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Introduction

These lecture notes are the details of the lectures on vertex operator algebras presented
in the department of mathematics, Seoul National University, June 1996. The author
thanks Dr. Seok-Jin Kang and the Global Analysis Research Center for providing an
opportunity of his visiting and lecturing at Seoul National University.

The phenomena of vertex operator algebras have existed both in physical field theory
and in infinite-dimensional Lie theory for several decades. The concept of a vertex algebra
was proposed by Borcherds [B], and the slightly revised concept “a vertex operator al-
gebra” was formulated by Frenkel, Lepowsky and Meurman [FLM1-3]. Their motivations
were to solve the problem of the moonshine representation of the Monster, the largest
simple finite sporadic group. Vertex operator algebras are fundamental algebraic struc-
tures in conformal field theory, which plays important roles in statistical méchanics and
string theory.

Algebraically, vertex operator algebras are natural one-variable analogues of commmut-
ative associative algebras with an identity element. They are also natural generalizations of
affine Lie algebras. In certain sense, Lie algebras and commutative algebras are reconciled
in vertex operator algebras. The aim of these lectures on vertex operator algebras is to
introduce certain important techniques and examples in vertex operator algebras so that
nonexperts may get into this field. In Chapter 1, we present a new definition of vertex
operator algebras in terms of mathematically rigorous version of the “duality” in physics
and prove its equivalence to the definition given by Frenkel, Lepwosky and Meurman. This
equivalence could be used to simplify many existing proofs of the Jacobi identity for vari-
ous vertex operator algebras. In Chapter 2, we give the construction of the vertex operator
algebras and modules associated with affine Lie algebras in the spirit of our new definition.
In Chapter 3, we present the construction of vertex operator algebras and modules from

integral even lattices.



Chapter 1

In this chapter, we shall present a new definition of a vertex operator algebra and prove

its equivalence to the one given by Frenkel, Lepowsky and Meurman ([FLM3)).

1. Calculus of Formal Variables

One of the key techniques in infinite-dimensional algebras is using of generating func-
tions, where the formal delta function plays fundamental roles. In these notes, all the
variables are formal and commute with each other. All the vector spaces are assumed over
C, the field of complex numbers. We denote by Z the ring of integers and by Q the field
of rational numbers.

Let z; and 2, be two formal variables. We have the following convention of binomial
expansions:

%

(21 — )" = f:( ’;)(_1)lzl_n+l for n € Z. (1.1)

1=0

In other words, the notion “(z; — 22)"” is always interpreted as the above formal series.
In particular,

(21— 22)" = (—=22+21)"  ifand only if n > 0. (1.2)

It can be proved that

oo -1
e = 5" = (= ) = SV = <0, —m). (19)
=0 1

We define the “formal delta function” by

8z) =7\ (1.4)

€z

In terms of the delta function, we have the following “expansion of zero:”

L 1 =z;15(ﬂ).' (1.5)

21 — 29 22— 21 k%)

Let V be a vector space and let

V™2l = {)_ vaz" | v €V}, V[z74 2] = { f: vn2" | v, € Ving € Z}  (1.6)

neZ n=ng



and V[z71,z] be the set of formal Laurent series with coefficients in V/, the set of formal
Laurent series truncated below and the set of Laurent polynomials, respectively. The
product f(z)g(z) of a Laurent series f(2) € C[[z7},z]] and g(z) € V[[z7,2]] can be
defined as usual only if they are truncated from the same direction. The product of a
Laurent polynomial in C[z7!,2] with any Laurent series makes sense. For instance, for

f(zlv 22) € C[zl_l’ 22—1; 21, 22], we have:

5 (-i—:) flzr,20) =6 (j—:) flzr,21) = 6 (2) F(za,22), (L.7)

because of

é (z ) =Yt /ap I=min Sz =4 <?) zy, for n € Z. (1.8)
2 2

meZ lez

Lemma 1.1. We have the following properties on the delta function:

w5(2)=ws(2). (@] ofrs(D)] oo

Proof. Note that

2718 (2—) =) 2/t = > 2 2t = 2718 (21> , (1.10)

n€Z meZ

a., [ ~15 (""‘)] zz nail/zptt ezl Ez(m + 1)/ = g, [z2‘15 (_2.)] =
ne ne
(1.11)

Lemma 1.2 For f(z) € V[[z7},2]], the following analogous Taylor’s ezpansion holds:

% (f(2)) = f(z + ). (1.12)

Proof. By the fact that

o = n(n — —m+1
oty = 3 M I A D e g, mez B (L1

m=0

Lemma 1.3. The following equation on the delta function holds:

HEIH) () (32). o
g ” - 236 - (1.14)




Proof. By (1.1) and (1.2) and Lemma 1.1,

- 21 — 22 _ 22— 2
20 —20

= Y [(z1 = 2z)" = (=22 + 21)"] 25"
n€z

= Z (21— 22) ™™ = (—zg + 21) ™ V)2

m=0
oo

= Z %a:[(zl —z) = (=22 +21)7"]

m=0 """*
= e*%2(2;'0(21/2))

— 6—20311 (z;15(21/22))

- (asE). o

22

Note that we also have:

(1.15)

516 (z‘ — 20) = 0[5z [ 22)] = 9% [2718(2) 21)] = 2716 (22 : z°) (1.16)

29 1

by Lemma 1.1.

2. Definitions of a Vertex Operator Algebras

The following definition of a vertex operator algebra was given in [FLM3]. A vertex

operator algebra is a Z-graded vector space V = @,ez V™ (graded by weights) equipped

with a linear map Y (-,2): V = (End V)[[z,z7]] such that for anyu, v € V,
unv =0 for n sufficiently large,

where Y (u,2) = Yz Unz~ "} the Jacobi identity holds:

76 (222) Y(w, )Y (0, ) - 576 (22 Y (o, 2)Y (3, 21)
0 —<0

= z;lé (Zl z_2 ZO) Y (Y (u, 20)v, 22);

there are two distinguished elements 1, w € V satisfying

Y(1,2)v=v, Y(v,z)1 € V[[z]] and li_)rrgY(v,z)l = v (creation property);

L(m)L(n) — L(n)L(m) = (m —n)L(m +n) + %(m3 — m)dpnino(rank V),

5

(1.17)

(1.18)

(1.19)

(1.20)



ééY@%z)=}1L@€Umz) (1.21)

and

L(0)w = lw = (weight w)w for | € Z and w e VY, (1.22)

where Y (w, 2) = ez L(n)z~™"2 and rankV € C. This completes the definition. We may
denote the vertex operator algebra as (V,Y, 1,w). Here we have relaxed two less important
conditions in FLM’s original definition. Below, we shall give a new definition. It is our
wish that the new definition would be easier to be understood by nonexperts.

Traditionally, an algebra A is a vector space with a bilinear map m(-,-): Ax A = A.
For each a € A, we define the left multiplication operator L, € End A by L,(b) = m(a,b)
for b € A. Note that we have a linear map L : A — End A defined by a — L, for a € A.
Thus we can use such a map L to define an algebra. An element 1 € A is called an
identity element if

L,(1)=Ly(a)=a  forany a€ A (1.23)

One can easily verify that if A has an identity element, then it is unique. An algebra A is
called associative if

LoLy = Lipag) for any a,b € A. (1.24)

An algebra A is called commutative if
Lo(b) = Ly(a)  for any a,b € A. (1.25)

The simplest interesting algebra is a commutative associative algebra with an identity
element 1. If an algebra A contains an identity element, then the commutativity (1.25) is
equivalent to

L.Ly=ILyL, for a,be A. (1.26)

As the traditional algebraic theory becomes more and more mature, one naturally
thinks about establishing a one-variable algebraic theory. Of course, the phenomena of a
one-variable algebraic theory have existed in physical field theory and infinite-dimensional
Lie algebras for a long time. A “quantum group” can be viewed as a one-variable algebra.

But here we are tackling axiomatic approaches.

6



What are the simplest natural axioms for a one-variable algebra? The answers, of
course, are “commutativity, associativity and identity element.” Then the question is “in
what senses?” For any two vector spaces U and W, we denote by LM(U, W) the set of all
linear maps from U to W.

The following is our new definition of a vertex opérator algebra.

A vertex operator algebra is a family (V,Y(-,z),1,w), where V is a vector space, 1
and w are two special elements of V, and Y (-, 2) : V — LM(V,V[271,2]]) is a linear map

satisfying the following condition: for u,v € V,

L(1)L(n) — L(n)L(!) = (I = n)L(l +n) + G = D §pmo(rank V), rankV € C, (1.27)
where L(2) = Y (w,2) = Tez L(n)27"72,

L(~1)Y (v, 2) — Y (v, 2)L(~1) = -;—Z-Y(v, 2); (1.28)

Y(1,2)v =v, Y(v,2)1 =Dy, (1.29)

V= @z{w €V | LO)w —wL(0) = (n — | — )y, Y(w,2) = gw,z-’-l}, (1.30)

" (21 — 22)™Y (u, 21)Y (v, 22) = (21 — 22)"™Y (v, 22)Y (u, 21) (1.31)

for some positive integer m.

3. Equivalence of the Two Definitions

The major difference between FLM’s definition and ours is their Jacobi identity (1.18)
and our commutativity (1.31). In practical, it is much more difficult to prove (1.18) than
to prove (1.31). In many existing proofs of the Jacobi identity, the egivalence of these two
definitions has been essentially implicitly repeated again and again. Our point of view is
that the Jacobi identity is better serving as working identity rather than an axiom. The
equivalence of these two definition shows a “reconciliation of Lie algebras and commutative
algebras.” Let us first prove that FLM’s definition implies ours.

We introduce the operator of taking residue:

Res, = taking the coefficient of 2! in an expression. (1.32)

7



For instance Res,, (2123 + 272} — 27%2%) = 7.
For u € V, by (1.18) and (1.21),
[L(=1),Y (u, 22)]
= L(-1)Y(u,2) - Y(u,22)L(-1)
2) Y (L()u, 2)

x z°) Y(L(z0)u, 22)

= Res, 276 (

= Res,, ., 216 (
= Res, Y (L(20)u, 22)
= Y(L(—l)u z)

= dz 2}/('(t 22)

Hence our axiom (1.28) holds. Moreover, by (1.9), (1.16) and (1.18-19) ,

Y (u, 29)1

= zl;_I{l() Y(Y(u, Zo)l, 22)1

= lim  Res, ) (fi-—zq) Y (Y (u,20)1,22)1

: 1

= lim Res; 2 ) (——) Y (Y (u,20)1, 22)1
. 22—+0 22

= lim Reszl [zo 6(

22—}

— 22

)
2o
= }21_1_1)10 Res,, [zg 1§ ( )

20

22
22+ 20
21

= }i_%Reszlzglé (Zl —_ zo) Y(u,21)1
) Y (u, 22 + 20)1

= lim Resz, P (

22—
= hm Y (u, z2 + 20)1
= lim e®% (Y(u,22))1

220

= lim e*?dic (Y (u,22))1

22—0

= };_r%ez°L( DY (u, z;)e~ (-1

= lim e*XVY (u, 25)1

22—0
= oL~ 1)u’

Y(u,z)Y(1,22) — 2568 (u

~15( )] Y(u, z1)1

(1.35)

) Y(lézz)Y(u, zl)] 1

(1.36)

where we have used the fact L(—1)1 = 0 obtained from the second expression in (1.19)
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because L(z) = Y(w, 2) = ¥,z L(n)z~""1. This proves the second equation in our axiom

(1.29). Furthermore, by (1.16), (1.18) and (1.22),

[£(0), Y (u, 22)]
= L(0)Y(u,2) — Y(u, 2)L(0)
T (z‘—;ﬁ) Y (L(20)u, 2)
) Y (L(z0)u, 22)
= Resy (22 + 20)Y (L(20)u, )

22+ 2

-1
= Res,y 21270 (

= Y (L(-1)u,z) + Y(L(0)u, z;)
= zzd—Z;Y(u, 23) + nY (u, 23)

= 2z Z(—l - l)u,zf"2 + nz uzzl'l_l
lez leZ

= Y (n—1— 1y (1.37)
leZ
for u € V(™. Thus our axiom (1.30) is satisfied.
For u,v € V, we let m be a positive integer such that

un(v) =0 for n>m, Y(u,2) = ) une™ (1.38)
nez

By the Jacobi identity (1.18) and (1.3), (1.14), we have

[Y(u’ zl)’ Y(’U, z2)]

= Y(u,2)Y (v, 22) = Y(v,22)Y (u, 1)

= Res, 27146 (Zl — zo) Y (Y (u, 20)v, 22)
= Res,, [20‘16 (21__—_2) ) (u)] Y (Y (u, 20)v, 23)
20 —20
= E Y (unv, 29)[(21 — »’«'2)-”_1 —(—2z2 + 21)'n—1]
nez
= > Y(unv,2)[(21 — 22) " — (=2 + z1)™". ' (1.39)
n=0
Note that

(21— 22)" (21 = 22) " = (=224 21) " = (21— )™ - (422 +21)"™" =0 (1.40)
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for n =0,1,...,m. Thus
(21 — 22)" Y (u, 21), Y (v, 22)] = 0. (1.41)

Thus our axiom (1.31) holds. Our remaining axioms are the same as in FLM’s. Therefore
we have proved that FLM’s definition implies ours.

Next we shall show that our definition of a vertex operator algebra implies FLM’s. We
‘only need to prove the Jacobi identity and (1.21-22). Note that the second equation in
(1.29) implies

u11=u, u,1=0 for ‘uve V,0<ne€eZ, Y(u,2) = Zu;z - (1.42)
l€eZ
Since
ST L)z P = L(2) = Y(w,2) = 3wz "7, (1.43)
nezZ n€zZ

we have wp = L(—1) and w; = L(0). Thus

L(-1)1 = 0 = L(0)1. (1.44)
Let |
VO = {we V|[LO),w)]=(n—1-1)w, Y(w,2)=) wz"""} (1.45)
For u € V™, by (1.30), we have -
L(0)u = L(0)u_y1 = [L(0),u_,]1 = (n — (—1) — u_y1 = nu. (1.46)

Thus (1.22) holds.
For any u € V, by (1.28) and (1.30), we have:

diiY(u,zn
= [L(-1),Y(u,2)]1
= L(-1)Y(u,2)1
= L(-1)eHVy
= eV L(-1)u
= Y(L(-1)u,2)1, (1.48)

10



For u,v € V, by (1.31), there exists a positive integer m such that

(z1 . 22)" Y (u, 21), Y (v, 22)] = (21 — 22)"[Y(L(=1)u, z1), Y (v, 23)] = 0. (1.49)

(= 2 (L(=1)u, 20)Y (v, 22)1

= (21— 2)"Y (v, 22)Y(L(=1)u, 1)1

= (21— 2)""'Y(v,2)0,, Y (u, 21)1

= 8,,[(21 — 22)™ Y (v, 22)Y (u, 21)1] — (m + 1)(21 — 22)™Y (v, 22)Y (u, 21)1
= 8,[(z1 = 22)™ 'Y (1, 21)Y (v, 22)1] — (m + 1)(21 — 22)™Y (u, 1) Y (v, 22)1

= (21— 2)"H! (d;:lY(u,zl)) Y (v, 29)1, (1.50)

(21— zg)me”L('l)Y(u, 21— 22)v
= (21— zg)m[e”L(’l)Y(u, 2y — zz)e"”L('l)]ez”L('l)v
= (21— zz)me”a'd"(") [Y(u, 2 — 2)]e?L Dy
= (21— 22)"e2%1[Y (u, 2 — 25)]e®L Dy
= (21— 22)"Y (u,21)Y (v, 22)1
= (21— 22)"Y (v,22)Y(u,21)1
= (21— 22)"Y (v, zz)ez‘L('l)u
= (21 _ zz)mezlL(—l)[e-zlL(—l)Y(v, zz)ezlL(—l)]u
= (a1 — zg)mez‘L(‘l)e"z‘ad“")(Y(v, z2))u
= (21— 22)'"6"11“('1)6"‘3‘2 (Y(v, 22))u
= (21— zz)mez’L('l)Y(v, 2z — Z1)u
= (21— 2)"e VY (v, — 2 + 2)u. (1.51)

Here we have used:
d .
adp(-1)(Y(w, 2)) = [L(-1),Y(w,2)] = EY(w,z), (1.52)

which is (1.28) in our definition of a vertex operator algebra. The last equation in (1.51)
holds because the expression only involves positive powers of z; by the first expression,

which implies that all the expressions cannot contain negative powers of (2, — 21).
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Note (1.50) implies
Y(L(—l)u,zl)ez’L(’l)v = Y(L(-1)u,2z)Y (v,22)1
d
= (d—zlY(u,21)) Y(v,2)1

= (diz;Y(u, zl)) ey, (1.53)

whose constant terms with respect to z; is:
d
Y(L(-1)u,z1)v = —Y (u, z1)v. (1.54)
dzl
Since v is an arbitrary element, we have:
J v
Y(L(-1u,z) = —Y(u, 1), (1.55)
dzl
that is, (1.21) holds. Moreover, (1.51) implies
e?ENY (4, 2y — 2)v = e LVY (v, —2y + 23)u, (1.56)

which is

Y(u, 2z — z)v = B 2DEENY (0, — 2 + 25)u. (1.57)

Denoting z = z; — z;, we obtain the following “skew-symmetry” of vertex operators:
Y (u, z)v = &LCVY (v, —2)u. (1.58)

Next, we shall prove the “associativity” of vertex operator algebras from our definition.

For u,v,w € V, let m and n be positive integers such that
(z = 2")"[Y(u,2),Y(w,2)] =0, (z—2)"[Y(v,2),Y(w,2")]=0. (1.59)
Note that
(21 + 22 — 23)™ (22 — 23)"Y (u, 21 + 22)Y (v, 22) Y (w, 23)1
= (21422 — 23)" (22 — 23)"Y (w, 23)Y (u, 21 + 22)Y (v, 25)1
= (21 + 22— 23)™(22 — 23)"Y(w, 23)Y (u, z; + 25)e™E Dy
= (214 22— 23)" (22— z3)"ezzl‘('l)e"2ad”-‘)(Y(w, 23))e'z’a‘d'~(~‘) (Y(u, 21 + 22))v

12



= (21 + 22 — 23)"™ (22 — 2z3)"e? MV e2%% (Y (w, 23))e ™20 (Y (u, 2, + Z3))v
= (214 22 — 23)" (22 — 23) e Nel2=2) LNy (4 5, — 22)(Y (u, 21)v)

= (214 22 — 23)"(22 — z3)" e Dele2=n) LNy (4 5, 4 23)(Y (u, 21)v)
(214 22 — 23)™ (22 — 23)" VY (Y (u, 21)v), 22 — 23)w

= (214 22— z3)™ (22 — 23)"e 2B LEVY (Y (u, 21 )0), 20)w

= e %% (5 4 25 — 23)™ (2, — z3)"]]e* XY (Y (u, 21)v), z0)w

= Mm% (z 4 )Y (Y (4, 21)v), 22)u], (1.60)

where we have used the fact that only positive powers of z3 are involved in the above

expressions. Thus

(21 + 22)" 23 Y (Y (u, 21)v), 29)w
= e%2e LN (2 4 2, — 23)" (2 — 23)"Y (u, 21 + 22)Y (v, 22)Y (w, 23)1]
= e®%2(z) 42z, — 23)" (22 — 23)"e 2 LEVY (u, 2y + z2)Y (v, zg)ez“’L('l)w]
= e™%2[(2) + 2, — 23)" (23 — 23)"e~=24ecn (Y (u, 21 + 25))e=2decn (Y (v, 22))w]
= €%%2((21 + 23 — 23)™ (22 — 23)"€ %2 (Y (u, 21 + 2))e %2 (Y (v, 23) ]
= e®%2((2; + 2, — 23)™ (22 — z3)" e~ %2 (Y (u, 21 + 23)Y (v, 22)]w]
= ™%(21 + 2 — 23" (22 — 23)"|Y (u, 21 + 7)Y (v, 22) 0

= (214 22)"23Y (u, 21 + 23)Y (v, 22)w. (1.61)
Therefore, we have the following associativity:
(21 4 22)"Y (Y (u, z1)v, 22)w = (21 + zg)."‘Y(u, 21+ 22)Y (v, zp)w. (1.62)

The above associativity and the commutativity (1.31) consist of the “duality” in physics.

Let u e V), v € V@, w e V. Write

Y(u,2) =Y u(n)z™?, Y(v,z)= Y w(n)e ™, (1.63)

neZ nez

According to (1.30) and (1.46),

[L(0),u(n)] = —nu(n); Similarly, [L(0),v(n)] = —nv. (1.64)
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By our definition, there exists a positive integer k such that
u(n)w = v(n)w =0 for k<nelZ.
Moreover, by (1.31) and (1.62), there exist a positive integer m such that

(21— 22)"Y (u, 21)Y (v, 22)w = (21 — 22)"Y (v, 22)Y (u, z1)w,

(20 + 22)"Y (u, 20 + 22)Y (v, 22)w = (20 + 22)"Y (Y (1, 20)v, 22)w.

Let
(21 - zg)"'Y(u, ZI)Y(’U, 22)w = Z(zl - zg)"‘&(zl, 22),
ez
with

&€ V(l)[[zfl,z{l,zl,zz]], leZ.

Then (1.46) and (1.64) imply

Y Uz — z) (21, 22)

leZ

= L(0) Y (21— 22)"&(21, 22)

leZ
= L(0)(z1 — 22)"Y (u, 21)Y (v, 29)w

= Z (zl—Zz)mL(O)u(—nl)v(_n2)wzn1 PzN2 q

ny,ne=—=k
)

= > (21— 2)™{[L(0), u(~=n1)]o(=n2)w + u(—n1)[L(0), v(—n3)]w

ny,ny=—k

+u(——n1)v(—n2)L(0)w}z"’_p a2 7

= Z (21 — 22)™(n1 + n2 + s)u(—n1)v(—n2)wzy! Pz5?7?

nyne=—k
l+k—s
= Y Wz—z)™[ Y u(—ni)v(s — 1+ ni)wef Pzp ™).
I=5-2k ny=—k
Thus
l+k—s

(1.65)

(1.66)

(1.63)

(1.67)

(1.68)

(1.69)

Glzi,22) = Y u(—n1)v(s — 1+ ny)wzpt Pay s 0 e VO[zrY, 21 21, 2] (1.70)

ny =—k

is a Laurent polynomial. Since

25Y (u, 20 + 22)Y (v, 22)w = Y 25°€1(20 + 22, 22),
lez

14
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we have:

Y(u, 20 + Z-z)Y(’U, 22)’11) = Z &(20 + 22, 22). (172)
leZ

The fact in (1.70) allows us to multiply ¥jez(21 — 22)™&i(21, 22) to the equation (1.14).
Thus

) (z‘ = z2> Y (u, 2)Y (v, z9)w — 256 ("‘2 — z‘) Y (v, 22)Y (u, 21 )w

= 216 (z1 — zz) (zl _ Z2)m Y(u,2)Y (v, z)w

20 20

) (z2 — zl) (22 — zl)m Y(v,2)Y (u, z1)w

—29 —2

= [20'16 (”‘ — 22) ey (z’ - z‘)] (21 — 22)™Y (u, 21)Y (v, z2)w

20 =20

z; — 20) Y (21 — z2)™&i(21, 22)

%2 €z

Z2 + zo) Z(zl — 23)"&(21, 22)

21/ ez
ik zo) 2(22 + 20 — 22)"&(22 + 20, 22)

21 ez

- -m_ -1
= zg"z, 5(

- -m -1
= 2377 5(

- -m -1
= zg™z 5(

= z;™ 1§ (22 + ZO) (20 + 22)™ Z &1(z2 + 20, 22)
Z1 i€z

= 577 (22 o0+ 20)"Y (20 + )Yy 20

= 5718 (225 ot )Y (Y (w2000, 20)

= 15 (2I2) v (¥ (u, 2o, 2)

21

= 22-16 (zl Z_ zo) Y(Y(ua Zo)'l), 22), (1.73)
2

where we have used the fact:
8z) =) "= ™™ = 2m4(2). (1.74)
n€Z neZ
Therefore we have proved that our definition implies FLM’s
Theorem 1.4. FLM's definition (1.17-22) of a vertex operator algebras is equivalent
to our definition (1.27-31).
Remark 1.5. In practical, it is much easier to prove our axioms than FLM’s. In next

two chapters, we shall give two family of examples to justify this statement.
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Chapter 2

In this chapter, we shall mainly talk about the vertex operator algebras associated with

affine Lie algebras and their irreducible modules.

1. Definitions of Lie Algebras and Examples

A Lie algebra § is a vector space with an operation [-, -] satisfying
[u,v] = —[v,u] (skew symmetry), (2.1)

[[u, v], w] + [[v, w], u] = [[w,u],v] =0 (Jacobi Identity) (2.2)

for u,v,w € G. For a given element u of G, we define ad, € (End G) by
ad,(v) = [u,v] for veg. (2.3)

Then (2.1) and (2.3) become
ad,(v) = —ad,(u), (2.4)

ad,ad, — ad,ad, = a‘dadu(u) (2.5)

for u,v € G. One can see that the Jacobi identity (1.18) for a vertex operator algebra is a
generalization of (2.5) and the skew-symmetry (1.58) is a generalization of (2.4). From this
point of view, a vertex operator algebra is a one-variable generalization of a Lie algebra.

Example 2.1. Let A be an associative algebra. Define a new operation [-,-] over A
by

[u, v] = uv — vy, for u,v € A. (2.7)

Then (A, [:,]) forms a Lie algebra. Let o € (End A) be an involutive anti-isomorphism,
that is,

0% = Idy, o(uw) = o(v)o(u)  for u,v € A (2.8)

Set
A’ ={ue A|o(u) = —u}. (2.9)
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Then (A7, [,:]) forms a Lie subalgebra of (A,[,-]). For instance, let A = M4, be the
algebra of n x n matrices. Then (Mpxn,[,*]) is called a general linear Lie algebra. Recall
that a simple Lie algebra £ is a Lie algebra in which there exists no proper nonzero

subspace I such that [£, ] C I. Set
sly = {u € Mypxn | tru =0}, (2.10)

where tr u is the sum of diagonal entries of the matrix u. Then (sl,,[,-]) is a simple Lie
subalgebra of (Myxn,[-,-]). Furthermore, for certain involutive anti-isomorphisms o, the
Lie subalgebras (MZ,,,[-,]) are simple.
Example 2.2. Let (A,0) be any algebra. A map d € (End A) is called a derivation
of (A,o) if '
d(uov)=d(u)ov+uod(v) for u,v € A. (2.11)
Set

Der A = the set of of all derivations of A. (2.12)

Then (Der A, [-,]) is a Lie subalgebra of (End A, [-,-]). For instance, let A = C[z7!, 2]

be the algebra of Laurent polynomials in 2. Then
d
DerA=W={fE|f€A} (2.13)
and the Lie operation becomes:
d d , g d
[fa,gg} =(fd' = f9) for f,g€ A. (2.14)
Moreover, W is a simple algebra which is called the two-sided Witt algebra of rank 1. Set

d
ntl_—
. for n e Z. (2.16)

L, = —z2
Then {¢, | n € Z} is a basis of W with the formula:
Uy ln] = (m —n)lyin for m,n € Z. (2.17)

In fact the Virasoro algebra (determined by (1.20)) is the unique one-dimensional central

extension of W.
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If the algebra (A, o) is the eight-dimensional Cayley algebra, then Der A is the simple
Lie algebra typed by G, (cf. [S]). When the algebra (A, o) is the twenty-seven-dimensional
exceptional Jordan algebra, Der A is the simple Lie algebra typed by Fy (cf. [S]).

2. Finite-Dimensional Simple Lie Algebras

Finite-dimensional simple Lie algebras (over C) and their irreducible modules were
classified by Killing and Cartan.

Let G b? a finite-dimensional Lie algebra. We define the Killing | form k(-,-) over G by
k(u,v) = tr(ad,ad,) for u,v€G. (2.18)
It can be proved that (-,-) is nondegenerate and invariant, that is,
k([u,v],w) = k(u, [v,w]) for u,v,weg. (2.19)
Moreover, there exists an abelian suba,igebra H C G ([H, H] = {0}) such that

G=Ho P 6., where G, = {u € G | [h,u] = a(h)u for h € H}. (2.20)
O#a€H*
The above decomposition is called the Cartan decomposition, and the subalgebra H is

called a Cartan subalgebra. The expressions (2.19-20) imply that k|gx g is nondegenerate.

We can identify H* with H as follows: a € H* < t, € H with
a(h) = &(ts, h) for h € H. (2.21)

Set
A={0#a€ H|G,#{0}}. (2.22)

Then A spans H and dim G, = 1 for a € A. Moreover, if a € A, the only multiple of a

in A are o and k(a, @) > 0. Define

_ 2x(e, B)
(o, B) = —fc(a, o) for a,8 € A. (2.23)
Then we have
(av»/B) € Z, ﬂ - (a’ ﬁ)a €A for a’ﬂ € A. (224)

The set A is called the root system of G. It turns out that A has only nine different classes.
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If dim H = n, then there exist ay, ..., a, € A such that any root 3 € § can be uniquely
written as 8 = }°7_ m;a; with all 0 < m; € Z or all 0 > m; € Z. The root 8 is called
a positive root in the former case and a negative root in the later case. All a; are called

simple roots. There exits a unique positive root @ such that
0—8=)> mja;, 0<m;eZ, for any B € A. (2.25)
J=1
The root 6 is called the highest root. It can be proved that

(a;,aj) S 0, (a;,aj)(aj,a;) _<_ 3, i,j = 1,...,n, ) 7&] (2.26)

3. PBW Theorem and the Representations

Let G be a Lie algebra. Set

T@) = DTG, TG)=C, T™G)=08..8G (mcopies).  (2.21)

m=0

We define an algebraic operation “-” on T(G) by
(U@ Qun) (11®...0UW) =1 ®..QUARVI®..Qv, € T™™G). (2.28)
Then (T(G), -) becomes an associative algebra. Let J be the two sided ideal generated by
{u@v—vQ@u-—[u,v]|u,ve G} (2.29)
Denote the quotient algebra by
UG)=T(6)/J. (2.30)

The algebra U(G) has the following universal property: for an associative algebra A and
a Lie algebra homomorphism 7 : G — A (with [a,b] = ab — ba), there exists a unique
associative algebra homomorphism 7 : U(G) — A such that #|g = 7. The algebra U(G)
is thus called the universal enveloping algebra of G.

We denote the image of u; @ ... ® uy, in T(G) by u; - - - up,: Suppose that {¢17€T}
is a basis of G with Z, an ordered index set. Then we have:

Theorem 2.1 (Poincare-Birkhoff-Witt; PBW Theorem). The set

{6 &kl <dz--- < iy, ;€ L, 0< k € Z} (2.31)
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is a basis of U(G).
In particular, if G = G, ® G2 and G, G, are subalgebras, then

U(G) = U(G1)U(G2). (2.32)

A vector space M is called a module of a Lie algebra G if there exists a linear map

m: G — End M such that
7([u,v]) = m(u)r(v) — (v)7(u) for u,v€G. (2.33)

The map = is called a representation of G. The module M (or representation ) is called
irreducible if there exists no proper nonzero subspace I such that 7(G)(I) C I.

Next we assume that G is a finite-dimensional simple Lie algebra with H as a Cartan
subalgebra. Let M be a G-module with the representation 7. For £ € G,v € M, we denote
7(€)(v) by &(v) or v when the context is clear. An element A € H is called a weight of

M if there exists a nonzero vector vy (weight vector) in M such that
hvy = k(h, A)vy for h e H. (2.34)

Moreover, A is call dominated integral if

2k(a, A)
k(0y, )

0 <{a;,A) = €Z for all the simple roots a. (2.35)

Let A, and A_ be the sets of positive and negative roots, respectively. Set

G:= @ Goy, By=H+G,. (2.35)
a€At

Then B, and G. are subalgebras of G. Moreover,
G=G_® B,. (2.36)

Thus
U(G) =U(G-)U(By). (2.37)

A weight vector vy of a G-module is called a highest-weight vector if

E(va) =0 for £ € Gy. (2.38)
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In this case, A is called a highest weight. If M is generated by a highest weight vector vy,
then

M = U(G)vr = U(G-)va (2.39)

and we call M a highest-weight module (m a highest-weight representation). Note that the
second equality in (2.39) implies that a highest-weight irreducible modules has a unique
highest weight and a unique highest-weight vector up to a constant multiple.

Theorem 2.2. Any finite-dimensional irreducible module is generated by a highest
weight vector associated with a dominated integral weight. Conversely, for any A € H
satisfying (2.35), there exists a unique finite-dimensional irreducible module with X as a
highest weight.

We define an action of G on C by

€(p)=0 for £€G, peC. (2.40)

Then C is the irreducible module corresponding to the weight 0. We call this module the
trivial module. Besides, (G,ad) forms an irreducible module whose highest weight is the
highest root.

Suppose that {e!, e, ..., e} is an orthonormal basis of G with respect to &(:,-). Write

[€, €] = ixﬁ,je', i,j=1,2,..,k. (2.41)
1=1
Then
[¢',e'] = —[€, €], s([e’, '], el) = k(€' [, €]) (2.42)
imply v
XNj==Xa A=A, L,5,0=1,2,.,k. (2.43)
The element
Qg = zk:e‘e" elv(G). (2.44)
i=1

is called the Casimier element.

Theorem 2.3. The element Qg is in the center of U(G), that is,

Qg = gt for ¢ € U(G). (2.45)
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Proof. Tt is enough to prove (2.45) for £ = ¢’. Note that

[eja Qg]
= Y (¢, €le +ele,el)

i=1

k
= Z )\;,i(e'e’ + e'e'])
i,l=1
k

= 3 (Mt Xee

i,l=1

k .
= L (Nt Ayee
t,l=1 '
=0 O (2.46)
By the universal property of U(G), any representation of G naturally extend to a
representation of U(G). If (M, ) is a finite-dimensional irreducible G-module, then 7({g)
is a constant map by Shur’s Lemma. We denote

k
a,d(Qg) = Zade;adee = 2pIdg, Qg!MA = p,\IdMA, (2.47)

1=1
where p is called the dual Coxeter number of G. For instance, p = n when G = sl,. Note
that po = 0. The reader may refer [H] for the details of the statements we presented in the

above two sections.

4. Affine Lie Algebras and Vertex Operators.

Again let G be a finite-dimensional simple Lie algebra and the other setting are the

same as the above sections. We set
¢=6oC[t™,1]®Cs, (2.48)
where ¢ is an indeterminate and ¢ is a base element. We define an operation [-,-] on G by
[s,6] = [G, <] = {0}, (2.49)

[E@t™,n®t"] =[£,1] @ ™" + méminok(€,n)s for {,neg, myneZ. (2.50)

It can be easily verified that (G, [-,-]) forms a Lie algebra, which is called the affine (Kac-

Moody) Lie algebra associated with G (cf. [K]). The subspace Cg is the center of this
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algebra. For convenience, we denote £ ® " by £(n) for £ € G, n € Z. Let

G:= Y G(n), By =6(0)+Cs+¢,. - (251)

0<n€eZ

Then G4 and B, are Lie subalgebras of § and
G=G_+B,. (2.52)

Thus
U(G) = U(G-)U(By). (2.53)

Let M), be the finite-dimensional irreducible module with the highest weight A and a

highest-weight vector vy. For x € C, we define the action of B, on M, by
€(n)(u) = 0npf(u), s(u)=x for £€G,0<neZ. (2.54)

Easily see that M, becomes a B.;.-module. Consider the induced G-module:
Mix =U(9) ®ys,) M>. , (2.55)

By (2.53),
My, =U(G-) ®c M. (2.56)

The number x is called the level of the module M Ax:
For £ € G, we define £{(2) € LM (M), M) ,[27%, 2]]) by:

€)= ¥ &(m)e". (2.57)
n€z
Moreover, we let
EF =) &)z, £ =Y €(-n)" (2.58)
n=0 n=1

Lemma 2.4. For{,n € g,

[é(zl),ﬂ"'(zz)] — [6)77](21) _ K(E, W)X

22— 2 (22 - 21)2’

(2.59)

[f(zl),n—-(zz)] — [6,77](21) + ﬁ(f,n)x (2.60)

21— 22 (21 - 22)2.

23



Moreover,

€] = 28 (2) € nl(en) + 5708 (2) wteomix
= 5 (2—2) Eml(e2) = 5570,6 (2) w6 . @6

Proof. Note that

[(21), 1" (22)]
= 2 E[f’" (m+n)zy™ " + Z —nk(€,n)xzr "

mGZn—O n=0
= ;;Z[f,n](l)zl" Lzt —azlzn(ﬁ,n)x%"‘zz nt
€Z n=0 n=0
= (Tle 0" ) - 0, S0
leZ n=0 2 1
- [5,’7](21)_ K(é,n)x '
= m—2 (72 — 21)2, (2.62)
[g(zl),n—(‘%)]
= ZZZ[M] m—n)z;™ ! ""+Znﬂ(§,n)x21" g
meZn=1 n=0
N ,2;2[5,’7](1)2‘""’1 27! +6z22 (& mxz""" 25
€Z n=1 n=0
= (e ) + 0, ST
= ii’l’ﬂ(zh (';(5_’"2)32. (2.63)
Moreover,
[6(21),77(22)]
= [6(z1),n7 (22)] + [€(21),n7 (22)]
— [5,77](21)_ K(fﬂ])X +[§an](zl)+ ’C(f,ﬂ)x
Z2— 2 (22 - 21)2 21 — 22 (21 - 22)2
_ 1 ] 11 ;
= (22 a + 7 — 2, ) [5,77]( 1) ((z1 _ z2)2 (22 _ 21)2) (6777)9(
= % (2) i) + #7108 (2) w6 nix
= 58 (2) (6nlen) - 8576 (2) e m)x
= 26 (2—2) [€,m)(22) — 270, 6 ( 2) K(€,m)x (2.64)



by (1.5) and (1.7). O
Note that (2.64) implies

(21 = 22)[€(21),m(22)] = 0. (2.65)

Let {e!,€%,...,e¥} be an orthonormal basis of G with respect to the killing form «(,-).

Define operator

k
L(z) = 3 e (2)e'(2) + €'(2)e™ ()] = 3 L(n)z ™" (2:66)

i=1 nez
on M, . The operator £(z2) is called the Segal-Sugawara operator.

Lemma 2.5. We have
[£(n),&(m)] = ~2m(p + x)é(m + n) for £€G, m,neZ. (2.67)
Proof. For j =1,..,k, by (2.41) and (2.43),

E’\ (€7 ()€ (21) + € (21)e™ (1))

i,l=1
k ‘ k .
= Z /\;’ie"(zl)e“'(zl) + Z /\;-'ie"(zl)e”'(zl)
t,l=1 1,l=1
k k
= 2 N (@) (2) + 30 Mye(zn)e (21)
i,l=1 i,l=1
k
= ) (’\;',i + X)€" (1) (21)
i,l=1
k .
= Y (N4 A)e (n)e (z)
i,l=1
=0 (2.68)

k
22 Nt (a1)et (=)

4,l=1

k k
= Z ’\;',iel+(21)e'+(z1) + Z ’\;,ie'-'—(zl)ew(zl)

1,l=1 i,l=1

k k
= Z /\;’ieH'(Zl)eH'(zl) + Z /\;,,e""(zl)eH'(zl)

il=1 ii=1

k
= Z A;,:[ei+(zl)ael+(zl)]

i,l=1
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oo

= YA, 3 [€,€l(m+n)zm

i,l=1 m,n=0

= ZMZ(P+1 ¢, el(p)zr”

t,l=1 p=0
k

= Z J,Idz Z[e e

1,l=1 1 p=0

= Z Ajid [6 el]+(zl), (2‘69)

t,l=1

k
2y /\gy,»e"“ (z1)€" (21)

i,i=1

k k
= Z ’\;',iei_(zl)el_(zl) + Z A;,iei—(zl)el-(zl)

t,l=1 i,l=1

k
= > M ()" (zl)+ZA 1€ (z1)e (1)

i,l=1 i,l=1

k
= Z /\.lj,,'[ei— (zl)a el_(zl)]

t,l=1

- Y, Z[e )(=m — )]+

i,l=1 m,n=1
= Zz\ Z;I(P—l)e € )(=p)A ™
1,l=1 p=
= E’\Jtd Z[e el](—p
i,l=1
= Z’\ji 7 ¢, €17 (1) (2.70)

1,l=1

Hence,

2E/\ (€7 (21)€!(21) + €(21)ef (1))

1,l=1

=23 M et ) + € (n)e )

i,i=1

+2 Z X e (21)€'™(z1) + 2 Z X, €'t (z1)e (21)

i,l=1 1,l=1

= z /\"d [e é'](z1)
1,l=1 .
k

= Yol e

i=1
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d & ~
= —— iad.i(e’
o [E adiad.i(€e’)](z1)
d .
— _o, %
= 2pdzle (z1). (2.711)

Moreover, by Lemma 2.4,

X, [6’ (z1)e' (22) € (22)61(21)

- [l (zz)+e(zl)e )| $ela) | o eela)
ISR (z2> ) | ela)e*(e)
) e, ¢ (a)e (zz) ),

22 — 22—z 22— 21

_ [[e e](zl)

1
(21 22)2 [Z] 29 Z9 —

][e (22)€'(21) + €/(21)e (22)] — - e](ZI)J

(2 — 21)?

= [0 (2) 1 €len) + 5716 (2) [ el (en) + o) ()] (272)

Therefore, by Lemma 2.4,

[€7(21), £(22)]
= Z[[ej(zl) e (22)|€(2) + € (22)[€(21), €(22)] + [€7(21), € (22)] €™ (23) + €' (22)[€7(21), €7 (22)]

=Z

I.

A .
st 61(22)6’(21)

o)) + 28 (2) Nl () an) + e an)e (a)] +

(z1 (::2))2‘3]('22)4'2;la [5 (:)] xle'™(22) + €/* (2 )]—(:e (22))2 e¥(25)
) ‘,‘:f‘_la 3(2) e, e]zl>+22 75 (2) Mde ()e (1) 4 €ln)et ()

+2:710,, [5 (zl)] e (2)

= 50,5 (2) Sl e el + 7 (2)> Z 2 e (21)e!(21) + €l (21)e™ (21)]
+2:70,, [5( )Xej(zz)] 2z1’16( )a X6 (22)

= 20270, ( ) () — 276 (ZI) 2p5-e(ar)
425710, |5 (Z’) xe(z1)] - 25571 (z"’) :;i—lxej(zl)

= 2o +x) [zl'18226 (;‘;) &(z) — 2716 (”) dief(zl)} (2.73)

z1 21
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Finally

[£(n), e (m))]
= —[e/(m),L(n)]
= —Res,, ., 2056 (21), £(22)]
= —2(p + x)Res,, 5,220t [ -19,6 (z ) & (z) — 2716 ( ) d‘j e’(zl)]
= —2(p + x)Res;, [(—n — 1)2]"*"€/ (21) - "“'"“ o 2 (21)]
= —2p+ (== 1) (m+n) - (~m—n l)ef<m )

= —2(p + x)meé’(m + n). - (2.74)

Thus (2.67) holds because {e’ | j = 1,...,k} is a basis of G. O

In the rest of this chapter, we always assume that

p+x#0. (2.75)
Moreover, we let:
C(z) -n-—1
L(z) = m(z) = gL(n)z . (2.76)
€
By the above Lemma,
[L(m),&(n)] = —né(m + n) for {€G, mneZ. (2.77)

In particular, we have:

(L(-1),6()) = 7€), [LO.Em)] = —né(n),  for (€GoneZ  (278)

Note that My = Cuvy is one-dimensional. We denote 1 ® v, € M, by 1. Then

My, = U(G)1. (2.79)

Since | |
L(0) = 2(71-)-5 ﬁj(z 0(%:62 e (=m)e(m) + (0)e(0)), (2.80)
L(=1) P :0 (=m = 1)ei(m), (2.81)
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we have:

L(-1)1=L(0)1 =0, L(0)vy = Uy = (2.82)

1 P
—Q R,
2(p + x) 200+ x)

(cf. (2.47)). Note that (2.78) and (2.82) imply
My, = é M{TARERN M) (e My | L(OYw = o). (2.83)
m=0
Set
Mg, =C1, Mg, = M7 " +span{&i(—n1) - ém(—nm) | & €G, 0 < n; € Z}, (2.84)

for 0 < m € Z. Note we have

Moy = U Mg, . (2.85)

m=0

We define a linear map Y (-, 2) : Moy — LP(M), My[27}, 2]] by induction on MJ",. When
m = 0, define

Y(1,2) =Idp, .. 2.86
A

Suppose that we have defined Y (v, z) for v € M§, . Note that any element of Mg,;l \ Mg, is
a linear combination the elements of the form {(—n)v with{ € G, v € M§, and 0 < n € Z.
Thus we only need to define:

1 [ (2)

d" 1% (2)
(n=1)1| dn-t '

dzn—1

Y(¢(=n)v,2) = Y(v,2) + Y(v,2) (2.87)

Hence we have defined Y (u, z) for u € M§*'. Note here X is arbitrary and Y (-, z) can be
distinguished by specifying the space it acts.
Lemma 2.6. The map Y (-,2) is well-defined.

Proof. First note that Y (u, ) is well defined for any u € Mg, by our definition and

1 dY(2)

Y(E(=n)1,2) = (n=1)! dznt!

for £€G,0<neZ. (2.88)
In particular,
Y(¢(-1)1,2) = &(2). (2.89)

For convenience, we identify £(—n)1 with {(—n) and £(—1)1 with £ when the context is

clear.
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Claim 1. For anyu € Mg,
Y(u,2)1 = &MYy, (2.90)
Note that (2.78) implies
£ (2) = e (g(-1)) = B VE(-1)e D for €€ G (2.91)

Hence (2.90) holds for u = {(—1)1 = £ by (2.82). Note that any element of G_1is a linear
combination of the coefficients of z in {¢~(2)1 | £ € G}. Moreover, (2.88) implies

VE@LD) = SV om0 = S 5 (4] e —etta) (29

n=0 n=0 ""* dz

for ¢ € G. Thus
Y (67 (2)1,2)1 = €(z + 2)1 = eCHILENE = LD (LN = LD~ (2)1. (2.93)

Thus (2.90) holds for u € G_1. When u = 1, (2.90) trivially holds. We have proved
(2.90). |

For any u € Mg, we denote

Y(u,2) =Y unz™ " (2.94)
n€z

Claim 2. For anyu € M,
(Ueml)oy = U, for 0 <m € Z. (2.95)

It is enough to prove it for u = {(—n — 1.) for € G, 0<n € Z. Forn=0,it directly
follows from (2.88). For £ € G_, i

§(-n—1)-m = ("F"HE(=m—n) = ("I ) ({(-m—n)1)1 = ({(-n—1)-m1)-1. (2.96)

For any w € My, we set

w(z) = ii:l w_mz™ !, wt(z) = i Wy 2™ (2.97)

m=0

By a simple calculation, we have:

Res;, (21 — 2) 'Y (w,21) = w™(2), Res,(z— zl)—lY(w, z1) = wt(2). (2.98)
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Claim 3. For anyu,v € M},

[Y(u,21),v*(22)] = =Y (vt (22 — 21)u, 21), [Y(u,21),v7(22)] = Y (vt (~2 + 22)U, 21).

(2.99)

It is clear when u = 1 or v = 1 since Y(1,2) = Idy, . When u,v € G_, (2.99) is

equivalent to (2.59) and (2.60). Since for £ € G, 0 < n € Z,

Y(L(-1)§(-n —1),2) = (n+1)Y({(-n~2),2)
1 d™¢(2)
(n + 1)(n + 1)| dzn+1

d
= ZY(E(=n-1),2)

by (2.88), we have
d 1
Y(L(-1)u,z) = EY(u,z) for ue M,
Moreover, by (2.78),
- d d ., .
[L(=1, Y(E @)1,2)) = -1, 6 + )] = (x4 2) = ¥ (€ (2)1,2)
for £ € G. Hence we have:
d 1
[L(-1),Y(u,2)] = EY(u,z) for u e My,
Therefore, '
Y(u,z +2) = Y (u,2) = V(X D, 2)  for u € Mg,
Note that by (2.88),

1d"¢*(2)

E(—n—1¥(z) = R for £ €g.

(2.100)

(2.101)

(2.102)

(2.103)

(2.104)

(2.105)

Now we want to prove (2.99) for u = {~(2)1, v = 57 (y)1 for-£,7 € G. By (2.59-60) and

(2.104),

[Y(u’ 21),v+(22)]
= [z +2),n* (22 + )]
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= -Y(n*(za+y— 2z —2), 21 +2)

e Y (gt (s 4y - 7 — D), )

= —Y(eH It +y— 2 —2)6 )

= —Y([eH (2 +y — 2 — 2)e KD Vg 2y
= V(e [nt(z, +y — 21 — 7)) (€)1, 1)

= —Y(ePn[nt(z +y - 21— 2)¢(2)1,21)

= =Y(n*(22 — 21 + y)€ ()1, 1)

= =Y([n~()1]*(22 — 21)€(2)1,21)

= =Y(v*(z2 — 21)u, 21). (2.106)

Thus the first equation in (2.99) holds. We can similarly prove the second.

Claim 4. For u,v € Mg, we have:
[w™(2),v7(2)] = ([u-1,0-1]1)7(2), [6*(2),0%(2)] = =([u-1,va]1)"(2).  (2.107)
Note by the second equation in (2.99),
[u_y,v_1]1 = Res,, 27 25 Y (v (=21 + 22)u, 21)1 = Res, 27 'Y (vF (—21)u, 21)1 (2.108)
for u,v € Mg, .

Y([u_1,v_1]1,2) = Res, z{'Y(vt(—21)u,z + z1)

= Res, 27 e?%Y (v (~21)uy, 2)

= Zo (= 9_2"1‘;'1 Y (vmu, 2). (2.109)
By (2.97),
' 00 _ m+1
[[u_1,v-1]1]*(2) = z_jo%(vmu)*(z). (2.110)

On the other hand, by (2.98)

[u™(2),v™(2)]
= Res,, (21 — 2)7'[Y(u, 21),v7(2)]
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= Res,, (21 — 2) 'Y (vt (=21 + 2)u, 1)
= Res;, Y (—1)" (21 — 2) ™ Y (vpmu, 21)

m=0

= R fﬁ s O Y

- €8z, m—o(— ) ( + 1) (21 Z) (vmu’zl)

_ ( a m+1 _

= mz—:o m+1)' (vmu)™(2)

= [[u-1,v-1]1]7(2), (2.111)

[u*(z),v*(2)]
= Reszl (Z — zl)‘l{Y(u, Zl)’ v+(z)]
= —Res, (2 — zl)‘lY(v+(z — 21)u,21)

= —Res,, Z (z— zl)'""2Y(vmu,zl)

m;() m+1 a;n-H -1
= —Res,, m2=:0(—1) + T 1)!(2 —21)" 'Y (vmu, z1)
. 00 _az m+1
= —[lu_1,v_1]1]7(2). (2.112)

Finally, let us prove the well-definedness. Since é(—n) = ((=n)1)_;, any element of
Mo, can be written as a linear comination of the elements of the form u! u?, .- u™1

with u/ € M{, . Hence (2.87) is equivalent to:

Y(u_1v,2) = u™(2)Y(v,2) + Y(v, 2)u™(2) for ueg_,ve Mg, . (2.113)
Let
I={(,-n)]|i=1,....k,0<neZ} (2.114)
and define
(21, —n1) < (i2,—n2) if 4; <y or ny < my. (2.115)
Denote
e = ¢i(—n). (2.116)
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Thus {e’ | j € T} is a basis of G_. Suppose that Y (v, z) is well defined for any v € Mgt

Since (2.113) is linear in u, we only need to prove that if
Yoelwi =0,  vje M,
JjeT
then
k q‘ . ‘ .
Y YU ()Y (v5,2) + Y (vj,2)e* (2)] = 0.

i=1n;=1

In order to prove this, let us introduce a new notion:
‘7 = {J = {jl’j% ---ajm} | jl € I}

By the PBW Theorem, (2.117) can be written as:
m . . .. . . . .
SN paielielty el el + el =0
JeJi=1 j€T
with

m
u’ € Mar’zx—Z, K3 € Ca Z“J,i =0.

=1

Let

w= —Ze’;luj.

J€T
By our assumption:
Y(w,2z)=— Z[ej’(z)Y(uj, 2) + Y (u, 2)et(2))].
JjE€T
Set

R s LY | =
¢; = €2 ---elllel] enl, 1=2,3,...,m.

On the other hand,

m
w o= Y ) pyieliel - elTtelt el

JeJ i=1
m .. . . . m .
= Z [Z HJ,i[e]-'l, ez_‘l]d’i + 31—11[(#.1,1 + #J,2)e]-21¢2 + Z HJ,iej_'lfﬁi]-
JeJ i=2 i=3 '
Moreover,

w' = (u3q + pap)e? de + ZHJ,iejil‘bi € Mg,

1=3
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because of 3%, u3; = 0. By our inductive assumption:

Y (e w!, z)

= 7 (2)Y(w',2) + Y(w!, 2)e"* ()

= (B3 + 132) [ (2)e(2)Y (6, 2) + €17 (2)Y (¢, 2)(2)€™ (2)
+e7(2)Y (63, 2)(2)e7(2) + Y (62, 2)(2) e ()€ (2)] + i_";m,f[ef*-(z)e"f-(z)Y(@, 2)
FE (Y (0 22 (2) + 67 (2)Y (86, )M (2) 4 ¥ (i 2) () () (2]

= paa[e"(2)e" ()Y (d,2) + €' (2)Y (b, 2)(2)€H (2) + €77 (2)Y (2, 2)(2) € (2)

+Y(¢2,2)(2)e™ (2)e* (2)] + i#J,i[ej“(z)ej"(z)Y(¢i, 2) + € (2)Y (6, 2)(2)e* (2)

e (2)Y (61, 2) ()€ (2) + Y (1, 2)(2) e ()69 (2)]
L mlle, (S (6,9) + (6 D (), ¥ () (2.127)
Thus by (2.95) and (2.107),
Y(w, 2)
= I il AV 60 + ¥ (662 [ I + T V(e )
€J =2 €
= Sl (P Y (6 2) + Y (B A ) + Y (6, )
€
1Y (2, 2)(2)em* ()i (2)] + 3 pasle ™ (2)en™ (2)Y (@, 2)

=2

+67(2)Y (¢, 2)(2)€F (2) + Y (¢, 2)(2) e H (2) € (2)]}

= Y Aunale ()Y (216, 2) + Y (2162, 2)(2)e7H(2)]

JeJg

+ iz NJ,i[ej‘_(z)Y(e‘i’l@, z)+ Y(e{‘l@’ 2)(Z)ej‘+(z)]}, (2.128)

which is equivalent to (2.118) by (2.120). Thus we have proved that Y(lmgp,, 2) is well
defined. By induction, we have proved our lemma. o

Lemma 2.7. Foru € My,,
[L(-1),Y(u,2)] = %Y(u,z), [L(0),Y(u,z2)] = zdiZY(u,z) +Y(L(0)u,z). (2.129)

Proof. Note that (2.124) holds for u € Mg, by (2.77-78), (2.82) and (2.103). Assume
it holds for u € MJ'". Let u = v_yw with v € (G- N M) and w € (MFT' N M), 1t
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can be proved that u € Méf’: ?,

[L(_l)a Y(u’ z)]
= [L(-1),v7(2)Y (w,2) + Y (w, 2)v7(2)]
= [L(-1),v7(2)]Y (w, 2) + v (2)[L(-1), Y (w, 2)]

+[L(=1), Y (w, 2)]v*(2) +Y(w 2)[L(-1),v%(2)]
dv=(z)

= By £ @Y () + (Y (0.9) 070+ ¥ () 2

= E[v-(z)y(w, z) +Y(w,2)v*(2)]

d
= =Y . 2.130
dz (u,2) ( )

dvt (z)

[L(0), Y (u, 2)]

= [L(0),v™(2)Y (w, 2) + Y (w, 2)v™(2)]

= [L(0),v™(2)]Y (w, 2) + v (2)[L(0), Y (w, )]
+[L(0), Y (w, 2)]v +(Z)'i'Y(w 2)[L(0),v*(2)]

= 2Oy () 4 v (e V() + (zjdz-Y(w,z)) v*(5) + ¥ (,2): 22 )
(p+ v (2)Y (w,2) + Y (w, 2)v¥(2)]

= z%Y(u, z)+Y(L(O)u,2z). O (2.131)

Lemma 2.8. For u, v € My, and w € M, ,, there exist positive integers m,n such

that
(21 — z2)"[Y(u, 21), Y (v, 22)] = 0, (2.132)

(20 + 22)"Y (u, 20 + 22)Y (v, 22)w = (20 + 22)" Y (Y (v, 20)v, 22)w. (2.133)

Proof. Note that for any w! € Mé',)( and w? € M}{;”*/"’(”X)), by (2.129),
wjw? =0 for m(w',w?)=i+j<le€Z (2.134)

We may assume that u,v,w are homogeneous and u € M§, and v € Mg ,.

Step 1. p=1.
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If w € C1, the lemma trivially holds because of Y (1,z) = Idp, . Hence we may
assume u € G_1. Suppose ¢ = 0. Then we may assume v = 1. Note that (2.132) trivially

holds. Moreover,

(20 + 22)™ VY (u, 2o + 22)Y (1, z2)w
= (204 22)"“WY (u, 20 + z)w

o0

= Z U-lw(zo + zz)m(u,w)-l-l—l

I=1-m(u,w)
)

— Z u_lw(z2 +zo)m(u,w)+l—l
I=1-m(u,w)
= (22+ Zo)m(u’w)y(% 22 + zo)w
= (224 20)" Y (u™(20)1, z2)w
= (22 + zo)m(u,w)y(y(u, Zo)l, Zg)w. (2135)
Suppose that the Lemma holds for ¢ < j and j > 1. Then we may assume v = v! 02
with v! € §_ and v? € Mg,;l. By assumption, there exists a positive integer m > m(v!, u)

such that
(21 = 22)"[Y (u, 21), Y (v2, 22)] = (21 = 22)™[Y (vyu, 21), ¥ (0%, 23)] = O, (2.136)
for 0 <! < m(v',u), where viu € G_1. Then by (2.99), we have:
(21— 22)™[Y (u, 21), Y (v, 23)]
= (21— 2)"[Y (4, 21),0" " (22) Y (v2, 22) + Y (02, 22 )0 (23)]
= (21— 22)"[Y (4, 21), 0" (22)]Y (7, 22) + (21 — 22) ™" (22)[Y (1, 2), Y (02, 25)]
H(z1 — 2)"[Y (4, 21), Y (0%, 22) 0" (22) + (21 — 22)™Y (0, 2)[Y (1, 21), v** (22))]
= (2= 2)"Y (0 (=2 + 22)u, 2)Y (07, 22) — (21 — 22)"Y (02, 25)Y (01 (22 — 21), 21)
= (21— 2)"[Y (0" (—21 + 22)u, 21) — Y (0 ¥ (22 — 21 )1, )Y (v2, 2)
= 0. (2.137)

Thus (2.132) holds. Furthermore, there exists a positive integer n such that

(20 + 22)"Y (u, 20 + 22)Y (v, 23) = (20 + 22)"Y (Y (u, 20)v?, 23), (2.138)

37



(2o + 22)"Y (v]u, 20 + 22)Y (v%, 22) = (20 + 22)"Y (Y (viu, 20)v?, 22)

for 0 <1 < m(v!,u). Again by (2.99),
[Y (u, 20),v%,] = Res,, 27 'Y (v (—20 + 22)u, 20) = Y (v*(—20)u, 20),
(20 + 22)"Y (Y (u, 20)v, 22)

= (2z0+ 22)"Y (Y (v, zo)vllvz, z2)

= (204 22)"[Y([Y (4, 20), 02, ]v%, 22) + Y (01, (u, 20)0%, 22)]

(2.139)

(2.140)

= (20 + 22)"[Y (Y (v (=20)u, 20)v?, 22) + v' " (22)Y (Y (1, 20)v*, 22) + Y (Y (1, 20)v%, 22)v ¥ (22)]

= (204 22)"[Y (0" (= 20)u, 20 + 2)Y (v, 22) + 01 (22)Y (1, 20 + 22)Y (02, 22)
+Y (4, 20 + 22)Y (v7, 220 (22)]

= (204 22)"[[Y (4, 70 + 72), 0" (22)]Y (7, 22) + V= (22)Y (u, 20 + 22)Y (v, 22)
Y (4, 20 + 22)Y (07, 22)0™(22)]

= (204 ) Y (u, 70 + 20 ()Y (07, 22) + Y (4, 20 + 22)Y (0, 22)0™* (22)]

= (20 + 22)"Y (u, 20 + 22)Y (v, 23).

Thus (2.133) holds.
Step 2. p>1

(2.141)

We prove by induction on p. Suppose that the lemma holds for p < i. When p =1, we

may assume u = u',u? with u! € G_1 and u? € M,}. By the proof of the Jacobi identity

WX

in the last chapter, the Jacobi identity holds for ! and v. Thus

[Y(ul, 21),Y (v, 22)]

= Reszozz‘lé (Zl z_ 20) Y(Y(UI,ZO)U, 22)
2
1 1
= R 2 ( )YY 1, ,
€S2, 21— 20— 22 23—21+ 2 (Y(u', z0)v, 22)
1 1
= R 2 ( — )YY l, ,
€S20 21—22—20 —22+21— 20 ( (u Zo)’v 22)

= Y(u”‘(zl — 23)v,29) — Y(’U,l+(—22 + z1)v, 23).

38

(2.142)



Thus we have the following generalization of (2.99):

[u*(21), Y (v, 22)] = Y (ult (21 — 22)v, 23), [w!'™(21),Y(v,22)] = =Y (u!* (=2, + 21)v, 23).
(2.143)

By assumption, there exists a positive integer m > m(u',v) such that
(21— 22)"[Y (v, 21), Y (v, 22)] = (21 — 22)"[Y (42, 21), Y (0}, 25)] = 0 (2.144)
for 0 <! < m(u',v). Now we have:

(21 — 22)™[Y (4, 21), Y (v, 22))]
= (21— 22)"[u'(21)Y (12, 21) + Y (2, 2)ul* (21), Y (v, 22)]
= (21— 22)"[u" (1), Y(v, )Y (u2, 21) + (21 — 22)™u""(21)[Y (2, 21), Y (v, 22))]
H(z1 = 2)"[Y (03, 21), Y (v, 22)ul* (21) + (21 = 22)™Y (62, 20) [ (1), Y (0, 22)]
= —(21— ) Y (Wt (=2 + 21)v, 2)Y (U, 21) + (21 — 22)™Y (12, 20)Y (ul* (21 — 23)0, 23)
= (21— 22)"Y (2, 2)[Y (' (21 — 22), 22) — Y (ul* (=23 + 21)0, 23)]
= 0. (2.145)

This proves (2.132).

By assumption again, there exists a positive integer n such that
(20 + z2)"Y(u2, 2o + Zg)Y(’U, 22) = (Zo + Zz)nY(Y(’U,z, Zo)’v, 22), (2146)

(20 + zz)”Y(u2, 20 + zg)Y(u,lv, z2) = (20 + zz)"Y(Y(u2, zo)u,lv, z3), (2.147)

for 0 <1 < m(u',v). Note that by (2.95) and (2.143),

(20 + 22)"Y (Y (u, 20)v, z2)w
= (204 22)"[Y (4" (20)Y (12, 20)v, 22)w + Y (¥ (u2, 20)u™ (20)v, 22)w]
= (20 + 22)" [V ((u" (20)1)_1Y (u2, 20)v, 22)w + Y (u?, 20 + 22)Y (u* (20)0, 23)u0]
= (20+ 22)"[u" (22 + 20) Y (Y (2, 20)0, z)w + Y (Y (2, 20)0, 22)ul* (23 + 20)w]
(20 + 22)"Y (u, 20 + 22) U (20 + 22), Y (v, )]0
= (20 + 2)"[u!™ (22 + 20)Y (42, 20 + 22)Y (v, 22)w + Y (w2, 20 + 22)Y (v, 22)ut* (22 + 20) 0]
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+(Zo + zg)"Y(uz, 2o + 22)[U1+(20 + Z2)Y(’U, 22) - Y(’U, 22)u1+(20 + 22)]'w
= (Zo + 22)"[ul_(22 + zo)Y(uz, 20 + Zz)Y(’U, 22) + Y(u2, 20 + 22)u1+(20 + Zz)Y('U, ZQ)]U)

= (204 22)"Y (u, 20 + 22)Y (v, z2)w. (2.148)

Thus (2.133) holds. 0
Let

-3 v + 35 § e et 1. (2.149)

Theorem 2.8. The family (Mo, Y (+,2),1,w) forms a vertez operator algebra.
Proof. Note that by (2.76) and (2.87),

Y(w,2) = L(z). (2.150)

Moreover, (2.82), (2.86), (2.129) and Lemma 2.8 imply that we only need to (1.27) and

the second equation in (1.29). Easily verify

L0)w = 2w, L(l)w=0, LR2)w= 2;(;%1. (2.151)

Since (2.82), (2.129) and Lemma 2.8 imply the Jacobi identity (1.18), we have:

[L(z1), L(22)]

= Res, 276 (ng) Y (Y (w, z0)w, 22)
2

-15( ) Y(L(=1)w, 23) — 225 10215( )Y(w 2) — 21026 (; > (p’“i Y (=)

= (?2) dl;i?) 2 ;‘6215( )L(zg) — 8 5( ) 2(p"’f 5 (2.152)

whose component form is (1.27) with the rank = kx/2(p+ x). Moreover, the first equation
in (2.129) imply

ad} ‘
Uopoy = L( Y —(u_y), Y(u,z) = Zu;z"' for u € My, (2.153)
lez

Hence

u(2) =) u_pq2" = e2diy (uo1) = e Vu_1e7 D for w € Mpy.  (2.154)

n=0
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Now for any v = v! 02, --- v’ ;1 with v € §_1, we have:
Y(v,2)1

= o7 (2)v? (2) - v (2)1

— [ezL(—l),Uile—zL(—l)][ezL(—l)vzle—zL(-—l)] . [CZL(_I)vile—ZL(_l)]l

= Ly, (2.155)

Since any element of My, is a linear combination of the elements like the above v, (2.155)
implies the second equation in (1.29). O

An ideal of a vertex operator algebra (V,Y(-,2),1,w) is a subspace of V' such that
Y (u,2)I C I[z71;2]] for any u € V. (2.156)

An algebra (V,Y(-,2),1,w) is called simple if the only ideals of V are V and {0}. Since
L(0)I C I, an ideal I is always a graded subspace. Moreover, by the skew symmetry
(1.58),

Y(v,2)V C I for any v € I. (2.157)

Thus Mo, has a unique maximal proper ideal Jo ,, because it is a highest-weight G-module.
Furthermore, (2.157) implies that we have the induced vertex operator map Y (-,z) (we
still use the same notation which can always be distinguished by specifying the space it
acts) on

VX = MO,x/JO,x~ (2158)

Note Jox N(Cw + C1) = {0} by the last equation in (2.151). Thus we can identify the
elements of Cw + C1 with their image in V. Easily see:
Theorem 2.10. The family (V,,Y(:,2),1,w) forms a simple vertex operator algebra.
A module of a vertex operator algebra (V, Y (+, 2),1,w) is a graded space W = Biecc WH
with a linear map YW (-,2) V. — LM(W,W[z~1; 2]]) such that (2.132-133) hold for u,v €
V, w e W and

YW(1,2) =1dw, LO)usw=(p+q—n—-u¥w, YW(u,z)= S w1 (2.159)
lez
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when u € V) and w € W, A submodule W, of W is a subspace such that
YW (u, )Wy € Wi[27, 2]] for any u e V. (2.160)

A module W is called irreducible of the only submodules of W are W and {0}. By (2.83),
(2.129) and Lemma 2.8,

Theorem 2.11. The family (M), Y (-,2)) is a module of the vertex operator algebra
(Mo, Y(-,2),1,w).

Since any submodule of M) , is a graded subspace by (2.159) and M, , is a highest-
weight G-module, there exists a unique maximal proper submodule J) . We denote the
induced map of Y(-,2) on

Vax = M/ x (2.161)

by Y*(-,z). Then (Viy,Y?(+,2)) is an irreducible module of the vertex operator algebra

(Mo, Y(+,2),1,w). We remark that in general, we do not have:
Y (Joxs 2)Max C Iax[27";2])- (2.162)

Theorem 2.12. When x is a positive integer, (2.162) holds if and only if (6, ) < x,
where 0 is the highest root of G. Therefore, (Vi x, Y?(+,2)) is an irreducible module of the

simple vertez operator algebra (V,,Y (-, 2),1,w) when x is a positive integer and (9, ) < x.

Proof. Suppose that x is a positive integer. Let ey € Gy be a root vector (cf. (2.20)).
Let |

w® = (eg(—1))**'1, W, = span{¢(0)u® | € € G}. (2.163)
Then W, forms a finite-dimensional irreducible module of G with the action:
£(v) = €(0)(v) for € €G, ve W, (2.164)

Moreover, the highest weight of Wj is (x +1)6 and w° is a corresponding highest-weight
vector.

Note that by our definition (2.87) (or (2.113)) of vertex operators,

Res,27'Y (w°, z)vy = (eg(—1))**wy. (2.165)
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Moreover by [K],
Jox = U(G_)W,. (2.166)

Thus if (2.162) holds, we have (eg(—1))**'vy € Jy 5, which implies (6,)) < x by [H].

Next we assume that (8, A) < y. This implies tha
A= (x+1)8 is not a weight of M, (2.167)
(cf. [H]). By (2.166),
€(n)v=0 for {€G,veW,, 0<nelZ (2.168)
Then by the Jacobi identity,
[€(1), Y (v, 20)] = 276 (2) Y(EO),2)  for £€G, ve W, (2.168)

which implies

[€(m),v(r)] = u(m +n),  u=E0)w, (2.169)

where Y(w, z) = ez w(l)27%"! for w € Wj. Since L(0)w = (x + 1)w by (2.78) and
(2.82), we have [L(0),w(!)] = lw(l) for w € Wy, | € Z. Thus we have:

w(n)v =0 for we Wy, ve M), 0<neZ (2.170)
We want to prove (2.170) for n = 0. By (2.169), the subspace of
M = span{w(0)v | w € W, v € M)} (2.171)

is a G-submodule of My. Suppose that (2.170) does not hold for n = 0, then M = M,
because M), is an irreducible G-module. In particular, vy € M. Since v, isa highest-weight

vector, we can prove by induction on the weights of W that
j . I3 . . . . »
vy =Y w(0)', w'(0)' #0, where w', v' are weight vectors (2.172)
1=1

with weight(w') < weight(w!) = (x + 1), 1 < L.

This implies that A — (x + 1)6 is a weight of M,. A contradiction.
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Set
M’ = span{w(—n)v |v € M),w € W,0<n€Z} C @Mg:”*/z(pﬂ)). (2.173)
=1
Moreover, (2.169) shows that
By(M') c M. (2.174)

Thus
UG- )M =UG)M’ (2.175)

is a proper graded G-submodule of M, ,, which is equivalent to that it is a proper Mo x-

submodule. Thus

UG- )M’ C Jxy. (2.176)
Hence we have proved that
Y (w, 2)My C Jry[z71; 2] for any w € Wj. (2.177)
Set
J={w € Jox | Y(w,2)My C Jrylz7"; 2]} (2.178)

Then Wy C J. Moreover, by the associativity (2.133), for w € J, u € Moy and v € M),

there exits a positive integer m such that

(20 + 22)™Y (Y (u, 20)w, 22)v = (20 + 22)"Y (u, 20 + 22)Y (w, 220 € Janlzg™, 2375 20, 2.
(2.179)

This implies
Y (u, 20)w € J[z5"; 20]], (2.180)

which implies that J is a My ,-submodule. By (2.166), we have J = Jo x. Next Set
My ={v € My, | Y(w,2)v € Jry[z7";2]], for w € Joy}. (2.181)

By the associativity (2.133), we can similarly prove M; = M) ,. This completes the proof
of Theorem 2.12. i
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Remark 2.12. (a) The modules {V), | (,)) < x} are the all the irreducible modules
of V, in terms of FLM’s definitions of a module of a vertex operator algebra (cf. [FLM3]
or [FHI]).

(b) Frenkel and Zhu [FZ] proved Theorem 2.10 and Theorem 2.12 by Zhu’s associative
algebra A(V) (cf. [Z]).

(c) Dong and Lepowsky proved Theorem 2.12 by the tensors of level-one G-modules.
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Chapter 3

In this chapter, we shall present the construction of vertex operator algebras and mod-
ules associated with integral lattices. Let us first recall some basic definitions.

A (rational) lattice L is a free abelian group of finite rank with a Q-valued symmetric
Z-bilinear form (-,-). The lattice L is called integral (respectively, even) if (L,L) C Z
(respectively, (o, @) € 2Z for all a € L). Moreover, if 0 < (a,a) for all 0 # a € L, then
we say that L is positive definite.

Let L be an integral even lattice with the symmetric nondegenerate Z-bilinear form
(-,-). Set

H=CQ®zL (3.1)

and extend (-,-) to H canonically. Let
L={he H|(ha)€Z, for a €L} (3.2)

Then L is a rational lattice and L is a sublattice of £ under the identification a ¢+ 1 ® a.
When L is positive definite, £/ L is a finite group. In particular, when L is a root lattice (Z-
span of the root system) of a simple Lie algebra of type A, D and E, £ is the corresponding
weight lattice. Let {a1,3,...,a,} be a basis of L. We define a Z-bilinear map F(-,-) :
LxL— {1,-1} by:

o (D i i<
Flai, e5) = { 1 otherwise. (3.3)
Then we have:

F(a,p)F(B,) = (-1)?  for a, B € L. (34)
Choose representatives {); | 7 € I} from the cosets in £, that is,

L=|JX+L isa disjoint union, (3.5)
j€T

such that the representative of L is 0. We extend F(-,-) to L x L by

F(a,B+ ;) = F(a, ) for jeZ, a,f€ L. (3.6)
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Viewing H as an abelian Lie algebra, we associate with it an affine Lie algebra:

H=HecC[t,t™"]® Cec (3.7)
with the Lie operation [, -]:
(A, =0, [o(1),B(5)] = (o, B)lbis0c, (38)
where
al)=a@t for a, B€H; I, j€Z. (3.9)
We set
Hy = span {a(l)|a € H, 0 < *l € Z}. (3.10)

Define C{L} to be the C-vector space with a basis
{e(v) |y € £}, (3.11)
and for each o € L, we define & € End C{L} by
aluv)] =F(e,y)u(a+y) for yeL. (3.12)
We denote [ = {& | @ € L}. Set
B=H, + H(0) + Cec. (3.13)
Make C a (one-dimensional) B-module as follows:
Hy(1)=0, H(0)1)=0, ¢(1)=1. (3.14)
Form the following induced H-module:
S(H-) = U(H) ®ys, C. | (3.15)

Here U(-) denotes the universal enveloping algebra, S (*) denotes the symmetric algebra,

and we have used the PBW theorem to make the identification. Let

Ve = S(H.) ®c C{L}. (3.16)
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We let H_ + H, + Cc act on the first factor of V, and let L act on the second. We identify
H with H(0) and denote n ® ¢(y) by n¢(y) for n € S(H.), yeL.Forhe H y€L, n€E
S(H_), we define

h(ne(r)) = (hyvIme(v), 2*(ne(7)) = 2% "nu(v), (3.17)

where z is a formal variable. We define the action of H linearly on V. Then V; is an

H-module.

For any h € H, we define

h*(z) = ih(!)z"'l, h>(z) = g:h(l)z"", h=(2) = go:h(—l)z"'l, (3.18)

=0
h(z) = h*(2) + b (2). (3.19)
Note that for £,n € H,
[£(0),n(2)] =0, [6%(21),n"(22)] =0, (3.20)
(] = € (an)] = o (321
by (3.8). In particular, |
__(&m __&m - 2
(el = 7 2 - s = —(enetenn (2). 322)
For any M C L, we define
C{M} = span {u(a) | a € M}, Viy = S(H_)® C{M}. (3.23)

For v = £(—ny) - - - £¥(—nk)e() € Vi with n; > 0, we shall define the operator Y (v, z) on
V¢ by induction. We define:

zl+l

I+1°

Y(«(a),2) = eJ e @zfa>@izg 2 where /zldz = [ #-1. (3.24)

Suppose we have defined Y (£2(—n;) - - - €¥(—ni)e(e), z). Then we define:

&M (2) da™
(ny - 1)!

+Y (€ (=n2) -+ € (=ni)u(a), 2)

Y(E(=n2) -+ - € (=ni)ul(a), 2)

dn1—1§l+(z)/dzn1—l
(n1 - 1)' )

Y(v,2) =

(3.25)
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This definition is independent of the order of £!(—n;)- - - €*(—ny) because of (3.20), that
is, Y(v, 2) is well defined. We extend Y-, z) linearly on V;.
For u = £'(—ny) - - - £*(—ny)e(y) € Vi, we define the weight

wtu = 2 n; + 7’ 7 (3.26)
J=1
Then we have
Ve=@PLY, O ={ueV:|wtu=1}. (3.27)
leQ
We let
1 =0). (3.28)

Suppose that {h? | j = 1,...,q} is an orthonormal basis of H. Let

= %\i (ki (1)) (3.29)

J=

-

Theorem 3.1. The family (Vi,Y(|v,, 2),1,w) defined in the above forms a vertez op-
erator algebra and each (Vi 41, Y(IVA,“., z)) is an irreducible module of (VLY (|v,, 2),1,w).

Proof. We identify H_ with H_1 if we can distinguish them clearly from the context.
For u € Vi, we let

Y(u,2) =Y w1, ut(z) = f: unz™ " uT(2) = i U_p 2" L (3.30)

€2 n=0 n=1

By our definition (3.24-25),

Y(h(-n —1),2) = &(Z/d—zn, h(—n —1)*(2) = mﬁ?/ﬁ, (3.31)

for h€e H, 0 <n € Z. Hence
h(—n—1)_m = (" 1h(—m — n), h(—n—1); =0, h(-n—1)4, = (',f'l)h(l), (3.32)

for0<i<n, mleZ, 0<m,0<!l. Moreover,

L(-1)=wo = zj: i (=m — 1)hi(m), (3.33)
L(0) =w, = 2} ;[h’ —m)hi(m) + (h'(0))?/2). (3.34)
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Hence

2O = 23, L1tn) = Tl R0 = 2(-0kn) (339)

for vy € L,
[L(=1), Y (,2)] = ¥ (3,2),  [£(0), h(m)] = ~mh(rm) (3.36)

foruEﬂ.,hGH,mGZ,

[L(_l)ﬂ;"a] = [L(O),za] =0, [L(_l)’d] = a(_l)&’ [L(O)aé‘]'= (a(O) + <a’ a)/2)&,
(3.37)

for a € L. Furthermore, for o € L,
[L(—l),/a‘(z)dz] = i}[L(—l),a(—m)]zm/m =a (z) — a(-1), (3.38)

(L(-1), [ @ ()] = 3 ~[L(-D)am)le"/m =a*(z),  (3.39)

(£(0), [ a™()dz] = 207 (2), [L(0), [ @ (2)de] = 70 (2) = ¥ (a(~1)u(@) 2) = ¥ (L(~Di(e0), 7).
(3.40)
By (3.36-39), it is easy to verify that
[L(-1),Y((a),2)] = dizY(L(a), z), (3.40)
[L(0), Y (c(a),2)] = z-(—ic-l;Y(L(a),z) + Y (L(0)(a), 2), a € L. (3.41)
Note that by (3.33),
u= € (=m1) - E(=nj)e(@) = € (=n1)-1 - € (=nj)-11(e) (3.42)

for ¢ € H, a € L, 0 < n; € Z. Moreover, by (3.32), (3.35), (3.40) and the same arguments
as in the proof of Lemma 2.7, we can prove (2.129) for the above u by induction on j. Thus
(2.129) holds for any u € Vi (which is a linear combination of the elements like (3.39)).
We can prove (2.155) for v = u in (3.39) as (2.153-155).
By (3.34-35),
L0O)w = lw for we Vc(l). (3.43)
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Hence for any u € V") and w € Vi) (cf. (3.27-28)),

uw =0 for m(u,w) =71 +j, <n € Z,

(3.44)

because (2.129) holds for any u € V. Let ¢, € H and let w € V; be homogeneous. By
(3.22) and (3.31),

[Y (¢ (2),21), Y(n™(y), 22)]

= [(z1+2),1(22+y)]

(f)”) _ <§,77)
(21+$—zz—y)2 (z2+y—21~.’t)2‘ .

Hence

(2142 =2 —y)’[Y (£ (2),21), Y (0™ (y), 22)] = 0.

Moreover,

(20 + 22 + 2)"EY (Y (67 (), 2007 (y), 22)w
(20 + 22 4+ )Y (E(20 + )77 (y), 22)w
(ot 22+ 2DV (E (-t )02+ iy (1,
(20 + 22 + x)m(e’w)[f_ (224 20 + a:)Y(n"(y), 22)
+Y (07 (y), 22)€* (22 + 20 + z) + (sz_-%—)—iY(l, z)]w
(20 + 22 + &)™V [E (22 4 20 + 2)Y (17 (y), z2)w
(&)

(20 +2z —y)?
(20 + 22 + &) 6 (20 + 22 + 2)Y (™ (y), 22)w
(€&n)

(20 4+ z — y)?

(20 + 22 + &)™ C™)[€(22 + 20 + 2)Y (17 (), 22)w
(&n) ]

(20 +z—y)?

(20 + 22 + &)Y (67 (), 20 + 22)Y (17 (y), 22)w.

+n(z2 + )€ (22 + 20 + 2)w + w]

+n(z2 + y)€+(20 + 2z 4+ z)w+

w]

+(za +y), € (20 + 22 + z)|w +

(3.45)

(3.46)

(3.47)

Note that (3.46-47) imply that the duality (2.132-133) holds for u,v € H_ and w € V.
For h € H,a € L, by (3.8), (3.12) and (3.21),

[h(2), 8] = (h, )z, [h(21),25] = 0,
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(hya)

h(z), [ otz = S — (hader, [h(e), [ o (aalda] = S0k (349
Hence,
[h(21), Y (i(@), 22)] = (z(lh,_a; N fzhlaﬁl) Y (i), z2). (3.50)

This implies:
(z21+z—2)[Y (A (2)1, gl), Y(«(a),z2)] = (214 z — 22)[h(21 + z), Y ((@), 22)] = 0. (3.51)

Thus the commutativity (3.132) holds for u € A_, v = i(a) with a € L. Furthermore, for

he Ha€LandweV,

(20 4 T + 25)" WY (Y (h™(2)1, 20)e(), 22)w
= (204 2 4 22)"*VY (h(20 + z)1(), 22)w
= (20+2+2)"*Y(h (20 + 2)U@), 22) + (h, @) (20 + 2) 'Y (@), 22) w
= (2042 + 2)" P [h7 (20 + 20 + 2)Y(e(0), z2)w
+Y (@), 22)h* (22 + 20 + z)w + (h, a)(20 + 2) 'Y (i), 22)w]
= (2042 + 22)"*[h™ (20 + 22 + 7)Y (1(), 22)w
+Y (@), 22)h* (20 + 22 + @)w + (h, @) (20 + 2) 'Y (@), 22)w]
= (20 + = + 22)™P[h(20 + 22 + 2)Y (1(), 22)w
+[Y (@), 22), h* (20 + 22 + z)]w + (h, @) (20 + 2) 1Y (e(e), 22)]

= (20424 2)"*IY (A7 (2)1, 20 + 25)Y (t(), 22)w, (3.52)

(20 + 22)™ WY (Y (u(a), 20)h~ (21, z2)w
= (204 22)" @Y (h™(2)Y (@), 20)1, 22) + Y([Y ((@), 20), b~ (2)]1, 22)Jw
= (204 22)" @A (2 + 2)Y (Y (), 20)1, 22)
+Y (Y (e(e),20)1, 22)h* (22 + 2) + %Y(Y(L(a), 20)1, z2)|w
= (204 22)™ IR (2, + 2)Y(e*L (@), 25)
h, o)

+Y(62°L(_I)L(a),'22)h+(z2 +z)+ —(zo +z

= (204 22)™“O[h7 (2, + 2)Y(e(a), 22 + 20)w

Y (e y(a), z;)|w
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+Y (), 22 + z0)h* (22 + T)w + — <h ) Y(L(a) z2 + zo)w)
= (204 22)™ U [h= (2, + x)Y(L(a) 20 + z2)w

+Y (@), zo + z2)ht (22 + T)w + <h0 +> Y (@), 20 + 22)w]
= (204 22)"UM[A” (22 + 2), Y («(a), 20 + 22)]w
_(hya)
porps Y(b(a), Z0 + 22)w)]

= (20+ 22)" UMY (@), 20 + 22)h(22 + T)w

1Y (de), 20 + 22)h(22 + T)w + —

= (204 22)™ Y (i a), 20 + 2)Y (A~ (2)1, 25)w. (3.53)

Thus the associativity (2.133) holds for w € V; and u € H_,v = ¢(a) or v € H_,u = 1(a).
Let o, € L and let w = £ (—ny)--- & (—n;)(y) € V. Note that

[/ a”(z1) dzl,/ﬁ’(zz)dzg]

- gfl[a m), B(~m )1—--fm?—
= (a,f)In (1-—-2)
- n(i- z_l)‘“"” (3.54)

Hence we have:
ef a>(z;)dz efﬂ‘(zg)dzg e—fa>(zl)dz1
adf a>(zy)dzy (ef ﬁ_(ZQ)dzz)
z (a,8)
_ (-2) of B (22)d2

€
{@.B)
- (1-?) ef Bz (3.55)
1

Moreover, _
28 = 2P G2, (3.56)
Now we have:
Y(u(a), 21)Y ((B), z2)
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— ef a=(z1)dz efa>(z1)dz1 &zlaefﬁ'(zg)dzg efﬁ>(ZQ)d22Bzg

— efa_(zl)dzl (efa>(zl)d21 efﬂ"(}:g)dz; e*fa>(zl)dzl )efa>(zl)dzl +fﬁ>(zg)d22 ézf,ézg
a8

_ (1 _ = )( ) ) o f @)+ B (en)in o o> () 9> (i PR

2y
= F(o,B)(z1 — 22)(07ﬁ)efa'(zl)dzl+fﬁ'(zz)dzzefa>(zx)d21+fﬁ>(zz)dzz (o + Ig)‘ztllzg. (3.57)

For convenience, we let

G(z1,22) = efa_(zl)dzl+fﬁ‘(zz)dzzefa>(zl)dzl+fﬁ>(zg)d22 (a+ ﬁ)‘zing (3.58)
and m(a, 3) = |(a, )| + 1.Then

(21 = 22)"P[Y (@), 21), Y («(8), 22)]
= (21— 2)"*D[F(a, B)(21 — 22)*? = F(B,0)(22 — 21) P G(21, 22)
= (21— 22)" P F(a, B)[(21 — 22)*P) — F(, B)'F(B, @) (22 — 21)(*?)G 21, 22)
= (21— 2)™DF(, B)[(z1 ~ 22)™ — (~1)*) (2 — 2)NG(z1, 22)
= F(a,B)[(z1 — z)™@P)H(h) _ (—z2 + zl)<a,ﬁ)+m(a,ﬂ)]g(zl’ z)

= 0. (3.59)

Therefore, the commutativity (2.132) holds for u = ¢(a),v = «(8).

Next we note

s = 1 20\ !H1 z‘
st ERon( £k () (42). @
/(z2 20) " dzo 2222( ' (2 g Tl n(1+3). (360)
For j # -1,
/(ZQ+Zo)deO+/ng22
oo 1 Jj+1
— jzj (@) dZ + ?2
S [ (3) dnt T
o (5‘3)I+1+——~Z{’0+1
=541 5 j+1
_ (22 + z0)*?
J+1
= /(22+zo)jd(22+20)- (3.61)
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Let ‘
m(a,w) = z];nj + [{e,7)| + 1. (3.62)
We have
(20 + 22)™ )Y (Y («(@), 20)1(B), z2)w
= F(a,B)(20 + 22)m(avw)z(()°'ﬁ)Y(efa‘(zo)dzoL(a +8), z)w
= F(a,8)(z0 + 22)m(a'w)zt<)a’ﬁ)efa‘(z”zo)dzOY(b(a + 6), 22)ef°‘+(22+zo)dz°w
= F(a,B)(20 + 25)™ @) 0P a™(zatz0)dzot [ (a48) ™ (:2)dz2 , [ (a45) > (22)dz2
(a + B) 22t el o (zta)dzot [ a(0)(zat20)tdz0,
= F(a,B)(20 + 25)™@® {0 B[ o~ (s2t20)dzo+ [ a=(z2)dzs)+ [ 8 (z2)dz
e B2 (2)dz+([ o> (2)dzp+ [ a>(z2+20)dz0) (a+ ﬂ)‘z;”*ﬁea]"(“'%)w
= F(a,B)(20 + 25)™ @) z§P)ef o™ (za+z0)d(zz+20)+ [ B (22)d
ef P> (a)deat [ 0> (at20) d(saba0) 4 B)28 (22 + 20)*w
= F(a,B)(20+ 2;)™@®)§*Plef a™(z0+22)d(z0+22)+ [ 5~ (22)dz
e >t ] a>(z°+z2)>d(z°+22)(a + ,B)Azg(zo + 22)%w
= F(a,B)(20+ 2)™ " 2§*G (2 + 2, 23)w

= (20 + 22)" Y ((a), 20 + 22)Y (¢(B), 22), (3.63)

that is, the associativity (2.133) holds for u = Ya), v = ¢(B). We can prove (2.132-133)
for u = €' (—ny) - &(—n;)e(a) and u = n'(=my) -+ p?(=m;)u(B) by the same arguments
as in the proof of Lemma 2.8. Thus (2.132-133) hold. o

Remark 3.2. (1) When L is a root lattice of types A, D and E, V}, is the simple vertex
operator algebra associated with the corresponding simple Lie algebra with level x = 1.
That is, Vi, & V; as vertex operator algebras.

(2) We have not used the “normal ordering” (cf. [FLM 3]) to define vertex operators.
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