min max H(w),
(@O O, o e

where the minimum is taken over all paths connecting ¢ and (.

e The energy barrier between ground states is defined by
=Ir(K, L):=%(H, 8)=o8H, H),

where the last equality holds from the symmetry of the model.

The following result has been verified in [49]. We note that we have assumed L >
K >5.

Theorem 4.4. The energy barrier is given by I' = 2K + 2.

The proof of this theorem is given in [49] based on combinatorial arguments. We
do not give the proof of this in the current note in order to focus more on the role
of potential theory in the analysis of the current model.
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Eyring—Kramers law

Notation 4.5. In the current part, a collection (ag = ag(K, L))g>o of real numbers
is written as ag = og(1) if limg_,oc ag = 0 for all K and L.

By Theorem 4.4 and the large deviation principle, one can deduce (cf. [49]) the
following estimate of the mean transition time E’é’; [75] and Eé [Tm]:

1 1
lim — log E2[rs] = lim = log B2 [mg] =T . 4.9
gim 3 g Eg 5] Jim 5 g Eg ] (4.9)

Note that 7 and 75 represent hitting time of the set {H} and {8}, respectively.

Along with the potential theory explained in the first part, we can derive the
precise sub-exponential prefactor of the previous large-deviation estimate to get
sharp asymptotics of the mean transition time.

Theorem 4.6. There exists a constant k = k(K, L) > 0 such that
Ef (] = EZ (] = (1 + 05(1)) ke . (4.10)

Moreover, the constant k satisfies

lim k(K, L) =

K—oo

(4.11)

1/4 ifK <L,
1/8 ifK=1L.

Precise asymptotics such as (4.10) are called the Eyring-Kramers law (cf. [7] for
more detail) for the Metropolis dynamics og(-). The constant & is explained more
precisely later. Although we have not provided the formula for the constant k at
this point, there exists a complicated but explicit expression for this constant (cf.
(5.8), Proposition 8.12 and Remark 8.13).

This theorem is the main result for the current part. The proof is divided into
several stages. Firstly, in Section 5, we use the potential theory to reduce the proof
of Theorem 4.6 to a capacity estimate. To estimate the capacity to a precise level, we
need a much more accurate understanding of the energy landscape than that needed
to derive (4.9). This analysis of the energy landscape is carried out in Sections 6-8.
Then, the capacity estimate will be carried out in Sections 9 and 10 based on the
Dirichlet principle and the generalized Thomson principle, respectively.

Remark 4.7. The followings are some comments on Theorem 4.6.

1. If K < L, there is only one direction for the transition between ground states,
whereas if K = L, there are two possible directions. This is the reason for the
dependency in the asymptotics of xk on the relation between K and L.
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2. The constant I' is model-independent, in the sense that it will be the same for
other Glauber dynamics. However, the constant x is model-dependent. For
other Glauber dynamics, this constant may be different.
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5 Application of Potential-Theoretic Approach

The proof of Theorem 4.6 is based on the potential-theoretic arguments developed
in [14] and accurate analyses of the energy landscape. In this section, based on the
argument developed in [14] along with the Dirichlet and the generalized Thomson
principle (cf. Theorem 2.1) for reversible Markov processes, we reduce the proof of
Theorem 4.6 to constructions of a test function and a test flow in Propositions 5.2
and 5.3, respectively.

5.1 Main capacity estimate

We first introduce the potential-theoretic notions. These notions are introduced in
Section 0.2, but we rename these objects in the context of the Ising model.

e The Dirichlet form Z3(-) associated with the reversible process o3(-) is given
by, for f: X — R,

Ds(f) =5 D mplo)cslo, O{f(Q) = flo)}? (5.1)

o,(eX

e Let P and Q be disjoint and non-empty subsets of X'. The equilibrium potential
between P and Q is the function hj} o : X — R defined by

hp o(0) = B [p < 7q] , (5.2)
and the capacity between P and Q is defined by

capg(P, Q) = Zs(hl) o) - (5.3)

The following theorem is the main capacity estimate.
Theorem 5.1. We have that

1+ 03(1) o158

caps (B, B) = — - ,

(5.4)

where K s the constant appearing in Theorem 4.6.

Before proceeding to the proof of Theorem 5.1, we first explain the proof of
Theorem 4.6 by assuming Theorem 5.1.

Proof of Theorem 4.6. Since Eéé [a] = Eg [Tm] by symmetry, we only focus on the
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estimate of Eé [75]. By Proposition 0.14, (or more precisely, by (0.32)), we have
Ef ) I 5.5
m 8] = capsl Eﬂ ) Zuﬁ m,8(0) - (5.5)

By Proposition 4.2 and the fact that hm 5(H) =1 and hg 5(H) = 0, we rewrite the
last summation as

% +os(1)+ > pplo) hielo).

cEX\S
Since |hm, | < 1, again by Proposition 4.2, we have

> 1al(0) hesa(0) | < pa(X\S) = 05(1) .

oceX\S

In summary, we obtain

1
Zﬂﬁ ) hm,s(0) = §+05(1).
oeX

Now, inserting this and Theorem 5.1 to (5.5), we can complete the proof. O

5.2 The constant &

To explain the main result for the capacity estimate, we first have to introduce the
bulk constant b and the edge constant e. The reason for the choice of the words
“bulk” and “edge” will become clear as we analyze the energy landscape more deeply
(cf. Remark 9.4).

Firstly, the bulk constant b is defined explicitly as

b_{“ﬁ&4)ﬁK<L,

BILA) jf g =1,

(5.6)

On the other hand, we do not provide a precise definition of the edge constant e
at this point. This is a complicated constant defined in (8.24) which satisfies (cf.
Proposition 8.12)

0<e< (5.7)

SIS

We stress that these constants depend on K and L even though the dependency is
not highlighted in the notation.
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Now, we define the constant x as
kK=b+2e. (5.8)

We note that the bulk constant b is the constant associated to the bulk part of
the transition between B and H, while the edge constant e is related to the edge
behavior of the transition. Since there are two edge parts (around B and around B),
the constant 2 has been multiplied in front of ¢ in (5.8). Moreover, one can readily
observe that, when K (and hence L) is large, the edge constant ¢ is much smaller
than b. Hence, the bulk effect dominates the edge effect. We also note that (4.11)
follows directly from (5.6) and (5.7).

5.3 Capacity estimate

The upper bound estimate is based on the Dirichlet principle for reversible Markov
processes (Theorem 1.3). To use this principle, we will prove the following proposi-
tion.

Proposition 5.2. There exists a function fy : X — R such that fy € € o({8B}, {8})

and that
1+ 0p(1) T8
2K '

Finding the test function fy requires a deep insight into the energy landscape, as

Zp(fo) = (5.9)

well as the typical patterns of the Metropolis dynamics in a suitable neighborhood
of saddle configurations. We construct this test function and prove Proposition 5.2
in Section 9.

To explain the lower bound of the capacity, we use the generalized Thomson
principle (Theorem 2.1). For convenience, we write the flow norm associated with
the process o5(-) as || -||3g. We shall prove the following proposition later to establish
the lower bound of the capacity.

Proposition 5.3. There exists a flow 1y such that

loll3 = 2 +0s(1)) ke and Y g 5(0) (diveo)(o) =1 +0s(1) . (5.10)
ockX

We construct the test flow ¢y in Section 10 (cf. Definition 10.1), and then verify
in the same section that our test flow vy indeed satisfies (5.10).
We now prove Theorem 5.1 by assuming Propositions 5.2 and 5.3.

52



Proof of Theorem 5.1. By Theorem 1.3 and Proposition 5.2, we get

caps (B, 8) < y(fo) = 2 W ooz (5.11)

On the other hand, by Theorem 2.1 and Proposition 5.3, we obtain

1 . 2 1+4o0p(1) _
capy(H8, B) > I [ 3 (o) (divep)(0) | = ST (512)
oeX
The proof is completed by (5.11) and (5.12). O

Hence, to prove Theorem 4.6, it only remains to prove Propositions 5.2 and 5.3.
The proof is given in the remainder of Part II.
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6 Neighborhood of Configurations

For ¢ € R, a path (w;)L in X is called a c-path if we have H (w;) < cfor allt € [0, T7.
Heuristically, if two configurations are connected by a (I' — 1)-path, in a suitable
sense, these two configurations are indistinguishable in the transition scale T, since
og(-) commutes them in a shorter scale. Moreover, if two configurations are not
connected by a I'-path, the process og(-) cannot commute these two configurations
in the transition scale e’I'. The following definition of neighborhoods is inspired
from these observations.

Definition 6.1 (Neighborhood of configurations). 1. For o € X, the neighbor-
hood N (o) and the extended neighborhood N (o) are defined as

N(o)={¢ e Xx:3a (I —1)-path (w;)_, connecting o and ¢} and
N(o) ={¢ € X :3aT-path (w;)L, connecting o and ¢} .
If H(o) >T — 1 (resp. H(c) >T), we set N'(¢) = 0 (resp. N'(c) = 0).

2. For P C X, we define

N(P)=JN(e) and N(P)= ] N(0o).
oeP

oeP

3. A path (w;)l, is said to be a path in A C X if w; € A for all t € [0, T]. For
QC X and o € X\ Q, we define

N(o; Q) ={¢e€ X :3aTl-path in X\ Q connecting o and ¢} .
If H(o) > T, we set N(o; Q) = 0.
4. For P C X disjoint with Q, define
NP9 =JN@; 9.
oc€P

With this notation, Theorem 4.4 is equivalent to AV (B) NN (B) = § and N/ (B) =
N (B). Since the transition must take place in the set N'(S), analyzing the structure
of this set is crucial in the energy landscape analysis. It will be carried out in Section

8.
The following lemma is useful.
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Lemma 6.2. Suppose that P and Q are disjoint subsets of X. Then, it holds that
N(PUQ)=N(Q; PYUN(P; Q).

Proof. Since
N(PUQ) =N(P)UN(Q), (6.1)
N(Q) > N(Q; P), and N(P) > N(P; Q)

it immediately follows that
N(PUQ)DN(Q; P)UN(P; Q). (6.2)

Let us now prove the reversed inclusion. We now assume that there exists o € X
such that

s e N(PUQ)\ [N(Q; P)UN(P; Q)] . (6.3)
By (6.1), we may assume without loss of generality that
s e N(P)\ [N(Q; PYUN(P; Q)] .

Since o € N(P) \N(P; Q), we have o ¢ P. Since o € N'(P), we can find a I-path
connecting ¢ and P. Let us assume that (wt)fzo is the shortest of all such paths.

We may assume that wyg = ¢ and wr € P.

e Suppose first that w; ¢ Q for all t € [0, 7 — 1]. Then the path (w;),
becomes a I'-path in X'\ Q connecting o and P. This contradicts the fact that
o N(P; Q).

e Suppose next that wy, € Q for some ty € [0, T'— 1]. Then, by the minimality
assumption on the length of (w;)7, we must have w; ¢ P for all t € [0, T—1].
Consequently, (wt)?:o becomes a path in X'\ P connecting ¢ and Q, and hence
we get a contradiction to the fact o ¢ N(Q; P).

Therefore, there is no o satisfying (6.3), and we have proved the reversed inclusion
relation of (6.2). O
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Spin — —F

Spin + —

Ty

Figure 7.1: Canonical configurations for (K, L) = (6, 8). White and gray boxes
correspond to a box with — spin and + spin, respectively. Three figures represent
configurations .3, (53,5 4, and (§%7% 5, respectively.

)

7 Canonical Configurations and Paths

Now, we begin to analyze the energy landscape. In this section, we introduce the
canonical configurations and paths, and then investigate their properties. Based on
these, we study the typical configurations in the next section.

7.1 Canonical configurations

Definition 7.1 (Canonical configurations). We refer to Figure 7.1 for an illustration
of examples of the canonical configurations defined below. Before defining compli-
cated notations, we note that k and ¢ are used to represent elements of Tx and
Ty, respectively, and v and h are used to denote vertical and horizontal lengths,
respectively.

e For £ € Ty, and v € [0, L], denote by (; , € X the configuration whose spins
are + on
TKX{£+TL€TL:TL€[[O,U—1]]QZ}.

and — on the remainder. Hence, we have ¢y o = Hand (y 1 = BHfor all £ € Ty.
For v € [0, L], write
Ry ={Co:leTL}. (7.1)

e For (¢, k) € T, x Tk and (v, h) € [0, L —1] x [0, K], denote by ¢,* , , € X
the configuration whose spins are + on

{reAN:Co@) =+ U[{k+neTk:ne0,h—1] CZ} x {{+v}]

and — on the remainder. Similarly, denote by Qi‘;"?r,; 5 € X whose spins are +
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{reh:Go@)=+}U[{k+neTk:ne0,h—1] CZ} x {¢—1}]

and — on the remainder. Namely, the configuration CZI;; k.n (reSD. (2‘2]‘%7,1)
is obtained from (, , by attaching a protuberance of spin + of size h at the
upper (resp. lower) side of the cluster of spin + of (p ,.

e For v € [0, L — 1], define

K—1
d
Q= UL G0 (7.2)

k€T h=1
Hence, Q, consists of configurations between R, and R41.

e Finally, define
L L—1
c=Jr,ulJ Q.
v=0 v=0

In the current note, the canonical configurations are the configurations belong-
ing to C.

Remark 7.2. By a direct computation, we can readily verify that H(o) < I' for all
o € C. In particular, we have

I'-2 ifoeR,forsomeve[l, L-1],
H(o) =

r if o € Q, for some v € [1, L — 2] .

For the clarity of the discussion, we henceforth assume that K < L. The case
K = L will be discussed in Section 11. Note that the only difference for the case
K = L is that the configuration obtained by rotating a canonical configuration in C
must play the same role, unlike the case K < L. This fact can be readily taken into
account in the computations, and we refer to Section 11 or [27] for further details.
Note that for K < L, the rows and columns play completely different roles.

7.2 Canonical paths

We now explain the crucial role of canonical configurations by describing canoni-
cal paths between H and H consisting of canonical configurations. The following
notation is useful.

Notation 7.3. Suppose that N > 2 is a positive integer.
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= EN = ... 5 »

Figure 7.2: Example of a canonical path for (K, L) = (6, 8).

e Denote by Gy the collection of all connected subsets of Ty, i.e.,
Sy ={P CTy:P=1[i j] for some i, j € Ty or P =0} . (7.3)

Here, the set [i, j] C Ty represents the set {4, i+1, ..., j}. Note that this set
can be defined even for j < i. For instance, for N = 6, the set [4, 2] represents
{4, 5,6, 1, 2}.

e For two sets P, P’ € Sy, we write P < P’ if P C P’ and |P'| = |P| + 1.
e A sequence (P,)_; of sets in Gy is called an increasing sequence if
l=Pp<P<---<Py=Ty.

N

Note that, for an increasing sequence (P,),_,

for all n € [0, NJ.

in Sy, we have that |P,| = n

Definition 7.4 (Canonical paths). We refer to Figure 7.2 for an example of canon-
ical path defined below.
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1. We first introduce a standard sequence of subsets of A = Tx x T, connecting
the empty set and the full set A.

(a) For P, P' € &, with P < P', a sequence (A;)X, of subsets of A is called
a standard sequence connecting Tx x P and Tx x P’ if there exists an
increasing sequence (Q;)X, in & such that

A= (Tg x P)U[Q: x (P'\ P)]| forallte [0, K] .

(b) A sequence (A;)EL of subsets of A is called a standard sequence connect-
ing () and A if there exists an increasing sequence (Pg)é::O in &, such that
Ao = Tg x Py for all £ € [0, L], and the sub-sequence (At)tK:(?él) is a

standard sequence connecting T x Py and Tx x Pyyq for all £ € [0, L—1].

2. A path (w)EE in X is called a canonical path connecting 5 and B if there
exists a standard sequence (A;)E% connecting () and A such that

(i j):{ if (1, ) ¢ A
’ +Oif (i, §) € Ay .

It is easy to verify that wg = H and wg, = H. A canonical path connecting H
and H is defined in a similar manner. We say that a path is a canonical path
if it is a canonical path connecting either H and H or H and H.

The following is an immediate consequence of the construction.

Lemma 7.5. A canonical path consists only of canonical configurations. In partic-
ular, for any canonical path (wt)fi% connecting B and B, we have that

max H(w) =T".
te0, KL]
Proof. The first assertion follows immediate from the construction. For the second
assertion, it suffices to recall Remark 7.2. O

In view of the previous lemma and Theorem 4.4, a canonical path between H
and H is an optimal path achieving the communication height between them. We
emphasize here that the optimal transition may not always occur along this path.
Indeed, transitions from H to R and from Ry,_o to HH may happen in a more complex
manner, while transitions from Re to Rj_o should happen along a canonical path.
This issue is the main topic of the next section.
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8 Typical Configurations

The crucial notion in the energy landscape analysis between ground states is the
typical configurations defined in this section. A configuration o is said to be a
typical configuration if o € N (S). Therefore, the typical configurations comprise all
the relevant configurations in the study of metastable transition between H and H.

8.1 Typical configurations

Let us start by defining typical configurations.

Definition 8.1 (Typical configurations). We refer to Figure 8.1 for an illustration
of the typical configurations defined below.

e Define
L—2 L—-3
B=JR,ulJ Q- (8.1)
v=2 v=2
A configuration belonging to B is called a bulk typical configuration. Then,
write
L—3
Br=|J)Q.={ceB:H(o)=T}.
v=2
e Define
Et=N@; Br) and £ =N(8; Br). (8.2)

Then, we define £ = ETUE™. A configuration belonging to £ is called an edge
typical configuration.

A configuration belonging to BUE is called a typical configuration. Indeed, it holds
that BUE = N(S), and this will be verified later.

Now, we explain the reason why we have decomposed typical configurations into
bulk and edge configurations. A typical transition from H to H of the Metropolis
dynamics can be divided into three stages. Firstly, the process passes through £~
to arrive at 8. Then, it goes through B along the canonical configurations to arrive
at £7. Finally, the process reaches at B by passing through €. The behavior of
the process at the second stage (i.e., in the bulk) is relatively clear, and we can
understand the behavior in great detail. On the other hand, the behavior of the
Metropolis dynamics on £~ and £ is complex, and can be explained in terms of
an auxiliary Markov chain defined in Definition 8.10. We are not able to write the
constant appearing in the Eyring—Kramers law in a simple manner because of this
complex behavior of the Metropolis dynamics in the edge typical configurations.
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Deadends Qo Q Qs

Figure 8.1: Structure of N (S) and typical configurations. Regions consisting
of configurations with energy I' are colored gray. As we will verify in Proposition
8.9, we can observe that N'(S) = EUETUB, & NB = Ry, and ET N B =
Rr—2. The hexagonal region enclosed by the blue line denotes the set C of canonical
configurations between H and H. The set £ of edge typical configurations around
B consists of four regions. The first one is the neighborhood N(H) denoted by
the red-enclosed box and the second one is Rp_s. The third one is the region
consisting of configurations with energy I' which are connected to Rp_o via a I'-
path in X \ V(). An example of a configuration belonging to this region is 7;.
In particular, the configuration 7; is connected with a configuration in Ry_o via
a I-path in X \ N(H) which is obtained by updating six grey boxes by the order
indicated in the figure. The last region is the collection of the dead-ends attached to
N (B). This is a collection of configurations with energy I' which are not connected
to Rp—o via a I-path in X \ N (H). An example of a dead-end configuration is 72
which has energy 14 =2 -6 42 = 2K + 2. A similar decomposition holds for £~.
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8.2 Characterization of configurations with low energy

To investigate the typical configurations defined above, in this subsection, we fully
characterize the configurations which have energy less than I'. Write

lo+ =Y Ho(x) = +} and |lof- =) 1{o(x) =~} (8.3)

zEA TEA
which denote the number of sites with spin 4+ and —, respectively.

Proposition 8.2. Suppose that o € X satisfies H(o) < I'. Then, either (1) or (2)
below must hold.

1. The configuration o belongs to R, for some v € [2, L — 2]. In particular,
N(o) ={o}.

2. The configuration o belongs to N'(B) or N (B).
Remark 8.3. Two neighborhoods N (H) and N (H) are disjoint by Theorem 4.4.

Notation 8.4. e A horizontal bridge (resp. wertical bridge) is a row (resp. col-
umn), in which all spins are identical. If a bridge consists of spin + (resp. —),
we call this bridge a +-bridge (resp. —-bridge). Then, we denote by B (o)
the number of £-bridges in o € X.

e A cross is a union of a horizontal bridge and a vertical bridge. A cross con-
sisting of spin + (resp. —) is called a +-cross (resp —-cross).

e We denote by rq, ..., rr, therows and ¢y, ..., cx the columns of A = Tg xTy.

For (v, h) € [1, L] x [1, K] and 0 € X, we define

Hy(0)= Y 1{o(z) #o(y)} and

T, YETy: T~Y

Ho,(m= Y Yol #oy)},

T, YyECh: T~VY

so that we can decompose the Hamiltonian in a way that

L K
H(o) =Y H,(0)+> He(o). (8.4)
v=1 h=1

A horizontal (resp. vertical) edge denotes an edge belonging to a row (resp.
column).

The following lower bound for the Hamiltonian is a consequence of notations and
observations above.
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Lemma 8.5. It holds that
H(oc) >2[K+L—By(o)—B_(0)] .

Proof. The lemma follows directly from (8.4) and the fact that H, (c) > 2 (resp.
H, (o) > 2)if r, (resp. ¢p) is not a bridge. O

We are now ready to prove Proposition 8.2.

Proof of Proposition 8.2. Fix 0 € X with H(c) < I' = 2K + 2. By Lemma 8.5, we
have
2K +1> 2[K+L—B+(a) ~B_(o)],

and therefore By (0)+ B_(0) > L. Namely, there are at least L bridges. Let us take
one of them and assume without loss of generality that this is a +-bridge. Now, we
consider three cases separately.

(Case 1: o has a +-horizontal bridge without a +-vertical one) Since
H., (o) > 2 for all h € [1, K], we can observe from (8.4) that H,,(0) = 0 for
all £ € [1, L]. This implies that all rows are monochromatic, and therefore all
columns are identical. Thus, again by (8.4), we get H,, (o) = 2 for all k € [1, K],
and thus ¢ € R, for some v € [1, L]. If v € [2, L — 2], then it is clear that
N (o) is a singleton since any configuration obtained from o by flipping a spin has
energy greater than or equal to I'. Thus, o satisfies the requirements of case (1).

On the other hand, if v ¢ [2, L —2], we can readily observe that o € N'(B) or N'(8).

(Case 2: o has a +-vertical bridge without a +-horizontal one) Since
AH, (o) > 2 for all v € [1, L], we obtain from (8.4) that 2K > 2L; hence, we
obtain a contradiction (to the assumption that K < L).

(Case 3: o has a +-cross) Without loss of generality, assume that Tx x {1}
and {1} x Ty are +-bridges. Let us update each spin to + in [2, K] x [2, L] in
the ascending lexicographic order. The presence of spin +-bridges ensures that the
Hamiltonian cannot increase in the course of the updates. Since we finally arrive at
H, we can conclude that

O(o, H) < H(o)<T.

Thus, we have o € N (). O
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8.3 Properties of typical configurations

In this subsection, we investigate the structure of typical configurations introduced
above. We start from two elementary lemmas.

Lemma 8.6. Suppose that o € B and § € X satisfy o ~ & and H(§) < T'. Then,
the following statements hold.

1. We have £ € BUQ1UQr o CC.
2. If o0 € Ry with v € [3, L — 3], then & € Br.
3. If o € Br, then £ € B.

Proof. We consider two cases separately.

e (Case 1: 0 € R, for some v € [2, L — 2]) Assume that o = (; , for some
£ € Tr. We can observe from the illustration given in Figure 7.1 that the only
way of flipping a spin of ¢ in such a way that the resulting configuration has
energy at most I" is either to attach a protuberance of spin + to the cluster of
spin + of ¢ or to attach a protuberance of spin — to the cluster of spin — of
o. This implies that

up d up d .
€ {C&v;k,l ’ C&%VZIIE,I ’ Cﬂ,vfl;k,Kfl ’ Cé—i?‘iv,r;;—l;k,K—l ke TK} .

Hence, £ € BU Q1 U Q5. This observation also implies that £ € Br if
v € [3, L — 3], and hence part (2) is verified here as well.

o (Case 2: 0 € Q, for some v € [2, L — 3]) Suppose that o = (', for
some (k, ¢) € Tg x Ty and h € [1, K — 1]. In this case, we can observe that
the only way of flipping a spin of o without increasing the Hamiltonian is to
expand or shrink the protuberance of spin + attached at (y ,, and therefore

up up
Ee{Cnrn1 Covikrthot1) -

Therefore, we have £ € B and hence parts (1) and (3) are now verified. The

same conclusion also holds for the case o = (?%WI}C A

O
The previous lemma implies the following result.

Lemma 8.7. It holds that N'(B; C \ B) = B.
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Proof. Since the energy of configurations belonging to B do not exceed I', it follows
immediately that
N(B;C\B)DB.

Now, we claim the opposite inclusion, i.e.,
N(@B;c\B) CB. (8.5)

Suppose the contrary that there exists ¢ € N(B; C \ B) such that o ¢ B. Since
o € N(B; C\B), there exists a I-path (wi)Lyin X'\ (C\B) = (X\C)UB connecting
B and o. Then, as wp € B, and wy ¢ B, we can find ¢ty € [0, T'— 1] such that wy, € B
and wi, 1 ¢ B. Since (wi)l_, is a path in (X \ C) U B, we get

w1 € (X\B)N[(X\C)UB] c x\C.

On the other hand, since w;, € B we must have wy,+1 € C by part (1) of Lemma 8.6
and thus we have a contradiction. This proves (8.5) and the proof is finished. [

Next, we prove that the two sets £ and £~ are indeed disjoint.
Proposition 8.8. We have that ETNE™ = (.

Proof. Suppose the contrary that there exists a path (w¢)f_, is a T-path from B to
Bin & \ Br. Define u : [0, T] — R as

u(t) = By(wy) ; t€[0,T7,
where B4 (-) is defined in Notation 8.4. Then, we have that
u(0) =0, w(T) =K+ L, and |u(t+ 1) —u(t)| <2 forallt € [0, T — 1] . (8.6)
Thus, the following time t* is well defined:
t* =min{t € [0, T — 1] : u(t), u(t +1) > 2} . (8.7)

Note that, since we need to change at least 2K — 1 spins from B to get u(t) > 2, we
have t* > 2K — 1. Then, by (8.6), we have By (w;+) = 2 or 3. We divide the proof
into three cases as in Proposition 8.2.

(Case 1: wy has +-horizontal bridges without a +-vertical one) For this

case, if By (wp) = 3, we have By (wp=—1) > 2 and thus we get a contradiction to the
minimality of £*. Hence, we have By (wp) = 2.
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Since wy= does have both +- and —-vertical bridges, we get H, (w) > 2 for all
h € [1, K]. By (8.4) and the fact that H(w=) < T = 2K + 2, we can readily observe
that wix € Ro U Qs. Since Q3 C Br and since (wt)fzo is a path in X \ Bp, we can
conclude that wy+ € Ro. Since H(wy=41) < I' and u(t* + 1) > 2, we are forced to
have w1 € Br which is a contradiction.

(Case 2: w;+ has +-vertical bridges without a +-horizontal one) This case
is similar to (Case 1).

(Case 3: w; has a +-cross) In this case, wy cannot have a —-bridge. Thus,
by (8.6), the configuration wy+ has at most three bridges. Therefore, by Lemma 8.5,

which contradicts the fact that (w;)7_, is a T-path.
Now, the assertion of the proposition directly follows since if £ NE~ # 0, there
must exist a I-path from B to B in X"\ Br. O

The previous proposition implies that any I'-path connecting H and H has to
touch the set Br, i.e., has to path through bulk typical configurations.

The next proposition concerns the relationships between bulk and edge typical
configurations.

Proposition 8.9. The following properties hold:

1. It holds that
ETNB=Ry and g+ﬂB:RL_2 . (8.8)

2. We have that £ U B = N (S).

Proof. (1) We only prove the first one of (8.8), as the second one follows in the same
manner.

First, we have B D Rs from the definition of B. On the other hand, since the
canonical path connecting Ro and B is a I'-path in X \ Br, we also have £~ D Ra.
Thus, we have proved that,

ETNBDODR,y. (8.9)

Now, we claim that the reversed inclusion also holds. To prove this claim, we begin
by observing that, since Br and £ are disjoint by definition (cf. (8.2)), we can
conclude that

EnBcB\Br= |J R..

ve([2, L-2]
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For o € R, with v € [3, L — 3], we cannot have a path in X"\ Br connecting 5 and
o by Lemma 8.6-(2). We therefore have o ¢ £, and thus we can conclude that

ETNBCRIURL_o. (8.10)

By the same reason with the inclusion £~ D Ra, we also have £ D R_s. Therefore,
any configuration ¢ € Ry_o cannot belong to £~ by Proposition 8.8; hence, from
(8.10), we can deduce that

ETNBCR,. (8.11)

This proves the claim and we are done.

(2) The inclusion €& C N(S) is obvious from the definition of £, and the inclusion
Bc N (S) also follows immediately from the fact that any bulk typical configura-
tion is connected to B (or H) via a part of a canonical path, which is a I'-path (cf.
Remark 7.2). Thus, we can conclude that

EUBCN(S) . (8.12)

Now we prove the reversed inclusion. By Lemma 6.2 with P = C\ B and Q = B, we
get

N(@) =N(B;:C\B)UN(C\B; B). (8.13)

By Lemma 8.12, we have
N(B;C\B)=B. (8.14)

Since any configuration in C\ B is connected to either B or H via a part of a canonical
path which is a I'-path in X'\ Br, we obtain

N(@C\B;B) c N(C\B; Br) c N(S; Br) =& . (8.15)
By combining (8.13), (8.14), and (8.15), we get

N({C)cEUB.

Since S C C, the last inclusion implies the opposite inclusion of (8.12), and we are
done. O
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8.4 Characterization of edge typical configurations

As mentioned before, edge typical configurations have far more complex structure
than bulk ones. In this subsection, we study this complex structure in detail.
Our analysis starts with a decomposition of the form

£ =0"UZI and EF=0TUTT,

where
Ot ={oce&T:H(o)=T} and It ={ocec&F H(o)<T}.

Then, we analyze the structure based on this decomposition. For the concreteness
of the discussion, we focus only on £, as the analysis of £T is essentially identical.
By Proposition 8.2, we can see that

I =NB)UR,. (8.16)

We now construct a graph and a Markov chain which represent the asymptotic be-
havior of the Metropolis dynamics on £~. Heuristically, since the configurations
belonging to N(B) are indistinguishable in the scale e’ (as they can be communi-
cated by a much shorter scale), we shall identify all the configurations in N'(H) with
H and define

7T =HUR,. (8.17)
With this notation, we can write
£ =0"U ( U N(a)) . (8.18)
=

Now, we define a graph structure on the vertex set #~ defined by
Y- =0 UL , (8.19)
and define a continuous-time Markov chain on that graph.

Definition 8.10. e (Graph) We introduce a graph structure ¥~ = (¥, &7)
where for o, 0’ € ¥~ , we say that {0, 0’} € & if and only if

o,0/ € O" and o0 ~ ¢’ or
c€07, 0" €T and o~ ¢ for some £ € N (o) .
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e (Markov chain) The rate function r~ : ¥~ x ¥~ — [0, 00) is defined by, for
all {0, o'} € &,

1 ifo,0/ € O™,
r (o,0)=X {6 eN(o) £~} ifoel ,o €O, (8.20)
HEeN (o) :E~a}| ifoeO™, 0 €T,

and we finally set 7~ (o, /) = 0 if {0, 0’} ¢ &~ . Then, denote by (Z~(t))t>0
a continuous-time Markov chain on ¥~ with rate r~ (-, -). Since the rate is
symmetric, the Markov chain Z~(-) is reversible with respect to the uniform
distribution on 7.

e We denote by h”.(:), cap™(:, -), D7(:), and || - ||~ the equilibrium potential,
capacity, Dirichlet form, and flow norm with respect to the Markov process
Z~(+), respectively. In addition, denote by L~ the generator of the process
Z~(:) acting on f: ¥~ — R in a way that

(L™ f)(o) = > (o, o) {f(o') = f(o)} . (8.21)

o'e¥—:{o,0'}eE~

We first show that the Markov process Z~(-) approximates in some sense the
Metropolis dynamics os(-) in £4.

Proposition 8.11. Define a projection map 11~ : E~ — ¥~ by

(o) = & ifo e N(&) for some £ €T
e ifoe O .

Then, there ezists a constant C = C(K, L) > 0 such that

1. for o, o’ € O™, we have

] %e_mr_(ﬂ_(a), 1= (0")) — ug(0) cs(o, o) ‘ <CeT+28  (3.22)

2. foro € O~ and o' €T , we have

e (T (o), ()~ 3 mslo)eslo, € < CeTHP - (8.23)
geN(a')

Proof. Suppose that o, o’ € O~. If ¢ £ ¢/, then the left-hand side of (8.22) is clearly
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0. On the other hand, if 0 ~ ¢’ so that {0, 0’} € &, then by (4.8) and (8.20),

S (T (0), TT(0) — pao) eslo, o) | = | 577 — e
2 2 Z
since pg(o) = pg(o’) = Ziﬁe*m. By (4.6), the right-hand side is O(e~('+2)8). This
proves part (1).
Now, we consider part (2). Let 0 € O~ and ¢/ € Z . Similarly, we can assume
{0, 0’} € & since otherwise the left-hand side of (8.23) is 0. Then, by (4.8) and
(8.20), we can write

=[5 P HEEN (@) e~a) Y minfus(o), ms©)) |
EeN(a'): o

1
SHE €M) 16~ o) x 5o - e T,

(I (0). (o) = Y malo) el ©))
£eN (o)

N =

N | =

since min{g(0), pua(€)} = pg(o) for all € € N'(0’). By (4.6), the last line is bounded
by KL x O(e~TPe=28) = O(e~(T+2)8), -

In view of this proposition, we can assert that the equilibrium potential hé Ry (+)
approximates the equilibrium potential of the Metropolis dynamics in £~. For this
reason, the equilibrium potential hg r, () plays a significant role in the construction
of the test function and flow in the next sections.

Now, we are ready to define the edge constant ¢ introduced in Section 5.2. Define

1

¢ = :
[~ |cap™ (B, Ra)

(8.24)

The appearance of cap™ (B, Rs) is quite natural in that the equilibrium potential
hg RQ() is the correct approximation of the equilibrium potential of the Metropolis
dynamics in £7. We conclude this section by showing that the constant e is small.

Proposition 8.12. We have that ¢ < %

Proof. We use the Thomson principle (cf. Theorem 1.4) to prove the proposition.
We define a test flow ¢ on ¥~ x ¥~ (with respect to the Markov process Z~(+)) as

{¢(5, GRnt) = =r for (k, ¢) € T x Tg, ,
PG e G apnst) = 7 for (B, €) € T x Ty and h€ [1, K —1] .
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We set ¢(o, ') = 0 for all other cases. Notice that (5., , € O for all h €
[1, K —1], and that {8, (/1 ;} € & since ;. | ~ Cg’; and Co,1 € N(B), where
the latter is readily follows from the part of a canonical path connecting 5 and (4 4
is a (I' — 2)-path. Notice that this is a unit flow from B to R since

(divey) (B Z Z ,

ZETL]{:ETK
(dive)(Re) = Y (dive)(Gea) = D Y & L -1,
LeTy, LeT, keTk

and moreover we can readily check that
(divey))(o) =0 foralloe ¥ \ (HBUR,).

Therefore, by Theorem 1.4, we get

cap” (B, Ra) > (8.25)

- ||¢||2 '

It remains to evaluate the flow norm ||+||2 which is indeed equal to (since the uniform
distribution is the invariant measure for the Markov process Z~(+))

uP 2 K- 1 C )2
Z Z [ é,l,kl n é,l,kh’ 0,15k, h+1
LeT, keTk 1/’7/ ‘ h=1 1/’7/ ’
v
_LK?x | =1
"R I
Injecting this to (8.25) completes the proof. O

Remark 8.13. In fact, we can verify that there exist two constants C7, Cy > 0 such

that
Cy o< Cy

KL=°= KL
We leave this as an exercise. This can be proven with a more refined test flow.
Remark 8.14. Of course, we can also establish the results corresponding to Definition
8.10, Propositions 8.11 and 8.12 for £* in the completely identical manner. The

constant ¢ defined for £ should be in accordance with (8.24) by the symmetry of
the model.
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9 Upper Bound for Capacities

In this section, we construct a test function fy : X — R appearing in Proposition
5.2. For the convenience of notation, we write

b=() = hg g, () (9-1)

which is the equilibrium potential between {EH} and Ry with respect to the process
Z*(-) (cf. Definition 8.10).

9.1 Construction of test function

Now, we construct a function fy: X — R. In the end, we shall verify that this func-
tion fulfills all requirements of the function fy appearing in Proposition 5.2. Before
defining the test function explicitly, we briefly explain the gist of the idea. On edge
typical configurations (i.e., on £F), we choose fy as a rescale of h*. This construc-
tion mainly comes from the fact that the process Z*(-) successfully characterizes
the behavior of the original process on edge typical configurations by Proposition
8.11. On the other hand, on bulk typical configurations, we define f as a rescale of
the equilibrium potential of a symmetric simple random walk on an one-dimensional
line. This is because the Metropolis dynamics behaves as an one-dimensional ran-
dom walk there thanks to the simple geometry between them.

Definition 9.1 (Test function). We construct a test function fy: X — R on &, B,
and (EUB)¢ = X\ (£ U B), separately.

1. Construction of f; on edge typical configurations £ = £~ UET.

e For 0 € £, we recall the decomposition (8.18) of £~ and define

1-:(1-=b7(0)) ifoecO,
= . 9.2
hole) {1_2(1—[)_(@) if o € N(€) for some £ € T . (9:2)
e For o € £T, we similarly define
L(1-b*(0)) ifoceOt,
=9 9.3
Jol) {Z(l—fﬁ(ﬁ)) if 0 € N(€) for some £ € T . (9:3)

2. Construction of f; on bulk typical configurations B. In view of (8.1),
it suffices to define this object in the following two cases.
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e For 0 € R, with v € [2, L — 2], we set

L—-2—wv

1

== bt 9.4
hio) = [T (04
e For o € Q, with v € [2, L — 3], we can write o = (;® , , or (o™ for

some (k, ¢) € Tg x Ty, and h € [1, K —1]. For such o, we set 7

1[(K+2)(L—2—v)—(h+1)

folo) = — (K +2)(L —4)

- b—i—e} . (9.5)

3. Construction of fy on the remainder (£ U B)°. We define fy =1 on this
set.

Remark 9.2. We note that £~ and B are not disjoint and their intersection is Ry by
Proposition 8.9. However, we can easily check that our constructions of fy on Rs in
parts (1) and (2) of the previous definition agree with the value 1 — ¢/k. A similar
result also holds for £1 and B.

9.2 Properties of test function

Now, we will confirm that the test function fy satisfies the requirements of fy ap-
pearing in Proposition 5.2.

Proposition 9.3. The function fo constructed in Definition 9.1 belongs to € o({EB}, {B})

and satisfies

() = L2 .

Proof. For the simplicity of notation, let us write f = fy. Since we have f(B) =1
and f(H) = 0 by part (1) of Definition 9.1, we immediately have f € €; o({8}, {E}).
Now, it remains to prove (9.6).

Let us divide the Dirichlet form Zg(f) into

(9.6)

S+ Y+ Y | m@ e i@ - fer, 0

{0,£}C(EUB)c  oc€€UB,Ec(EUB)e  {o,£}CEUB

where all summations are carried out for two connected configurations o and &, i.e.,
o~E.
The first summation is trivially 0 by part (3) of Definition 9.1. Now to consider

the second summation, we recall from part (2) of Proposition 8.9 that EUB = N (S).
This implies that H(c) <T and H(§) > I' 4+ 1. Therefore, by (4.8), we have

15(0) ca(o, €) = ua(€) = Zlﬁe—““@

=og(e™7)
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where we implicitly used the fact that Zg — 2 as 8 — oo at the last equality.
Moreover, since f(o) € [0, 1] for all & € X by our construction, we can assert that
the second summation in (9.7) is og(e~17).

It remains to estimate the third summation of (9.7). For A C X', we write

={{o, &} cA:0~¢}. (9.8)
By part (1) of Proposition 8.9, we can decompose E(€ U B) into
E(EUB)=EB)UEE )UEET). (9.9)

Hence, we can further decompose the third summation of (9.7) into
oo+ X Y | m@ee 9/ - f@F . (9.10)
{o.6}eE(B) {0, &}eB(E7) {0 &}eB(ET)
Now, we compute the first summation of (9.10). Decompose

L-3
E(B)=|J E(RyUQuURy1),
v=2

so that we can write the first summation of (9.10) as

L-3

> > (o) can, €) Lf(€) — F(0)}? .

v=2 {0,E}€E(RyUQuURy41)

This summation can be written as  jcp, D e, of

15 (Cew) €(Ctvs Gty ) LF(GD 1) — F(Cow)}

K—2
+ 3 (G ) (G ko ) LG ) = PGS )Y
h=1
K—
+ Z 1S 1) €8(C ks Skt ) LG k1 npn) = F(G WY
=1
+ ﬂ(Cg,v;k,K_ﬂ CB(CZI;;k,K—lv CK,U-&-I) {f(@,v—i-l) - f(CZIz,;k,K_l)}z )

and the same form of terms replacing up with down. By (4.6), (4.3), (4.8), (9.4), and
(9.5), this equals 23 ycp, > per, (Where 2 is multiplied since we have to compute
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up/down separately) of

e~ T8 4p2 K2 15 b2
+
Zs  [s(K +2)(L — )2 £ Zs  [R(K +2)(L - 4)]?
. KZ‘Q e b2 . e 452
27 WETDL-AP " Z; ME+ L]
e T8 (2K + 4)b? b2 .
—(1 1 T
(+os) gz —ae

=(1 1
I +os() 5~ ko — 0
Therefore by (5.6), we can conclude that

> uplo) eslo, {f(E) - f(o)}?

{0, £}€E(B)

2(1+05(1 ZZ 2 (K +2) L 4)2r2 € o (9:11)

v= QZETLICETK
2KL(L—4)b> 15 b+os(l ) I
= (1 1 _— .
(It os(D) oy T =z © 212

Next, we calculate the second summation of (9.10). By (8.18), we rewrite this
summation as

S uslon) eslon, 02) {f(o2) — flo1)}?

{o1,02}CO~

2 X 2 mle)eslon Q) ~ fe))

01€07~ 4,7~ £EN(02)

By Proposition 8.11, this equals 1 4+ 0(1) times

[ > X Z] P17 (o1, 02) {f(02) = flo1)}? . (9.12)

{01,02}CO~  01€07 4,7~

y (9.2), the last line becomes
¢? 1 s _ B )
pol Z 5¢ T (01, 02) {b"(02) — b~ (01)}
{o1,00}C¥4A
e TB¢2

2K2

_ _ ¢ _
|7 " |cap™ (B, Ra) = 52¢ s (9.13)
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Therefore, we can conclude that

S (o) es(on ) L) — flo)y? = W s gy

2K2
{0,6}€E(E™)

Similarly, we get

S (o) es(on ) L) — flo)y = B Wrs (g 1)

QK2
{o,&}eE(ET)

Therefore, by (9.10), (9.11), (9.14), and (9.15), we conclude that the first summation
of (9.7) equals
b+ 2¢ + 0g(1) I 0g(1) e T8
2K? 2K
as desired. n

Remark 9.4. The estimates (9.11), (9.14), and (9.15) are the reason why we term b
and e the bulk and edge constants, respectively.

We now conclude the section with a formal proof of Proposition 5.2.
Proof of Proposition 5.2 for d = 2. Since we have verified in the previous proposi-

tion that the function fp constructed in Definition 9.1 satisfies fo € €({8}, {H})
and the energy estimate (5.9), the proof is completed. ]
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10 Lower Bound for Capacities

In this section, we construct the test flow vy appearing in Proposition 5.3. Con-
struction of the test flow will be given in Section 10.1. Then, two properties of
the test flow appearing in (5.10) are verified in Sections 10.2 and 10.4, respectively.
Section 10.3 is devoted to providing some investigations of the equilibrium potential
between H and H, which will be used in the analyses carried out in Section 10.4.

10.1 Construction of test flow

In this subsection, we explicitly construct a test flow .

We explain the idea before proceeding to the construction. We again use the
convention (9.1) in this section. For the edge typical configurations, recall that the
equilibrium potential h¥ () on £¥ is the object approximating (up to some rescaling)
the equilibrium potential hé’ 5 (). Hence, we define the test flow on E* as a suitable
modification of (a constant-multiple of) Wy+. For the bulk typical configurations B,
we know the typical behavior of the Metropolis dynamics very well, and hence we
can define 1 as a simple flow from Rs to Ry_o, where the flow is constant on each
edge of the transition.

Definition 10.1 (Test flow). In this definition, defining ¢(o, ') = ¢ for a flow ¢
implicitly implies that ¢(o’, o) = —c. We now construct a flow .

1. Construction of i)y on edge typical configurations £. We provide an
explicit construction on £*.

o If 01, 09 € OF with o1 ~ 09, then we set

bo(o1, 02) = er™ (o1, 02) [H7(01) — b (02)] . (10.1)
e If oy € OF and 09 € Ti, then we set, for all £ € N (o9) with £ ~ o1,

ert(o1, 02) [h%(01) — hE(02)]

Yo(o1, §) = {&' € N(o2) : 01 ~ &'}

(10.2)

2. Construction of 1)y on bulk typical configurations B. We need to con-
sider the following two cases:

e For (k,¢) € Tx x T, and v € [2, L — 3],

¢O(CZI;;1€,07 CZI;;kJ) = %(Cz%;k,f{—p C;,Iz);;k,K)

2b
d d d d
= @/}O(CE,C;)V‘?II;,()? CZ,L?UV?Illf, 1) = wO(CZ,(;Jvtrllc,Kfla Z,Ci)vtrllc,K) - (K + 2)(L - 4) :
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o For (k,0) € Tk xTr,ve 2, L—3],and h € [1, K —2],

up up
¢0(Cz,v,k ho CZ,v,k h+1) ¢0(§e,u;k,h> Q,u;kq,hﬂ)

d d d d b
=00(C0 % k. hr Covik hr1) = Yo(CL0 ks S0 k=1, ht1) =

(K+2)(L—4)"

3. We set 19 = 0 on all the edges which are not considered above.

10.2 Flow norm

The next proposition computes the flow norm of g to verify the first requirement
n (5.10). In the remainder of the current section, we write ¢ = 1)y for the simplicity
of notation.

Proposition 10.2. For the flow ¢ = 1y constructed in Definition 10.1,

||7/’||%3 = (14 o0p(1)) 2re” .

Proof. Since the support of 1 is a subset of £ U B, by (9.9), we can write

o 2
= > + X + X }% (10.3)

(o, tleBEs)  (oclemEn) {noenm  MBlo)es

By the definition of 1, the first summation of (10.3) can be written as

Z Y(o1, 02)? Z Z Z (o, &)

{01, 02 €E(0) pa(o1) cs(o; o2) G1€0~ g2€T— EEN (02):01~E ps(01) cs(o1, €)

By (10.1), (10.2), and Proposition 8.11, this equals (1 + 0g(1)) times

2T0',0' “(o2) — b (1)}
{ Z +Z Z } ¢ 1 2){:—1“532) [](1)}

{o1,02}€E(O~) 01€0~ 026~

By the definition of capacity, we can rewrite the last summation as
2e2 e |9~ |cap™ (B, Ry) = 2eel” .

Since we can apply a similar argument to the second summation of (10.3), we can

78



conclude that

(o, §)* -
Z T Z —:(1+05(1))X2X2666
{0.6}€B(E)  {o, é}EE(S-&-)} ps(o) cslo, €)

= (e +op(1)) e . (10.4)

Now, we consider the third summation of (10.3). By definition, this summation

. L-3
18 Zke'ﬂ‘K,KeTL Zv=2 of

|: ¢<<€,v,k 0’ le);k,l)Q 7’/}(Cl}l}:);k,l(fﬁ CZ%;I@K)Z ]
IU’B(CZU;k,O)Cﬁ(CE vk, 0 CZI;;M) Mﬁ(CZ%;k,K—l)Cﬁ(QHi% K-1’ Qﬁ;k,}()

K—2
[ w(ce vik, CZIL;k,hH)Q w(ce vik, h CZI;;;k—l,h+1)2 ]
+> :

up up up up
he1 NB(Ce,v;k,h)cﬁ(Ce,v;k,h’Cé,v;k,hﬂ) NB(Cz,v;k,h) (Ce,v;k,hvfe,v;k—l,hﬂ)

and the same-form of terms can be obtained from above by replacing up with down.
By the definition of v, (4.8), and (4.6), this expression equals (1 + 0g(1)) times

39028 K-2 8b2elB p2el8
K+2 2+Z (K + 2)2 L—42]:(32+8(K72)) K +2)2(L —4)2
(K +2)%(L — (K + ) (K +2)%( )

8p2els
(K +2)(L —4)2

Hence, by the definition of b, the third summation of (10.3) equals

8b2el's

(1+o0p(1)) x KL(L —4) x K+ 2L =1

= [2b + 0(1)] €7 . (10.5)

Therefore, by (10.3), (10.4), and (10.5), we get
196]5 = 2[b + 2¢ + 05(1)] €™ = (1 + 05(1)) 2r€"" .
This finishes the proof. O

10.3 Equilibrium potential around ground states

It remains to verify the second requirement (5.10) regarding the test flow ¢y. To
this end, we first prove that the equilibrium potential is nearly constant on the
neighborhood of ground states in this subsection. The main tool is Proposition 0.16
regarding the estimate of the equilibrium potential.
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Lemma 10.3. It holds that

max h =0(e?) and max (1-hZ o(c) =07 .
max W 50) = Ofe ™) max (1= 02 5(0) = Ofe)
Proof. We prove the lemma only for the first estimate, because the second one follows
immediately from the first since 1 — hé g = hé o-
By Propositions 0.16 and 0.10, it holds that

Cap5(07 El) < Capﬁ(o-’ El)
Capﬁ(av {Elv EE}) - Capﬂ(o—? EEI) .

he (o) < (10.6)
Now, we estimate capg(o, H) and capg(o, B) separately.

We first give a lower bound of capg(o, @) via the Thomson principle (Theorem
1.4). As o € N(B), there exists a (I' — 1)-path (w;)’_, connecting B and o, where
T is bounded by a constant depending only on K and L. We define a test flow ¢ on
X by

d(wt, wir1) = —P(wig1, w) = 1 for t € [0, T — 1],

and ¢ = 0 otherwise. This construction implies that ¢ is a unit flow from {H} to
{o}. Since (w;)L is a (I' — 1)-path, by Proposition 4.2 and (4.8),

. 1+4+o05(1)
s(wn) es(wr, wesr) = min {g(r), pa(wis)} < 28 ~r-1s

2
Therefore, we obtain
T—1 T-1
2 P(wt, wir1)? q+t 05(1) CeT-1)B
= < Ce .
Iols ; pp(we) ca(we, wir1) — tz e~ (T-1)8 )5
Hence, by Theorem 1.4,
1 1 s
capg(o, B) > > o . (10.7)
(fedll

Next, we establish an upper bound for capg(o, H). To this end, we first observe
from our construction of fy (cf. Definition 9.1) that fo € €1 (N (B), N(H)). There-
fore, by the symmetry of capacities (cf. (0.13)), the monotonicity of capacities (cf.
Proposition 0.10), and the Dirichlet principle (cf. Theorem 1.3), we have

capg(o, B) = capg(8, o) < capg(N(B), N(B)) < Zs(fo) < Ce 1P (10.8)

for some constant C' > 0, where the last bound follows from Proposition 9.3.
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The proof is completed by (10.6), (10.7), and (10.8). O

10.4 Divergence of test flow

Now, we investigate the divergence of the test flow ¢y constructed in Definition 10.1.
For simplicity, we again write ¥ = 1 throughout the current subsection. We first
check that this flow is divergence-free on bulk typical configurations.

Lemma 10.4. We have (divy)(o) =0 for alloc € B\ €.

Proof. Let us fix o0 € B\ €.
If 0 = ¢y, for some £ € Ty, and v € [3, L — 3], then we can write (divy)(o) as

d d
Z [(a, Chyop1) + (0, GO 1) + (0, oy k1) F (0 Gtk —1)] -
keTk
By recalling Definition 10.1, this summation is equal to
2b

2 2 2 .
kGZTK [(K+2)(L—4)+(K+2)(L—4)_(K+2)(L—4)_(K+2)(L—4) =Y

If 0 = ¢, ., , for some (k, {) € Tg x Ty, v € [2, L —3], and h € [1, K — 1],
then we can write (divy)(o) as

(o, CZ};;k,thl) + ¢(o, CZP:,;k,l,thl) + ¢(o, Cza;kyhfﬂ + ¢(o, CZI:,;k+17h71)

B b N b B b B b 0
O (K+2)(L—4)  (K+2)(L—-4) (K+2)(L—-4) (K+2)(L—-4)

The cases 0 = C;‘;,k , and C?‘;WI,‘C , can be handled in the same manner. This
concludes the proof. O

Next, we show that ¢ is divergence-free on Ro and Ry _o.
Lemma 10.5. It holds that (div)(o) =0 for all 0 € RoURL_a.

Proof. We only consider the divergence on Ro, since the proof for Ry, is identical.
Recall the generator L~ from (8.21). Then, since the uniform measure on ¥~ is the
invariant measure for the process Z~(+), by the expression (0.14) of capacity,

ap (B R) =~ > Y @O @b @) (09)

aeRz £eV\Re2
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On the other hand, by the definition of ¢, we can write

oD e d=ed, > (0, ){h (0) = (&)} (10.10)

o€R2 L&~ oc€R2 (€Y~ \R2

By (10.9) and (10.10), we get

S Y w0, ) = —e|¥[eap (B, Ra) = -1, (10.11)

0€ER2 €&~

where the second identity follows from the definition of e¢. On the other hand, by
the definition of 1,

>N (o, ) =L x2K x (K+22)[2L_4) =1. (10.12)

0€ERy £€B

By adding (10.11) and (10.12), we obtain

> (dive)(o) =0.

0ER2

Since div 1) is a constant function on Ro by symmetry, we can conclude that (div ) (o) =
0 for all o € Rs. O

Next, we show that the flow 9 is divergence-free on O~ and OT.
Lemma 10.6. We have (dive)(c) =0 for allo € O~ and 0 € OF.

Proof. We only consider the case o € O~ since the case ¢ € OT can be handled in
the same manner. By the definition of ¥, we can write

(dive) (o) = e (L7h7)(0) . (10.13)

By (0.11), we can conclude from (10.13) that (div) (o) = 0 for all 0 € ¥4\ (BUR»).
It suffices to observe from (8.17) and (8.18) that ¥~ \ (BUR2) = O~. O

We can conclude from Lemmas 10.4, 10.5, and 10.6 that the flow 1 is almost a
divergence-free flow.

Proposition 10.7. The flow 1) is divergence-free on X \ N(S).

Proof. We can decompose the set X \ NV (S) as

(B\E)UR,URL,UO UOTU(X\(EUB)).
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Since it follows immediately from the definition that (divy)) =0 on X'\ (€ U B), we
can conclude the proof from Lemmas 10.4, 10.5, and 10.6. O

Now, we are ready to prove the second requirement of (5.10).

Proposition 10.8. We have that

> "L (o) (dive) (o) =1+ 0s(1) .

ceX

Proof. In view of Proposition 10.7, it suffices to prove that

Z h w(0) (dive)(0) =1+ 05(1) and Y hE o(0) (dive) (o) = 0p(1) .

ceN (B oeN(8)
(10.14)

We focus only on the former, since the proof for the latter is essentially identical.
By Lemma 10.3, we have

Z h ) (divep) (o) = (1 + 0p(1 Z Z Y(o

ceN(B) oceN(B) &é~o
= (L+o05(1)) Y (dive)(o).
oceN(B)

Note that, in the previous computation, we implicitly used the fact that neither ¢
nor N'(H) depends on f.

Now, we claim that

> (divy)(o) =1. (10.15)

ceN(B)

By (10.2), we can rewrite the left-hand side of the previous identity as

er (¢, ) [b-() - b~ ()]
2. D WeO=- 2> > TaeN@ e~y

ceN(B) €eO—:é~a ceN(B) ¢eO—:é~a

Since r~ (-, -) is symmetric, we can further rewrite as

Y BN ©-y @)

£e0—:{¢,Bres4

By (0.14) and the definition of e, the last display equals
¢|V"[cap™ (B, R2) =
This completes the proof for the first estimate of (10.14) and concludes the proof. [J
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We conclude this section with the proof of Proposition 5.3.

Proof of Proposition 5.3. Let 19 be the test flow defined in Definition 10.1. Then,
the two properties appearing in (5.10) for 9 have been verified in Propositions 10.2
and 10.8. This completes the proof of Proposition 5.3. O
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11 Comments on Case K = L

Now, we suppose that K = L. We define 0 : ']I‘%( — ’]I‘%( as
Ok, 0) = (0, k) ; (k, 0) €T% .

Then, define an operator © : X — X as, for o € X,
O(0)(z) =o(8(x)) ; z €Ty .

Then, the collection of canonical configurations should be C U ©(C). Similarly, the
definitions of bulk typical configurations and edge typical configurations should be
extended to BU ©O(B) and £ U O(E), respectively. With these new definitions of
canonical and typical configurations, we can perform similar computations to prove
the Eyring—Kramers law.
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Part 111
Condensing Zero-range Processes

In this third part of the lecture note, we consider a class of interacting particle
systems known as the zero-range processes. The particles comprising this model are
sticky and therefore tend to condensed at a site. The movements of this condensate
are the metastable behavior of this model. To precisely understand the successive
movements of the condensate, we use the Markov chain model reduction technique
in the context of the metastability to analyze this model. According to the general
methodology known as the martingale approach developed in [2, 3, 4], the proof of
the Markov chain model reduction for metastable Markov processes is largely based
on the potential theory.

This connection between the Markov chain model reduction and the potential
theory is relatively clear if the underlying model is reversible. On the other hand, if
the model is non-reversible, not only the estimates of the capacity but also deriving
the Markov chain model reduction from such estimates are complicated.

In this part, we will try to explain the general method for carrying out these tasks
as clearly as possible. We will use the generalized Dirichlet and Thomson principles
for the non-reversible Markov processes (cf. Theorem 2.1) to derive sharp estimates
of capacities between metastable sets, and then use a robust method developed in
[40] to derive the Markov chain model reduction from there.

We note that the current part is largely based on the article [56].

12 Zero-range Processes

In this section, we introduce a class of zero-range processes exhibiting the conden-
sation phenomenon.

Underlying random walk

A zero-range process is a system of interacting particles. We start by explaining the
dynamics of the underlying particles comprising the zero-range process. Let x > 2

be an integer and denote by
S=Te=2Z/kZ
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the cycle of length . Denote by X(-) the continuous-time Markov process on S with
rate
P ify=ao+1,
r@,y)=q1-p ify=a-1,

0 otherwise .

We note that the addition and subtraction in T, are always carried out modulo
k. We denote by Lx and Dx the generator and Dirichlet form associated with the
process X(-). We note that the potential theory of the process X(+) has been analyzed
in Exercise 0.7. We denote by P, x € S, the law of the underlying Markov process
X(-) starting from a site z € S.

Zero-range processes

The zero-range process is defined as an interacting system of N particles, where
particles basically follow the law of the process X(-) defined above, but interact
through the zero-range interaction explained below.
Let @ : N - R and g : N — R (with the convention N = {0, 1, 2, ---}) be
functions defined by
a(n) = {1 ifn=0, (12.1)

n® ifn>1,

and
0 ifn=0,
g(n) = , (12.2)
a(n)/a(n—1) ifn>1,
where the parameter a stands for the stickiness of constituent particles. We assume
that o > 1 in this note. We will discuss this assumption for a in Remark 14.8.

For N € N, define H C N° as the space of configurations on S with N particles:

HN:{UZ(%:)J:ESGNS3Z77J::N}-

€S

Here, 7 € N° represents the entire set of particle configurations on S and n,, = € S,
represents the number of particles at z.

Now we are ready to define the zero-range process. For N € N, the zero-range
process {nn(t) : t > 0} consisting of N particles is defined as a continuous-time
Markov process on Hy associated with the generator

(Lnt)m) = > g(na)r(z, y)(E(e™n) —£(m) ;neHn,

z,yeS
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for f : Hy — R, where 0% Yn € Hy represents the configuration obtained from 7 by
sending a particle at site = to y (if possible), that is, o™ ¥n =7 if n, = 0, and

n,—1 ifz==x
(@) =qn.+1 ifz=y

i otherwise ,

if np, > 1. Of course, we have ¢®%n = n for all x € S and n € Hy. For n € Hy,
denote by IP’%V the law of the zero-range process ny(+) starting from 7, and denote
by Efy the corresponding expectation.

Notation 12.1. A function on Hy will always be denoted by bold font such as f or
g to distinguish such functions from functions on S.

Heuristically, under the zero-range dynamics defined above, one of the particles at
site  jumps to site y at a rate g(n,)r(z, y). We can observe two important features
of the dynamics at this point. Firstly, since the rate g(n;)r(x, y) is independent of
1., 2 # x, we can observe that each particle interacts only with the particles at the
same site through the function g(-). This is the reason that this interacting particle
system is called a zero-range process.

Secondly, in view of (12.1) and (12.2), this jump rate g(n;)r(x, y) decreases as
Nz (> 2) becomes larger. Namely, a particle is deactivated as there are more particles
grouped together with that particle. For this reason, we can observe that particles
of the zero-range process are sticky. This sticky interaction eventually causes the
condensation of particles as defined in the next section.

Exercise 12.2. Prove that the zero-range process defined above is irreducible.

Invariant measure

For n € Hy, let us write

a(n) = [ aln.) - (12.3)

zesS

By Exercise 12.2, the zero-range process has a unique invariant measure. One can
readily verify that this invariant measure py(-) on Hy is given by
N* 1

— L ey, 12.4

N (1)

where Zy is the partition function turning puy into a probability measure, i.e.,

1
Zy=N">_ OB

neHN
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Exercise 12.3. 1. Prove that ppy(-) is the invariant measure for the zero-range
process Ny (+).

2. Prove that the zero-range process ny(+) is reversible if and only if p = 1/2.

Define
o0 1 o0
Fazza(n) :1+Zf<oo,
n=0 n=1

where the last inequality holds since we have assumed that a > 1. Then, define
Z = kT (12.5)

The following proposition explains the appearance of the somewhat unnecessary N¢
term at (12.4).

Proposition 12.4. We have that

lim Zy =2

N—oo

Since our primary concern is the connection between the potential theory and
the metastability of the zero-range processes, we shall not prove all the detailed
properties of the zero-range processes. Instead, we refer to [5] for the proof. For this
proposition, we refer to [5, Proposition 2.1] for the proof.

Dirichlet form

We write Zn(f), f : Hy — R, the Dirichlet form associated with the zero-range

process Ny (-), i.e.,
In(f) = (£, —Znt),, -

By summation by parts, we can rewrite this Dirichlet form as

I(8) = 5 35 () glne) e, ) (0™ ¥n) — ()

zeSyes

Equilibrium potentials and capacities

In the investigation of the zero-range process, both the potential theories of the
underlying random walk X(-) and of the zero-range process ny(-) are important.
Hence, in order to avoid confusion, we have to carefully define potential theoretical
notions for these processes.
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e Denote by 74 and 74 the hitting times of the sets A C S and A C Hy,
respectively. In this part, the subsets of S will be denoted by plain capital
letters, while the subsets of H are denoted by calligraphic capital letters.

e For two disjoint and non-empty sets A and B of S, we denote by hy p: S —
[0, 1] and capx (A, B) the equilibrium potential and the capacity with respect
to the underlying process X(-), respectively:

ha p(x) :=Pylta<7p] ;x€S, and
capx(A, B) := Dx(ha, B) .

For two disjoint and non-empty sets A and B of Hy, we denote by hy 5 :
Hy — [0, 1] and capy (A, B) the equilibrium potential and the capacity with
respect to the zero-range processes ny(-), respectively:

ha () =hl 5(n) :=P) [ta <78] ; n€Hn, and
capN(A, B) = -@N(hA,B) .

Adjoint and symmetrized processes

Define the adjoint rate 77(-, -)and the symmetrized rate 7*(-, -) as

1—p ify=z+1, 1/2 ify=xz+1,
rf@,y)=4qp  ify=a2-1, and r(z,y)=S1/2 ify=a—1,
0 otherwise , 0 otherwise ,
so that 1
P, y) = 5 [r@ g+ )]

Denote by (XT(¢));>0 and (X*(¢));>0 the Markov processes on S with rate (-, -)
and r5(-, -), respectively.

Exercise 12.5. Prove that Xf(-) and X*(-) are the adjoint and symmetrized pro-
cesses, respectively, of the underlying process X(-).

We write L%} and L§ for the generators of the processes X'(-) and X*(-), respec-
tively. In addition, we write hL’ () for the equilibrium potential with respect to
the process XT(-).
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Next we define two generators XJJ{, and .2y actingon f: Hy — R as

(L)) = > gna)r!(z, y) (E(o™n) — £(y)) and

z,yeS

(LXE) ) = D glna)r®(a, y) (E(o™¥n) — £(n)) ,

z,yEeS

respectively. Denote by (n;rv(t))tzo and (n3(t))i>0 the continuous-time Markov pro-
cesses on Hy generated by ,,2”;{, and £y, respectively.

Exercise 12.6. Prove that n}LV() and 73 (-) are the adjoint and symmetrized pro-
cesses, respectively, of the zero-range process ny(-).

We write h:r4 () for the equilibrium potential with respect to the adjoint process
n}f\,() We also write capy (A, B) for the capacity with respect to the symmetrized

process 1% (+).
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13 Condensation Phenomenon

In this section, we explain the condensation phenomena of the zero-range processes
defined in the previous section.
Metastable valleys

We first define an auxiliary sequences to concretely define the metastable sets of the
zero-range processes. For two sequences (an)nen, (by)nen of positive real numbers,
the notation ay < by implies that

. by
lim — =o0.
N—oo AN

Let ({n)nen be sequences of positive integer such that
1 <y < NOF+)/(+(s=1)a) (13.1)

We explain later the reason for imposing this complicated upper bound for £.

For each x € S, the metastable valley or metastable set £y C Hy is defined as
the set of configurations such that all but at most £y < N (by (13.1) since xk > 2)
particles are condensed at site x:

Evx={neHHnN :n.>N—4In} .

Define
Ev=J&F and Ay=Hn\Ey. (13.2)
€S

Condensation of particles

The following theorem shows that the zero-range process defined above exhibit a
phenomenon known as condensation of particles.

Theorem 13.1. It holds that
1
1i ) =— Il )
Ngr})oMN(gN) - forallx € S

Therefore, the invariant measure un(-) is concentrated on the metastable sets defined
above in the sense that

lim pun(En) =1 and lim puny(An)=0.
N—o00 N—o00
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Proof. We refer to [5, display (3.2)] for a proof. O

Remark 13.2. This theorem holds for any sequence (¢x)nen satisfying 1 < fy <
N. The condition £y < N0+e)/(+(E=1a) appearing in (13.1) is used only in the
investigation of the metastable behavior explained in the next section (cf. conditions
(H1) and (H3) introduced later in (14.5) and (14.7), respectively).

This theorem assert that, with dominating probability (as N gets larger), almost
all particles are condensed at a single site. This phenomenon is called a condensa-
tion of particles. Hence, if the zero-range process starts from any configuration, it
will eventually form a condensate at a certain site. Subsequently, this condensate
will move around sites of S. Such movements of the condensate, which are often re-
ferred to as the inter-valley dynamics, are the metastable behavior of the zero-range
processes and are our main concern that will be discussed in the next section.
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14 Markov Chain Model Reduction

In this section, we introduce the main results regarding the analysis of the metastable
behavior of the zero-range process, and then outline a general framework regarding
the Markov chain model reduction of the metastable behavior that can be applied
to the current model. This general framework is called the martingale approach,
which is developed in [2, 3, 4] and then enhanced in [34].

14.1 Order process

In this section, we introduce the so-called order process which represents the inter-
valley dynamics and hence plays a significant role in the Markov chain model reduc-
tion. All the definitions introduced in the current section can be made for a general
class of Markov processes, but we define them only in the context of the zero-range
processes for the convenience of the discussion.

Trace process

The trace process of the zero-range process 1y (-) on the set En (cf. (13.2)) is defined
as

TSN(t)—/tl{nN(s)ESN}ds ;>0
0

This random time represents the total amount of time for which the zero-range
process stays in Ey up to time . We denote by SV : [0, oo) — [0, 00) the generalized
inverse of the non-decreasing function TV (), i.e.,

SEN(t) =sup{s>0:T°¥(s) <t} ;¢>0.

The trace process (nJSVN (t))t>0 of the zero-range process nn(-) on the set Ey is defined
by
N (6) =N (ST () 5 >0

By carefully looking at the definition, one can observe that the trajectory of n]‘g\,N ()
is obtained from that of the zero-range process ny(-) by removing the excursion of
nn(-) on the set Ay (cf. (13.2)). This is the reason that the process n]SVN(~) is called
the trace process of ny(-) on En.

Exercise 14.1. (The answers to the following questions can be found in [2, 3])

1. Prove that nlng (+) is indeed an irreducible continuous-time Markov process on

En.
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2. Prove that the invariant measure of the process n}SVN (+) is the conditioned mea-
sure u‘;VN(-) of pun(-) on En, ie.,

£
py () = —%~= ;neEén.
N

3. Prove that the Markov process n]‘ng (+) is reversible if ny(+) is reversible. Is the
converse true?

Order process

We note that the trace process 77]5\,N (+) includes all the information about the behavior
of the process nn(-) on Ex. However, in view of the metastable behavior, we are only
concerned with the inter-valley dynamics and are not interested in the exact location
in a metastable valley within which the zero-range process is staying. Hence, the
order process is defined as the process obtained from the trace process by discarding
this information.

More precisely, we define a projection function ¥ : &y — S as

V) =3 e 1o € &)

zeSs

and then define the order process as
Yi(t) = O (NY) 5 1>0.

To explain the meaning of the order process, we first consider the projected trace
process
&
Wy (t) =¥y (@) ;t=0.

This process Wi (t) indicates the label of the valley at which the trace process niN (t)
is staying. Hence, this process captures all the relevant information regarding the
inter-valley dynamics of the process ny(:) on . We defined Yy (t) as a speeded-up
version of this process, namely,

Yy (t) = Wy (NTet)

since we observe the transitions between metastable valleys in the time scale of
Nite,

It takes a long time to move a condensate from one site to another since the
particles are sticky and hence tend to keep the condensate. We can also notice that
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this transition time scale N+ is increasing in «. This is a natural result since the
parameter o corresponds to the stickiness of the particles.

14.2 Markov chain model reduction via convergence of order pro-
cess

Markov chain model reduction

We note here that the order process may not be a Markov process. However, one
can usually prove that, in the metastable situation, the order process converges to a
certain limiting Markov process Y'(-) on S. Heuristically, this is mainly because the
process entering a metastable valley will spend long enough time inside the valley to
forget the entering location. This is indeed the case for the zero-range process, and
the following is the main theorem regarding the Markov chain model reduction. We
remark that the limiting Markov process Y'(+) for the zero-range process is defined
in the next paragraph.

Theorem 14.2. The following hold:

1. Suppose that nn(0) € EX for all N € N for some v € S. Then, the law of
the order process Yn(-) converges to the law of limiting Markov process Y (+)
starting at x.

2. For all T > 0, it holds that

T
lim sup E,jy [/ 1{nn (Nt € An}dt] =0.
0

N—oo neEN

If the zero-range process ny () spends non-negligible amount of time at Ay =
Hn \ En, then the trace process n]gVN (), which is obtained by turning off the clock
when the zero-range process ny(-) stays at Ay, discards too much information re-
garding the inter-valley dynamics of the zero-range process. Part (2) of the previous
theorem implies that, in the scale N7, the zero-range process does not spend
meaningful amount of time at Ay and hence the trace process is indeed a good
approximation of ny(:) in view of the inter-valley dynamics. This gives authority
to part (1) which asserts that the inter-valley dynamics of the trace process (and
hence the zero-range process by part (2)) is approximated by the limiting Markov
process Y (). So far, we have explained a general way to derive the Markov chain
model reduction via convergence of order process.

We discuss the strategy to prove Theorem 14.2 in Section 14.4.
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Limiting Markov process

We next define the limiting Markov process Y (-) for the zero-range process. Define
a constant by

I, = /1 u*(l —u)%du . (14.1)

Define a : S x S — [0, 00) by

a(x, y) = Capx(.’ﬁ, y) T, Y € S7 (142)

K
| S
where we remind here that the notation z, y € S implies that  and y are different.
Note that the capacity capx(x, y) has been computed in Exercise 0.7. Now the
limiting Markov process (Y (t)):>0 is define as a continuous-time Markov process on
S with rate a(-, -). We denote by Q, the law of process Y () starting at z € S.

Since a(z, y) > 0 for all , y > 0, the irreducibility is clear for the process Y'(-).
Denote by v(-) the uniform measure on S:

1

vie)=— ;xz€S. (14.3)
K

Exercise 14.3. Prove that that the unique invariant measure of the irreducible

Markov process Y (-) is v(-) and furthermore, that the process Y(-) is reversible.

(Hint: use (0.13))

A remarkable fact here is that the limiting Markov process is always reversible,
while the underlying zero-range process is not, especially for p # 1/2.

14.3 Markov chain model reduction via convergence of marginal
distributions

An alternative way of describing the Markov chain model reduction was developed
in [34]. This methodology does not discard the excursions of the zero-range pro-
cess on Ay (and hence does not use the trace and order processes) but proves the
convergence result with a weaker notion of convergence, namely the convergence of
finite dimensional distributions. This is the nature of the problem; without remov-
ing noisy excursions at Ay, we cannot expect the convergence in path space with
the usual mode of convergence. We refer to [2] for more detail. Instead, the soft
topology introduced in [30] can be used to prove the convergence.

To explain this alternative method, let us define a projection function U H N —
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SuU{o} as
~ x ifxe&%,
(n) = .

o ifxeAy.

~

Then, define a process (Yn(t)):>0 as
Yi(t) = T (NTHe) 5620

Then, the process Yy (:) is a process on S = S U {0} and may not be a Markov
process. We note that the order process Yy (-) is a trace process of Yy (+) on the set
S.

Define an extended limiting process (?(t))tzo on S as a continuous-time Markov
process with jump rate

0 otherwise .

{a(:z:, y) ifzx,yes,

Hence, o is merely a cemetery point of the Markov process IA/() Denote by Qz,
x € 5, the law of process Y (-) that starts at x.

Exercise 14.4. Prove that the measure 7(-) on S defined by

) {V(x) ifzes,

0 otherwise .

is an invariant measure of the Markov process Y (+).

The following is the second way of establishing a Markov chain model reduction
of the metastable behavior developed in [34].

Theorem 14.5. For all x € S and for all (nN)nen such that ny € EX for all N,
the finite dimensional distributions of the process Yn(-) under ]P’WNN converges to that
of the law Qz, as N tends to infinity.

The proof of this theorem is close to that of Theorem 14.2 and will be explained
in the next subsection.
14.4 Martingale approach

In this section, we explain the general principle developed in [2, 3, 4, 34]. This
principle, which is now called the martingale approach to the metastability reduces
the proof of Theorems 14.2 and 14.5 to the verification of several sufficient conditions.
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To explain the general principle in the context of zero-range process, we now

explain several essential notions.

Recall that n]g\,N(-) is a Markov process on Ey. Denote by jn : EnxEn — [0, 00)
the jump rate of the process n]g\,N ().

For z, y € S, the mean jump rate between two valleys £% and £Y; is defined
by

rn (@, y) = M(lgN) S5 an ) in(n, ©).-

neEy Ce&y

For each z € 5, let £5; € Hn be the configuration such that all particles are
located at site x.

For z € S, write £5 = Ey \ €%

For z, y € S, write gﬁ,y =E&n\ (5]9{, UE}’\’,).

Now we introduce several sufficient conditions for the Markov chain model reduction.

Condition (HO): For all z, y € S,

lim N'™ry(z, y) = a(z, y) . (14.4)
N—o0
Hence, the mean jump rate between two valleys £ and &3, is approximately
a(z, y)/N'*®. This is the reason that we accelerated the process by a factor
of N1 in the definition of the order process. This accurate estimate of the

mean jump rate is the crucial and most difficult step in the proof of Theorems
14.2 and 14.5.

Condition (H1): For all x € S,

g Ex
lim sup CPNERER) o (14.5)
N=ooy ceer, capy (1, €)

This condition implies that, for any 7, ¢ € £f;, the process starting at n € £%
hits the configuration ¢ € £} before hitting the set Su]"’i,, i.e., before arriving at
one of other valleys, with dominating probability. We term this phenomenon
a visiting property. We discuss this further in Remark 14.10.

Exercise 14.6. Prove the last assertion. (Hint: Proposition 0.16)
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e Condition (H2): For all z € S,

lim LV(AN)

=0. 14.6
N—oo N (ER) (146)

This condition implies that the set Ay is negligible compared to £F with
respect to the invariant measure. We emphasize that this condition is a direct
consequence of Theorem 13.1.

e Condition (H3): For all z € S,

lim limsup sup sup IP’nN [nN(N'Ts) e Ax] =0. (14.7)
6=0 Nooo ne€¥ 26<s<38

This implies that, if the zero-range process starts from a valley it will still be in
the same valley after a short time. Note that we cannot replace supys< <35 with
SUPg<s<s, Since if the process starts at the boundary of £%, then with a non-
negligible probability it leaves the valley within a few steps. This condition
(14.7) implies that, even after such an escape from the valley, the process
returns to the valley immediately.

The next theorem is a consequence of [3, Theorem 2.1] and [34, Proposition 1.1],

Theorem 14.7. Suppose that conditions (H0), (H1), and (H2) hold. Then, Theo-
rem 14.2 holds. Moreover, if condition (H3) additionally holds, then Theorem 14.5
also holds.

Therefore, to prove Theorems 14.2 and 14.5, it suffices to verify the conditions
(HO), (H1), (H2), and (H3):

e Condition (HO) will be proven in Proposition 16.13. This is the most difficult
part of the current problem. The main components of the proof are the esti-
mate of capacities, the sector condition, and the argument developed in [40]
based on collapsed processes.

e Conditions (H1) and (H3) are proven based on Propositions 17.3 and 17.4,
respectively, based on the estimate of capacities.

e As we have mentioned above, the condition (H2) is a consequence of Theorem
13.1.

Remark 14.8. In fact, Theorem 13.1 holds only for « > 1 (for the critical case
a = 1, we should be more careful about the selection of ¢y, see [35]) and hence
the metastable behavior must be studied for all a > 1. Below is the history of the
research on this problem in chronological order:
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1. Beltran and Landim [5] first analyzed the reversible case p = 1/2 with a > 1.
2. Landim [31] analyzed the totally asymmetric case p = 1 with o > 3.
3. Seo [56] analyzed the general case p € [0, 1] with a > 2.

4. Landim, Marcondes and Seo [35, 36] analyzed the critical case @ = 1 with
p=1/2.

We note that the articles [5, 35, 36, 56] considered a more general case, i.e., the
particle system on any finite set consisting of any underlying random walk X(-).
The articles [5, 35, 36] assumed the reversibility of the zero-range process. Moreover,
[35, 36] assumed that the invariant measure for the underlying random walk X(-)
is the uniform measure on S. We also emphasize here that [31] is the first rigorous
quantitative analysis of the metastable behavior of a non-reversible Markov process.

Remark 14.9. The current part of this lecture note is mainly derived from article
[56]. With a more refined argument, we are able to weaken the assumption a > 2 of
[56] to a > 1. The critical case o = 1 for the non-reversible case is largely unknown
at this moment. We discuss in the next remark the difficulty of the critical case.

Remark 14.10. If £ is too large, then there are too many configurations inside the
valley and hence the visiting property explained in condition (H1) may not hold.
In fact, the upper bound of ¢x given in (13.1) is imposed to verify condition (H1).
For the critical case a = 1, in order to ensure that (H1) is in force, we have to take
{x so small that the metastable valley £ with such ¢ violates Theorem 13.1 (i.e.,
the condition (H2)). In conclusion, the critical zero-range process cannot satisfy two
condition (H1) and (H2) simultaneously, no matter what value we give to . This
is the reason that the critical case cannot be handled with the martingale approach
described here. Recently, [36] developed a new approach based on the analysis of the
solution of certain form of resolvent equations and used this approach to investigate
the metastable behavior of critical case with p = 1/2.

14.5 Outlook of the remainder of Part III
In the remainder of the note, we verify conditions (HO), (H1), and (H3).

e In Section 15, we explain and prove the capacity estimates between valleys.
The proof is based on the generalized Dirichlet and Thomson principles and
hence we need to construct the test functions and flows.

e In Section 16, we prove condition (HO).

e In Section 17, we prove conditions (H1) and (H3).
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15 Estimate of Capacities

In this section, we provide, up to the construction of test objects, the estimate of
the capacity between metastable valleys based on generalized Dirichlet and Thomson
principles.

Main result

For f : S — R, the generator of the limiting Markov process Y (-) on S can be

written as

(@)= Y SOOI ) ey iees. )
ves\{z} “e

As we have mentioned before, the invariant measure for Y'(+) is the uniform measure
v(-)on S, ie.,

1/(:1:):l forall x € S.
K

Therefore, the Dirichlet form with respect to the process Y'(+) acting on f : S — R
such a way that

Dy(f) = > v(a) fl@) [~(Ly f)(z ZZ”"X ) 1(y) - F(a))?

z€eS acES yeS

Recall that Q, denote the law of the process Y (+) starting from x € S. For two dis-
joint non-empty sets A and B of S, the equilibrium potential and capacity between
A and B with respect to the process Y () are defined by

ha B(x) = Qu(ta < 7B) for x € S, and capy (4, B) =Dy (ha B), (15.2)

respectively.
For a non-empty set A C S, we write

=Jé&.
z€A
The following theorem is the main capacity estimate for the zero-range processes

Theorem 15.1. For disjoint, non-empty subsets A, B of S, we have that

lim N capy(En(A), En(B)) = capy (4, B) .

N—oo

In addition, if (A, B) is a partition of S, that is, AU B = S, the equilibrium
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potential h4, p(-) becomes the indicator function on A, and hence by (15.2) we
immediately obtain the following result as a corollary of the previous theorem.

Corollary 15.2. Suppose that two disjoint, non-empty subsets A, B of S satisfy
AUB=S. Then,

1
. 1+a _
Jim N capy (En(A), En(B)) = A ;eA yEEB capy(z, y) -

Now we discuss how we can prove Theorem 15.1.

Strategy to prove Theorem 15.1

Let us now turn to the proof of Theorem 15.1, which is based on the generalized
Dirichlet and Thomson principles (cf. Theorem 2.2). We explain how we can apply
these principles in the context of the zero-range processes.

We start from the test functions and flows. Let us first introduce a new parameter
€ > 0 denoting small numbers. The parameter € will be sent to 0 in the end (after
sending N to o0).

Remark 15.3. Henceforth, all constants are assumed to depend only on p, k, «,

and e and are independent of N. Furthermore, we write a(N, €) = on(1) and
b(N, €) = oc(1) if

lim a(N, €) =0foralle >0 and

N—oo
lim sup b(NV, €) =0,
e—=0 NeN
respectively. The dependencies of the constant and the on (1) term on the parameter
€ do not incur any problem, as we always send N to infinity first before sending e
to 0.
Throughout the remainder of the current section, let us fix two disjoint non-
empty subsets A and B of S.
In [56, Section 7], for sufficiently large N € N, two functions

Vap=Vig: Hy—R and Vi ,=ViLoHy R

approximating the equilibrium potentials he () e () and h:rsN( A),ex(B) TesPec-
tively, are constructed. It is also verified there that these functions enjoy the follow-
ing properties.

Proposition 15.4. For all small enough € and large enough N, two functions V 5
and VL g satisfy the following properties:
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1. It hold that V4, p, VE,B € €1, 0(En(A), EN(B)). Moreover, for all z € S\
{A, B}, it holds that

Vas(n) =V z(n) =ba p(x) foralne&y.

2. It holds that

NGy (Va ). NH Oy (V] ) < [+ on(1) + oc(1)] capy (4, B) .

We next construct test flows approximating ®p and @, ¢ (cf.
EN(A), En(B) EN(A), EN(B)

(0.28)). The natural candidates are oy, , and <I>VL K However, the divergences of

these flows are larger than required along the saddle tube between metastable sets
(cf. [56, Section 7.2]) and hence we need to perform a local surgery to cancel these
divergences out without impacting approximating features of the flows @@A’B and
(I)VL = This procedure is the most complicated part in the analysis of the zero-

range process. The consequences of this correction procedure can be summarized as

follows.

Proposition 15.5. For all small enough € and large enough N, there exist flows
Cup=0NEEFn and @) ;=00 gy

enjoying the following properties.

1. The flows ®4 g and <I>j4 p approximate <I>§,A , and @1 in the sense that
’ ) A, B

* Z lon(1) + 0.(1)] N~ ang

205 2%,
2

H“I’E,B —oy | = on(D) + o (D] N

A, B

2. The divergence of ® 4 p is negligible on Ay in the sense that

> (div @4, 5) ()] = on (1) N~UF)
nEAN

3. The divergence of ® 4, p is negligible on EY, x € S\ (AU B), in the sense that

(div @4, 5)(E%) = on(1) N~UF) gnd (15.3)
> heyay,en () (div @4, 5)(n) = on (1) N-0H) (15.4)
neEY
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4. The divergence of ® 4, p satisfies

(div ® 4 )(En(A)) = [1 + on(1)] N~U+Y capy (A, B) and
(div @4, 5)(En(B)) = —[1 + on(1)] N~0F¥ capy (A, B) .

The flow CI)L,B also satisfies properties (2), (3), and (4).

The proof of this proposition is given in [56, Section 8].

Since the proofs of Proposition 15.4 and 15.5 are too technical and hence are
not suitable as contents of a lecture note, we refer to the interested readers to the
article [56]. Instead, we will now focus on how we can prove the Markov chain model
reduction based on this constructions.

By (2), (3), and (4) of the previous proposition, we have the following estimate
that enables the application of the generalized Dirichlet and Thomson principles.

Lemma 15.6. We have that

> heyay,em () (div @4 p)(n) = [1+on(1)] N~ capy (4, B) and (15.5)
neEHN

> ey, e M) (div @l p)(n) = [1+ oy ()] N~ capy (4, B) . (15.6)
neEHN

Proof. We only consider (15.5) since the proof of (15.6) is identical. The summation
on the left-hand side of (15.5) can be divided into

IR DD IE DI (15.7)

neEN(A) ne€En(B) x¢AUBNEEY, nEAN

Since hg, (4),g(B) = 1 on En(A), by part (4) of Proposition 15.5, the first summation
is equal to
[1+on(1)] N~0+%) capy (A, B) .

Since hgy (), e3) = 0 and Ex(B), the second summation in (15.7) is trivially 0.
The third summation is ox (1) N~(17®) by the second estimate of (3) of Proposition
15.5. Finally, as |hgy(a) ¢(p)l < 1, the last summation is on(1) N=(+2) by (2) of
Proposition 15.5. O

Now by accepting Proposition 15.4 and 15.5, we can complete the proof of The-
orem 15.1.
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Proof of Theorem 15.1. Inspired by the optimizer of Theorem 2.2-(1), let us take

f_VA,BWLVL,B ‘PLB_‘I’A,B

5 and ¢ =— 5 (15.8)

Note that £ € & o(En(A), En(B)) by (1) of Proposition 15.4. Thus, by the gener-
alized Dirichlet principle (i.e., Theorem 2.2-(1)) and Lemma 15.6, we can write

capy (En(A), En(B)) < [|Pg — ¢I|* + on (1) N~UF) (15.9)
where || - || = || - ||z denotes the flow norm with respect to the zero-range process
v (-)-

Let us write
— F* T T
(I)A,B_(I)VAB_‘_@N and (I)A’B_(I)VL,B—F@N’ (15.10)
so that we have
& _ & (I)VTA B (I)VA,B On — @}Fv
fo¢= (Va,p+Vl )2~ 2 2
Oy — O
= Uy, , + % (15.11)

By (2) of Proposition 15.4, it holds that
|95, 5" = Zw(Vas) < 1t on(1) + 0] N0 capy (4, B) . (15.12)

On the other hand, by (2) of Proposition 15.5 and definition (15.10), it holds that

2

1
Ov -6y = [on (1) 4 0c(1)] N~0+e) (15.13)

2

Therefore, (15.11), (15.12), (15.13), and the triangle inequality, we can conclude
that
1® — 61> < [1 + o (1) + 0 (1)] N0+ capy (4, B) . (15.14)

Inserting this into (15.9), we obtain the following upper bound of the capacity.
capy (En(A), En(B)) < [1+ on(1) 4 0e(1)] N~UFY) capy- (A, B) . (15.15)

Now we use the generalized Thomson principle to obtain the lower bound. Based
on the optimizer of Theorem 2.2-(2) and our guess of the asymptotic limit of capacity
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capy (En(A), Ex(B)), we take
To this end, let

VgV
2 N—(+a) cap, (A, B)

CI)L,B +®4. B
2 N-(+a) capy (A, B)

g and ¢ = (15.16)
By (1) of Proposition 15.4, we have g € € o(En(A), En(B)). Moreover, by Lemma

15.6, it holds that

> heyay, e (n) (div va, B)(n) =1+ on (1) + oc(1) .
nEHN

Therefore, by the generalized Thomson principle (i.e., Theorem 2.2-(2)), we can

conclude that 1 (1) (1)
-+ + 0¢

capy(En(A), En(B)) > o (‘;

[Pg — ¢

Now it remains to compute the flow norm || ®g — ¢||*. To this end, using (15.10),

(15.17)

let us write

1
N-(+9) capy. (A, B)

Oy + 6l
2

(I)g_¢:_ \IIVA,B_’_

Then, by similar computations as in the upper bound. we can conclude that

1+on(1)4 oc(1
g~ < oDt edl)
CapY(Aa B)

(15.18)
Combining (15.17) and (15.18), we can finally obtain the lower bound on the capac-
ity:

capy (En(A), Ex(B)) > [1+ on(1) + 0.(1)] N~ 0+ capy (A, B) . (15.19)
By the upper bound (15.15) and lower bound (15.19), we can conclude that

[1 + 0c(1)] capy (A, B) <liminf N capy (Ex(A), Ex(B))

N—oo
glimsupNHacapN(EN(A), En(B)) < [14 o0c(1)] capy (A, B),

N—o0

where the error terms o.(1) are now dependent only on €. Since the two terms in
the middle are independent of €, by sending € to 0, we can complete the proof. [

From the previous proof, the estimate obtained in Proposition (15.4) can be
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strengthened as follows.

Corollary 15.7. We have that

In(Va,g) = (14 on(1) +0.(1)) N~0F capy. (A, B) .

108



16 Estimate of Mean Jump Rates

In this section, we verify (in Proposition 16.13) the condition (HO) for the zero-range
process by estimating the mean jump rate ry(z, y) for z, y € S.

For the reversible case, we can readily reduce the estimate of the mean-jump rate
to that of the capacity between valleys. More precisely, it has been verified in [2,
Lemma 6.8] that, for the reversible case, that is, the case p = 1/2, the mean jump
rate satisfies the following expression

1 o & ST
rv(@,y) = 5 [cap (ER, &) + capy (€%, %) — capn(EF UL, E4Y)]  (16.1)

for all x, y € S. Hence, the estimate of the mean jump rate is a direct consequence
of Theorem 15.1.

Unfortunately, a the relationship (16.1) is no longer valid in the non-reversible
case and the estimation of the mean jump rate ry(x, y) becomes a more challenging
task. The general strategy for this task has been developed in [40, Section 8]. The
following is a summary of this strategy.

1. Define the mean holding rate by

An(z) = Z ry(z, y) .

yesS\{z}

Then, in [3, display (A.8)], it has been verified that the holding rate Ay (x)
satisfies .
capy (€3 EX)

) == En)

(16.2)
Therefore, by estimating the capacity capy(Ex, g’]“\c,) and applying Theorem
13.1, we can obtain the sharp asymptotics of Ay (x).

2. The second step is to compute the sharp asymptotics of 7y (z, y)/An(x) using
the collapsed process introduced in Section 3. More precisely, we fix x € 5,
and we consider a process 7 (-) which is the collapsed process obtained by
collapsing the metastable set £% into a single point e. Denote by @ﬁv the
law of this collapsed process starting from ¢. Then it has been proven in [3,
Proposition 4.2] that

TN(LU, y) _ N .
T(:L’) = IP? [Tg}!{] < Tg]zv,y] . (163)

Surprisingly, we can estimate the right-hand side based on the capacity esti-
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mate for the collapsed process along with the sector condition of the zero-range
process which will be verified in Section 16.1.

3. Since we can obtain an estimate of Ay (x) and ry(z, y)/An(z) by (16.2) and
(16.3), we can finally obtain an estimate of the mean jump rate rn(z, y). This
argument is rigorously explained in Section 16.

In order to focus only on the effectiveness of potential theoretic computations, we
will not attempt to prove (16.2) and (16.3) in the current note; we refer to [2, 3].
Instead, we shall directly apply this strategy to verify the condition (HO) for the
zero-range processes. We note that we again assume Propositions 15.4 and 15.5
(and hence all the results obtained in previous sections) throughout this section.

16.1 Sector condition

In this section, we prove the sector condition (cf. Definition 1.10) for the zero-range
process. This sector condition is one of the essential ingredients of the method
developed in [40] which will be applied to the zero-range process in this section.

Proposition 16.1. There exists a constant Cy > 0 such that for all f, g: Hy — R,
we have
(g, —Znf)s < CoIn(f) In(g).

For u € S, denote by w" = (w¥),es € Hi the configuration with one particle at

1 ifz=u
w;‘:{

0 otherwise.

site u, namely,

Therefore, for v € S and n € Hy, the configuration n + w" € Hy41 is the one
obtained from n by adding a particle from site u. Similarly, the configuration n—w" €
Hn_1 is the one obtained from n by removing a particle at site u, provided that
My > 1.

With this notation, we can observe the following convenient identity: for v € S
and for n € Hy with n, > 1,

1N (1) g(nu) = an py-1(n — w") (16.4)

where ay is defined by
N*Zn_1

anN = 7(]\7_ e Zn
By Proposition 12.4, it follows immediately that

lim ay=1. (16.5)

N—oo
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Proof of Proposition 16.1. Fix £, g : Hy — R. By (16.4) the change of variable

n —w”® = (, we can write
QN( )

Z > nw(n x, ) [f(n) — £(c™ ¥n)]” (16.6)

nGHN €S yeSs

aN Z ZZNN Y) [£(C+w®™) — £(C+w¥)]? .

CEHN_1 ZzESYES

By a similar computation,

(g, —ZNf)
= r(z, y) [f(n) — £(c™n)] g(n)

ngN ;%uw y) [£(n g .
—an > D> vl y) F(C+w®) — £(C+w!)] g(¢ + 7).

CEHN_1 zES YES

For ¢ € Hy_1, write

= %Zg(gﬂﬁ). (16.8)

z€S

Since we obviously have

> (e y) [E(C+H") —F(C+w)] =0,

z,yeS

we can deduce from (16.7) that

(g, —ZNE) .,
=an Y D> unal y) E(C+w®) = £(C+w?)] [g(¢ + ) —8(Q)]
CEHN_1 ZESYES
WS ST v ([ (C+w™) = £(C+ W) + [g(C +w?) ~ BOP)
CEHN— 1xESyES
=In(f Z ZMN 1) [g(¢+w™) =8O,
CEHN_1 zES

(16.9)
where the last line follows from (16.6) and the fact that }° ¢r(z, y) = 1.
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Then, by (16.8), we can write
SlaC o) B = Y BC ) gt (16.100)
€S u,veS

by the Cauchy—Schwarz inequality,

2

v—1
8(¢ +w") —g(¢ +w"))* = [Z g(C+w™h) —g(C +w?)

2

< [Z |8(¢ + ™) —g(¢ + )|

z€eS

<k B¢ +w ™) — g+ W)

€S

Inserting this into (16.10) yields that

D[+ —8OP <D [sC+w™) —g((+w")] .

€S €S

Therefore, we have

52 o mv-(Q) [sC+w) — 8

CeHn—_1 z€ES

S%V Z ZMN—l(C)[g(C + W) — g (¢ + wh))?
CeHn—_1 zES

:Z—Z Z ZMN—1(C)T(x, x4+ D[g(C + w1 — g(¢ + w®)]?
(eEHN-_12ES

<5 ST unvaOr(z, y)lgC +w) — (¢ +w)]? = ;@N(g) ,

CEHN_1 zES YES

where the last line follows from (16.6).
Finally, inserting this into (16.9), we get

(& ~Zt),, < In(D) + 1 In(e).

By Remark 1.12, we are done. O

Henceforth, the constant Cj is always used to denote the constant appearing in
Proposition 16.1. The following corollary is now immediate from the above propo-
sition and Propositions 1.9 and 1.13. We recall that cap?;(-, -) denotes the capacity
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with respect to the symmetrized process.

Corollary 16.2. For any two disjoint, non-empty subsets A, B of Hn,
capy (A, B) < capy (A, B) < Cycapi (A, B) .

16.2 Capacity estimates for collapsed processes

Another essential ingredient of the method of [40] is the sharp estimate of capacity
with respect to the collapsed processes. In this subsection, we explain this ingredient.
In the remainder of the current section, we will fix xg € S.

Definition of collapsed processes

We first define collapsed processes and then explain the notation regarding the
collapsed process in terms of the zero-range processes.

Let Hy = (Hn \ E3°) U {e} be the set obtained from Hy by collapsing the
metastable set £y into a single point e. Denote by (77, (t)):>0 the collapsed process
on Hy which is obtained from ny(-) by collapsing the set £3° to e. Let fiy(-) be a
measure on Hy defined by

{“N(n) =pun(m)  ifneHN\EY,
fin(e) = un(Ex') -
Then, by Exercise 3.1, we get the following lemma.

Lemma 16.3. The Markov chain ny(-) is irreducible on Hy, and its unique in-
variant measure is fiy(+).

We now redefine the notation regarding the collapsed process in terms of the
ZETO-range process

e We denote by .Zx the generator of the collapsed chain 7,/(-), and let ?}V
and E;} denote the adjoint generator and the symmetrized generator of 2y,
respectively (in the space L?(fiy)). The continuous-time Markov processes on

Hy generated by ?j\f and Zy, are denoted by ﬁ;\,() and 7% (+), respectively.
e Let Zn(-) be the Dirichlet form associated with the generator .Z .
e Denote by E];[, n € Hy, the law of process 7y (-) starting from 7.

e We denote by Fx the space of flow associated with the collapsed process 7y (+).
The inner product and flow norm associated with this flow structure will be
denoted by (-, -)5and [ - ||z, respectively.
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e For each flow ¢ € Fn, we denote by ¢ € Fy the collapsed flow in the sense of
(3.5).

e For each f : Hy — R which is constant over £y, we denote by f:Hy >R
the collapsed function in the sense of (3.8).

e For f: Hy — R we define flows B¢, B¢ and Uy as in (3.15)-(3.17).

e For two disjoint non-empty subsets A and B of Hy, we denote by h A, 5 and
capy (A, B) the equilibrium potential and capacity between A and B with
respect to the collapsed process 7 (-). In addition, we write capy (A, B) for
the capacity between A and B with respect to process 7 (+).

Remark 16.4. Notice that h 4,8 and h 4 g are different objects. Since the equilibrium
potential h 4 g may not be constant on £, we may not be able to define the
collapsed function h 4 g.

By Lemma 3.10 and Proposition 16.1, we get the following proposition where Cy
is the constant appearing in Proposition 16.1

Proposition 16.5. The collapsed process Ty () satisfies a sector condition with
constant Co. Hence, for any two disjoint non-empty subsets A, B of Hn, it holds
that

capy (A, B) < capy (A, B) < Cocapy (A, B) .

Capacity estimates

The following lemma, which is a direct consequence of Lemma 3.9 asserts that we
are able to reduce the computation of capacity with respect to the collapsed process
to that of the original zero-range process when one of the sets involved is {e}.

Lemma 16.6. For all non-empty subsets A of Hy \ Ex7,
@N(“LL 2) = CapN(A7 <‘:]x\lo) :

In view of Exercise 3.7, the following estimate is not a simple consequence of
Theorem 15.1 (or Corollary 15.2). We need an independent proof.

Proposition 16.7. For two disjoint and non-empty subsets A and B of S\ {zo}
satisfying AU B = S\ {zo}, it holds that

capy (En(A), En(B)) = [1 +on(1) + 0 (1)) N~UFY capy (4, B) .
The proof of this proposition will be given in next subsection.
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16.3 Capacity estimates for collapsed processes

We now prove Proposition 16.7 by several steps. Throughout this subsection, we
fix two disjoint and non-empty subsets A, B satisfying the condition of Proposition
16.7. Recall the test functions V 4 p and VL p from Proposition 15.4 and the test

flows ®4 g and @TA p from Proposition 15.5. Since V4 p and VL p are constant

on gjf,o,we can collapse them; let us write VA,B = V4 p and VB,B = VL - Note
that, by Proposition 15.4 we have that

Va,5(0) = Vi 5(e) = ba 5(xo) .
Lemma 16.8. It holds that

K2 (14 on(1) + 0 (D] N~ capy (4, B) .

Va, B H&'N

Proof. By Exercise 3.4 and Lemma 3.6, we obtain

%5, 415, = ¥l = 19va sl

It is now enough to invoke Corollary 15.7 to complete the proof.
Let 51473 = &4 p and 51173 = <I>f4 g be the collapsed flow of ®4 p of @L B
respectively. ]

Lemma 16.9. It holds that

D By ). enm)(M)(div @4, 5) (1) = [1+on ()] N~ capy (4, B) and
€Hn
! (16.11)

3" Dy enmM(div 3y 5)(n) = [1+on(1)] N0+ capy (4, B) . (16.12)
n€EHN

Proof. 1t suffices to prove (16.11) as the proof of (16.12) is essentially the same. In
view of Lemma 15.6, it suffices to check

hey(a),en(8)(O)(div B4, 5)(e)= D hey(ay,en(m) (0)(div @a 5)(n) = on (N~
neED
(16.13)
By (3.6) and (15.3), we have

(div @4 5)(e) = (div &4, p)(EX) = on(1)N -1+

115



Thus, the first term at the left-hand side of (16.13) is ox(1)N~U+%) . On the other
hand, the second term is on(1)N =+ by (15.4). Hence, we have (16.13). O

Now we are ready to prove Proposition 16.7 by using generalized Dirichlet and
Thomson principles.

Proof of Proposition 16.7. The proof is similar to that of Theorem 15.1. We begin
by recalling the functions f, g and the flows ¢, ¥ from (15.8) and (15.16). Then, by
the definition of the collapsing procedure, it is obvious that

fe 0:170(5]\7(14), gN(B)) and gc @070(5]\[(14), EN(B)) .

Since we can write ;
_ ol — oy
P —p=Uy — N

Van " g (16.14)

where © 5 and @;rv are the collapsed flows of © and @}fv defined in (15.10), respec-
tively. By part (1) of Proposition 15.5 and Lemma 3.3, we have

H@NH%N = (on(1) 4 0.(1)) N~U+) and H@}L\,H%N = (on(1) + oc(1)) N~(1Fe)
(16.15)
Thus, by Theorem 2.2-(1), Lemma 16.8, and Lemma 16.9, we get the following upper
bound:

capn (En(A), En(B)) < [1+on(1) + o (1)] N~ capy (A, B) . (16.16)

For the opposite inequality, we can repeat the same arguments with test function
g and test flow v to deduce

@by (En(A), En(B)) = (14 on(1) + 0.(1)) N~ capy (4, B) . (16.17)
By (16.16) and (16.17), the proof is completed. O

Exercise 16.10. Prove (16.17) by using the generalized Thomson principle.

Exercise 16.11. In fact, the condition AU B = S\ {z¢} in Proposition 16.7 is
redundant. We imposed this condition only because we do not need a general result
without this restriction. Prove the general result without this restriction.

16.4 Estimate of mean jump rate

Now we are ready to estimate the mean jump rate. In view of (16.3), to obtain the
sharp asymptotics of the mean jump rate rn(xg, y) for zg, y € S, the crucial object
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to be estimated is the probability @iv [Tey < Tge0.v]. This estimate follows from the
N
following proposition.

Proposition 16.12. For two disjoint and non-empty subsets A and B of S\ {xo}
satisfying AU B = S\ {xo}, we have that

. =N
M P [Ten(a) < Tew(m)] = ba,B(x0) -

Proof. The proof relies on Propositions 16.5, 16.7 and Lemma 16.8. Recall the
equilibrium potential hg (4 ¢, (p) between En(A) and Ey(B), with respect to the
collapsed chain 7, (-). Then, by Proposition 16.7,

2

U— — A _ —(1+a)
[Py || = TP (EN(A), En(B)) = [4on (140 1] N0+ capy (4, B)
(16.18)
By Lemma 16.8,
_ 2
H U, s H@N = [14 on(1) + 0c(1)] N~F) capy- (A, B) . (16.19)
By (16.14), (16.15), (16.18), and the Cauchy-Schwarz inequality, we get
Ve U
< Va, B’ “heya), ey ) >*
AR (16.20)

- <6?_6’ v >§N + (ON(l) +OE(1)) N_(H_a) )

he (), en(B)

where f and ¢ are the objects defined in the proof of Proposition 16.7. By the same
computation as in (2.7), we can write

< P9 heyayen® /3,

=capy(En(A), En(B)) — Z hey ), en(5)(n) (div ¢)(n)
neHN\En (AUB)

(16.21)

Thus, by combining (16.20), (16.21) and Proposition 16.7, we get ,

T T _ —(14a)
<‘I’VA,B7 qfth(MN(B%N = (1+on(1) + 0.(1)) N capy (A, B)  (16.22)
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Define u = hg (1) ey(8) — V4, 8- Then, by (16.18), (16.19), and (16.22) we get

Va, BHKN B <\IJVA,B Ve hey (a), sN<B)>gN

[Full2, = 1T ool + 1Ty

= (on(1 )+0e( 1) N~F
(16.23)
As u(e) = hgy(a), en(m)(¢) — ba,B(20) and u(n) = 0 for all n € Ex(AU B), we can
write

u= (hgy(a), ey(m)(¢) = ba,B(2)) wo
for some ug € €; o({o}, En(A U B)). With this notation, we can write

[Pal2, = Zn(w) = (heyay,enm)(€) = ba 5())” D (uo) . (16.24)

By the Dirichlet principle for reversible dynamics (cf. Theorem 1.3) and the sector
condition for the collapsed process (cf. Proposition 16.5), we have that

Zn(ug) >capy (e, EN(AUB)) > Cylcapy(e, En(AUB)) . (16.25)

By Lemma 16.6 and Theorem 15.1,

capy (e, EN(AUB)) = capy(Ex, EnN(AU B))
=1+ on(1) 4+ 0(1)] N~ capy (2, AUB) . (16.26)

By (16.25) and (16.26), we can conclude that
Zn(ug) > C[1+on(1) + o (1)] N~
for some constant C' > 0. Inserting this and (16.23) into (16.24), we get
[Bey (4, en(m)(€) = 0a,5(2)]* < on(1) + 0c(1) -

By taking lim supy_,, and then lim sup,_,,, we get

lim sup |HgN(A),5N(B)(e) - bA,B(m” =0

N—o0

and we are done. O
Now we are ready to verify condition (HO) for the zero-range process.

Proposition 16.13. The condition (HO) holds for the zero-range processes. In other
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words, for all z,y € S,

Jim Ny (3, y) = alz, y) -

Proof. By (16.2), Theorem 13.1, and Corollary 15.2, we get

Aw(a) = SRR ER) _ gy N B S () (16.27)
ulER) Fole &5t

Recall from (15.2) the definition of b g\ (4,43 Write
T=inf{t >0:Y(t) #Y(0)} .
Then, one can observe that

capx (2, y)
ZyeS\{x} capx ($, y)

hy,S\{w,y}(x) = Qu (Y(T) = y) =

Thus, by (16.3) and Proposition 16.12, we get

ry(z, y) capy (2, y)
———=(1+on(1 zon(@)=(1+on(1 .
>\N(x) ( N( )) hy,S\{ 7y}( ) ( N( )) Zyes\{x} CapX(l‘, y)

(16.28)
We can complete the proof by multiplying (16.27) and (16.28). O
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17 Conditions (H1) and (H3)

Since we have verified conditions (HO) and (H2), it now remains to verify conditions
(H1) and (H3). Verification of these conditions also use the capacity estimate ob-
tained in Theorem 15.1 and the sector condition obtained in Proposition 16.5. We
again assume the results obtained in Section 15.

We first prove the following lemma.

Lemma 17.1. For any x € S, there exists a constant C such that

C

. > _—
nlcréfeﬁ capy(n, ¢) > E%(nfl)ﬂ

Proof. We fix x € S and 0, ( € £},. We first find a lower bound for capy; (7, ¢). For
¢, ¢ € Hy, we denote by Ry(&, &) the jump rate of the symmetrized zero-range
process from & to £':

Ry(6, €)= 33 gl€)r w, w)LE = o™V}
zeS yes
where r(z, y) = £1{|z — y| = 1}. Take a path (w;)]_ in £ connecting 1 and ¢ in
the sense that wy € £, for all ¢ € [0, T] and moreover satisfies

wo=n, wr=¢ and Ry(wy wit1)>0forallte0, T —1].

The existence of such a path with T' < C'?y where C' is a constant that only depends
on k is obvious. Define a flow ¢ € Fy by

1 if (& &) = (wi, wiyr) for some t € [0, T — 1],
P& &) =< =1 if (€ &) = (wiy1, wy) for some t € [0, T — 1] ,
0 otherwise.

Then,
T—1

1613, = > ! . (17.1)

s N (we) By (Wi, wip1)

Since g(k) > 1 for all k > 1, if w1 = 0™ Yw; for some z, y € S with |y — z| = 1,

N® 1 1 N® 1

pn (we) By (wi, wi1) = Zn alwr) X 59((%%) e CNaga('i—l) = O
N N

(17.2)
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where we use a trivial bound

a(@) =a(&) T alg) < NG foranesy
yeS\{z}

and Proposition 12.4 at the inequality of (17.2). Inserting (17.2) and the bound
T < Cly to (17.1), we get

”‘b”%N < Cly x g‘]"v(“—l) _ Cﬁ%m_l)+1

Since ¢ is the unit flow from {n} to {¢}, by the Thomson principle for the reversible
Markov process (cf. Theorem 1.4),

1 C
capi (1, €) > 5= > —
10, = s
Now the proof of lemma is completed by Corollary 16.2. O

Exercise 17.2. In the previous proof, prove the existence of a path (wt)tT:() in &%
connecting n and ¢ with T' < C/p for some constant C' depending only on k.

Now we verify condition (H1).
Proposition 17.3. The condition (H1) holds for the zero-range processes.

Proof. Fix x € S. For n, ( € £%;, by Theorem 15.1 and Lemma 17.1, there exists
C > 0 such that

z Oz o(k—1)+1
capy (Ex, €) ty
<C = 1 17.3
capy(n, Q) = i v e
where the last equality follows from the condition (13.1) on /. O

At this moment, we shall check that the condition (H3) is in force for the zero-
range processes.

Proposition 17.4. The condition (H3) holds for the zero-range processes.

Proof. Fix x € S. Recall that {5 € £%; represent a configuration such that all the
particles are located at site . By [34, Lemma 3.4], it suffices to verify that

lim sup P)[rex > N'"*6] =0 forall § >0, and (17.4)
N—o00 neey, N
lim limsup sup szv [nn (N9t € Ay] =0. (17.5)

=0 Nooo §<t<38
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For (17.4), by the Markov inequality and (0.32), we have

1 1 1
PéV[TgaJL\'r > N1+a5] <

Ry 1
S Nitag PEN}-vaﬂlécapN(n,fﬁ)’ e

where at the second inequality we use the trivial bound hy ¢z < 1. By Lemma 17.1,

g gt]){f(n—l)—l—l

N 1+

The proof of (17.4) now follows from the condition (13.1) on ¢x.
For (17.5), note first from the definition of py that we have uy(¢%) = Zx'
Hence, for t > 0, since py is the invariant measure,

Pl [in(N'Fet) € Ax]  pn(An)
]P)]\i N1+a A KN —
ez, [ ( t) € An] < G 1N (EX)

Hence, (17.5) follows directly from Proposition 12.4 and Theorem 13.1. O

= Zn un(AnN) .
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